
C H A P T E R  IV

MONTE CARLO METHOD

The " Monte Carlo method " i s  a computer experim ent on a 
system w ith many degrees o f  freedom. I t s  name i s  r e la te d  to  the use o f  
" random numbers " to  sim u la te  s t a t i s t i c a l  f lu c tu a t io n s  in  order to  
generate p r o b a b ility  d is t r ib u t io n s .

A common g oa l o f  a l l  " Monte Carlo " computer s im u la tio n s
i s  to  study th e m icroscop ic p ro p e r tie s  o f  th e s o lu t io n s ,  such as
s tr u c tu r a l and e n e r g e t ic a l  p r o p e r t ie s , based on th e knowledge o f  p a ir  
p o te n t ia l  fu n c tio n s ; e .g .  to  stu d y , how a s o lu te  in f lu e n c e s  the  
so lv e n t s tru c tu r e  or how a s o lu te  i s  so lv a ted  by so lv e n t m olecu les  
in  the s o lu t io n . Such s tr u c tu r a l and e n e r g e t ic a l  in form ation s are very  
d i f f i c u l t  to  o b ta in  from sp ec tro sco p ic  measurements in  d i lu t e  
s o lu t io n s .

In t h is  chapter , th e gen era l Monte Carlo method and the
M etropolis scheme w i l l  be p resented  to g eth er  w ith  some im portant
c h a r a c te r is t ic s  o f  the s im u la tio n .

4 .1  General Monte Carlo Method

Monte Carlo c a lc u la t io n s  are based on p o te n t ia l  fu n c tio n s  
implementing th ree  assum ptions: i )  only two body fo r c e s  are con sid ered , 
i i )  the p o te n t ia l  f i e ld  o f  the atoms i s  assumed s p h e r ic a lly  symmetric 
and i i i )  l in e a r  a d d it iv i ty  i s  g iven  , i . e .  the t o t a l  co n fig u ra tio n
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energy, E (v ), o f  the system  i s  w r itten  as a sum o f  p a irw ise  in t e r ­
a c tio n  e n erg ie s  between the in d iv id u a l p a r t ic le s  E (v ) o f  the system .— d

E(V ) = I E ± . ( V ) (4 .1 )
i< j

where V i s  a c o n fig u r a t io n a l coord in ate  o f  th e p a r t ic le s  in  a system .

In order to  c a lc u la te  th e p ro p e r tie s  o f  the system  , a 
can o n ica l ensemble w ith  N p a r t ic le s  in  a volume V a t a con stan t  
tem perature T must be con sid ered , and to  e lim in a te  su rfa ce  e f f e c t s  
p er io d ic  boundary co n d itio n s  are req u ired . The average o f  any q u an tity  
o f  in t e r e s t  <F> can be w ritten  as

<F> = / .  . . /F (v ) exp (-E (y ) /KT)dv ( ^ 2

/ . . ./exp (-E (v )/K T )d v

where dv i s  a volume elem ent in  th ree  d im ensional phase sp ace . I f  the  
s ta r t in g  c o n fig u ra tio n  i s  generated  randomly in  th ree  d im ensional 
space , in te g r a t io n  over many orders o f  magnitude would be needed fo r  
th e integrand exp(-E (V  )/KT) 1 shown in  e q . ( 4 .2 ) .  This i s  the main 
p r in c ip le  o f  the gen era l Monte Carlo method 1 which i s  however , not
p r a c t ic a b le .
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4 .2  M etropolis Monte Carlo Method

The above p r in c ip le  was m odified by M etropolis e t  a l .  in  1 9 5 3  

( 3 ) .  In t h is  method, th e N co n fig u ra tio n s are not randomly generated  
but they are chosen w ith  a p r o b a b ility , p(v ) ,  and they are even ly  
w eighted w ith  p (v ) .  A fter tak in g  a q u ite  la rg e  number o f  space p o in t M, 
then e q .( 4 .2 )  could be approximated by the sum

<F> = F = 1£ 1 F( V  )p1( V  )exp(-E ( V  )/KT) (4 .3 )

I p1( v )e x p (-E (v )/KT) 
i= l

The p ro b a b ility  p ( v ) in  M etropolis Monte Carlo method i s  a 
Boltzmann fa c to r  ;

p( V ) = exp(-E( V )/KT) (4 .4 )
Then e q .( 4 .3 )  could be reduced to  a sim ple form o f

M
F = 1/M z F (4 .5 )

i  = l 1

where i  i s  th e valu e o f  the property F o f  the system  a f te r  th e i^*1 
move i s  ca rr ied  o u t, according to  the c a lc u la t in g  procedures o u tlin ed  
in  the fo llo w in g

