
CHAPTER V

FORD-KAC-MAZUR MODEL

5 . 1  I n tr o d u c t io n
In t h e  p r e v io u s  s e c t i o n s  we d e a lt  w ith  th e  a n a ly s is  o f  

a v era g e  d isp la c e m e n t and v e l o c i t y  f o r  Brownian p a r t i c l e ,  w hich  
a n a ly s i s  s a t i s f i e s  m a th em a tic ia n s , but n o t p h y s i c i s t s  ( 9 )* t h a t  a t  
p r e s e n t  p h y s i c i s t s  t r y  t o  d e r iv e  th e  b eh a v io r  o f  th e  p a r t i c l e  from  
th e  law o f  dynam ics o n ly , and co u p led  harm onic o s c i l l a t o r s  i s  one o f  
th e  m odels w hich  a r e  m a th e m a tic a lly  t r a c t a b le  and e x h ib i t  s a l i e n t  
f  e a t u r e s .

In 1 9 6 4 , F ord , Kac, Mazur s tu d ie d  th e  m otion o f  a p a r t i c l e  
o f mass eq u a l t o  t h e  b a th  p a r t i c l e  and found t h a t  th e  p a r t i c l e  
a t t a in s  Brownian m otion  when t h e  in te r a c t io n  i s  a  v e r y  s p e c ia l  lon g  
ran ge ty p e  w ith  a  l im i t in g  freq u e n c y . To o b ta in  th e  r e s u l t  th e y  
u sed  a  s im p le  m ech a n ica l m odel, a  ch a in  o f  cou p led  harm onic 
o s c i l l a t o r s .  W ith t h i s  model th e y  g o t  a d eep er u n d ersta n d in g  o f some 
phenomena a s s o c ia t e d  w ith  Brownian m otion . T h is  model i s  la t e r  
c a l l e d  " Ford-K ac-M azur m o d e l( 1 0 )" .

They u sed  t h i s  model t o  carry  through th e  program one 
would l i k e  t o  a c h ie v e  w ith  more r e a l i s t i c  in t e r a c t io n s .  T h is program  
g o e s  a s  f o l lo w s .

( 1 ) S o lv e  th e  e q u a t io n s  o f  m otion o f  th e  system  c o n s is t in g  
o f  a Brownian p a r t i c l e  co u p le d  t o  h ea t b a th . The s o lu t io n  c o n s i s t s  
o f  e x p r e s s io n s  f o r  th e  c o o r d in a te s  and momenta a t  tim e  t  in  term s o f  
th e  i n i t i a l  c o o r d in a te s  and momenta.

( 2 ) Assume th e  i n i t i a l  c o o r d in a te s  and momenta o f  th e  h ea t  
b ath  t o  b e  d i s t r ib u t e d  a s th e  c a n o n ic a l d i s t r i b u t i o n .



45

( 3 ) Show t h a t  th e  c o o r d in a te  and momentum o f  th e  Brownian 
p a r t i c l e ,  a s  fu n c t io n s  o f  t im e , w i l l  r e p r e se n t  s t o c h a s t i c  p r o c e s s e s ,  
whose s t a t i s t i c a l l y  p r o p e r t ie s  a r i s e  from th e  i n i t i a l  d i s t r ib u t io n  
o f  th e  h e a t  b a th . The p r o c e s s e s  a re  th e  k in d  from sta n d a rd  t h e o r ie s .
T h is  i s  an a m b itio u s  program , s o  i t  can be c a r r ie d  out  
o n ly  f o r  t h e  s im p le s t  m od els.

They ๒ oพ what th e  r e s u l t s  o f  t h i s  program sh o u ld  b e ,  
s i n c e ,  Brownian m otion  i s  a  th r o u g h ly  s tu d ie d  e x p e r im e n ta lly  and 
t h e o r e t i c a l l y .  They e x p e c t  t o  show th e  f o l lo w in g  r e s u l t s .

( 1 ) The approach t o  e q u ilib r iu m , t h a t  th e  momentum 
d i s t r i b u t i o n  o f  t h e  Brownian p a r t i c l e  sh o u ld  approach M axw ellian  
d i s t r i b u t i o n  ( 8 , 1 1 ),

( 2 ) The d e s c r ip t io n  o f  t h i s  approach t o  e q u ilib r iu m  sh o u ld
be c o n tr a c te d ,  su ch  t h a t  i t  sh o u ld  in v o lv e  o n ly  a sm a ll number o f  th e  
v a r ia b le s  d e s c r ib in g  th e  sy s te m . The o th e r  way o f  s a y in g  i s  th a t  
t h e r e  sh o u ld  be a  red u ced  d e s c r ip t io n  o f th e  s t o c h a s t i c  p r o c e ss  t o  
be M arkoff p r o c e s s .

We can be more e x p l i c i t  about what th e y  mean by a  
c o n tr a c te d  d e s c r ip t io n  o f  Brownian m otion; th e y  mean Langevin  
e q u a tio n  o f  m o tio n .

For a Brownian p a r t i c l e  o f  mass m a c te d  upon by an 
e x t e r n a l  f o r c e  F (x ) t h i s  e q u a tio n  i s

p  -  -  เ ^ / Vท  +  E c - t )  +  F o o  ( 1 7 4 )

w here P = m X i s  t h e  momentum o f  t h e  p a r t i c l e ,  f  th e  f r i c t i o n  
c o n s t a n t ,  and E ( t )  i s  th e  random fo r c e  due t o  h e a t b a th . T h is random 
f o r c e  i s  a  p u r e ly  random g a u s s ia n  p r o c e ss  and h as th e  p r o p e r t i e s ( 8 )

< E t t i  E C t + T V )  =  î - j k T c S t l - i n  ;  T  = t + t
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where T i s  t h e  tem p era tu re  o f  th e  h e a t bath  and k i s  
B oltzm ann’ s  c o n s ta n t .

The L an gevin  e q u a tio n  i s  a  c o n tr a c te d  d e s c r ip t io n  in  th e  
s e n c e  t h a t

( 1 ) The h e a t  b a th  i s  d e s c r ib e d  by o n ly  two p a ra m eters, f
and T

( 2 ) O nly t h e  se co n d  d e r iv a t iv e  o f  th e  p o s i t io n  X o f  th e  
Brownian p a r t i c l e  ap p ea l's.

5 . 2  The m odel ( 1 0 )

( I )  Dynam ics o f  a sy stem  o f  cou p led  o s c i l l a t o r s ( 1 2 )
C o n sid er  a  sy stem  o f  ( 2 N + 1 ) co u p led  o s c i l l a t o r s ;  th e  

H am ilto n ia n  o f  t h e  sy stem  i s  ^
H  =  1  Z N  f  v  +  i  I  <1. A  v f c  ‘น

where q j  and Pj ; a r e  t h e  c a n o n ic a l  c o o r d in a te  and momentum o f  th e  
j - t h  o s c i l