4 . 3  C alcu la tin g  Procedures

Consider a system  w ith  N p a r t ic le s  in  a b a sic  cube o f  
s id e  len g th  L w ith  i n f i n i t e  cube p e r io d ic ity .  The c a lc u la t in g
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procedures th a t should be' ca rr ied  out are the fo llo w in g s :
4 . 3 . 1  S e le c t  i n i t i a l  N c o n fig u r a tio n s  according to  random numbers 

generated  by a computer.
4 . 3 . 2  Compute th e in te r a c t io n  energy (E) according to  e q . ( 4 .1 ) .
4 . 3 . 3  Perform a random d isp lacem ent o f one p a r t ic le  to  a new p o s it io n ,

such as p a r t ic le  i  from >y.j_ to  r^Cx^+6 x ,y^+6 y>z i +  ̂ 7) '

where <5̂ , <5̂ , <5̂  are th e maximal allow ed d isp la cem en ts. This 
maximal d isp lacem ent must be chosen w ith  some cares ; i f  i t  i s  
too  la rg e  , most o f  th e moves w i l l  be forb id d en , i f  to o  sm a ll, 
th e co n fig u r a tio n  w i l l  not change enough. In e ith e r  case i t  
w il l  take lon ger  to  reach eq u ilib r iu m . I f  th e p a r t ic le s  are  
moved to  a new p o s it io n , one a t a tim e, and a sphere a fte r  
such a move happens to  overlap  w ith  another sp here. The 
p a r t ic le  i  w i l l  be returned to  i t s  o r ig in a l  p o s it io n , and 
rep eat t h is  s t e p .

4 . 3 . 4  C o m p u t e  t h e  n e w  c o n f i g u r a t i o n  e n e r g y  ( E *)  a c c o r d i n g  t o  e q . ( 4 . 1 )

a n d  t h e  c h a n g e  i n  p o t e n t i a l  e n e r g y  (A E )  f r o m  t h e  s t a r t i n g

p o s i t i o n  t o  t h e  n e w  d i s p l a c e d  p o s i t i o n  , o r  Ae  = E ' - E

4 . 3 . 5  I f  AE < 0  , t h e  d i s p l a c e m e n t  w o u l d  b r i n g  t h e  s y s t e m  t o  a  s t a t e  

o f  l o w e r  e n e r g y ,  t h e  d i s p l a c e m e n t  t o  t h e  n e w  c o n f i g u r a t i o n  i s  

a l l o w e d ,  g e n e r a t e  t h e  n e w  d i s p l a c e m e n t  a c c o r d i n g  t o  4 . 3 . 3 .

4 . 3 . 6  I f  A E > 0 , compute exp(-A  E/KT) , where K i s  th e Boltzmann 
con stan t and T i s  the tem perature in  Kelvin

4 . 3 . 7  I f  exp(-A  E/KT)< random number,(1 ) ,  where 0<1<:1 return  p a r t ic le  
i  to  i t s  o ld  p o s it io n  r^ (x ^ ,y ^ ,z^ ) . Then, retu rn  to  s tep  4 . 3 . 3

4 . 3 . 8  I f  exp(-A  E/KT) > 1 , the move i s  allow ed , g en era te  th e new 
disp lacem ent accord ing  to  s tep  4 . 3 . 3 .
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The procedures o f  c a lc u la t io n s  are d iagram m atically  presented  
in  f ig u r e  4.1

Figure 4 .1  Diagram o f Monte Carlo c a lc u la t in g  procedures.
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4 .4  C h a ra c te r is t ic s  o f  the S im ulation

4 .4 .1  P erio d ic  Boundary Condition

In th e s im u la tio n , the " i n f i n i t e  " system  i s  u su a lly  
sim ulated  by the use o f  the " p er io d ic  boundary co n d itio n  " , which 
i s  required  in  order to  keep the con stan t d e n s ity . This con d itio n  
lea d s to  an i n f i n i t e  array o f  id e n t ic a l  cubes in  th ree  d im ensions, the  
b a sic  cube i s  surrounded by an i n f i n i t e  number o f  image cubes which 
have th e same c o n fig u r a t io n , as i l lu s t r a t e d  in  th e  two d im ensional 
p ic tu re  in  f ig u r e  4 .2 .  The surrounding cubes are d esig n a ted  as 
" r e p l ic a s  " and p a r t ic le s  in s id e  each r e p lic a  are c a l le d  " g h o sts  " 
o f th e con stan t s e t .  Each cube con ta in s N (u su a lly  some hundreads) 
p a r t ic le s .  By th e move o f  a p a r t ic le  as d escrib ed  above, a p a r t ic le
might be moved to  a p o s it io n  o u ts id e  th e b a s ic  cube, but w ith in
the p er io d ic  boundary co n d itio n , i t  on ly  means th a t  th e  gh ost w i l l  
en ter  th e cube from th e o p p osite  s id e .  T herefore, th e  d en s ity  in s id e  
th e b a sic  cube i s  m aintained throughout th e s im u la tio n . I f  a sm all 
number o f  p a r t ic le s  were confined  in  an is o la te d  f i n i t e  cube to  the  
su rface  o f  the cube, the proportion  o f  the su rfa ce  compared to  
p a r t ic le s  in s id e  would be much h igher than in  any r e a l  system s.
T herefore, t h is  would not be a s u ita b le  d e sc r ip t io n  fo r  a m acroscopic
sample (so  c a l le d  " su rface  e f f e c t  " ) .  The need o f  in tro d u c in g  the  
p er io d ic  boundary con d itio n  i s  caused by th e need to  avoid  t h is
e f f e c t .
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Figure 4 .2  Two dim ensional i l lu s t r a t io n  o f  p er io d ic  
boundary con d itio n

4 .4 .2  S p h erica l C u t-off

To ob ta in  the co r r e c t energy o f  th e system , assumed to  be a 
summation o f  p a irw ise  in te r a c t io n s  w ith in  th e b a s ic  cube , some fu th er
approxim ations are made.
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The f i r s t  approxim ation i s  based on th e assum ption th a t  
c o n tr ib u tio n s  to  th e p o te n t ia l  energy from p a r t ic le s  beyond a 
c e r ta in  d is ta n c e  are in s ig n i f i c a n t .  That means, th e p o te n t ia l  i s  
tru ncated  a f te r  a c e r ta in  d is ta n c e . U sually  a sp h e r ic a l c u t - o f f  i s  
in troduced  in  order to  a ch iev e  a sym m etrical c o n tr ib u tio n  from the  
surrounding p a r t ic le s  , and h a lf  o f  th e s id e le n g th  o f  th e b a s ic  cube 
i s  norm ally used to  be th e c u t - o f f  rad ius o f  th e sp here.

The second approxim ation i s  u su a lly  re fered  as "Ewald method" 
(7 5 ) .  The in te r a c t io n  w ith  th e p a r t ic le s  o u ts id e  th e b a s ic  cube i s  
a ls o  in c lu d ed . This method would probably be g e n e r a lly  u sed , i f  i t  did  
not im ply extrem ely  tim e consuming summations in  th e s im u la tio n .

4 . 4 . 3  Radial D is tr ib u tio n  Functions and Their 
In teg ra tio n

The most common way to  analyze the s tru c tu re  o f  s o lu t io n  i s  to
employ r a d ia l d is tr ib u t io n  fu n c tio n s (g (r ) )  around v ar iou s atoms. The
r a d ia l  d is tr ib u t io n  g iv e s  inform ation  about the c o n fig u r a t io n a lly
averaged d ev ia tio n  o f  th e lo c a l  environment o f  p a r t ic le  from the
v a lu es  c h a r a c te r is t ic  fo r  th e bulk. This fu n ctio n  fo r  th e N p a r t ic le
system  in  co n fig u ra tio n  R.. i s  obtained  w ith r ะ I r . -  r . I as ะN i  j

g (r )  = N(r) (4 .6 )
p4nr2dr

where N(r) i s  th e average number o f  p a r t ic le s  in  the sp h e r ic a l s h e l l  
o f w idth A r a t a r a d ia l d is ta n c e  r from the c e n tr a l p a r t ic le .  Based
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on th e r a d ia l d is tr ib u t io n  fu n c tio n s  , so lv a t io n  s h e l l s  can be derived  
from the peaks pronounced over th e standard l e v e l ,  and th e f i r s t  
so lv a t io n  number i s  obtained by the in te g r a t io n  o f  th e  fu n c tio n  up to  
th e f i r s t  minimum.

The average number o f  p a r t ic le s  K w ith in  a sphere o f  a g iven  
rad iu s can be determined by ะ

* « 1 2ท(ท) = p/g (r )4Hr  dr ( 4 . 7)

where r i s  o fte n  chosen as th e r a d ia l  value o f  th e  f i r s t  or second  m
minimum in  g ( r ) .
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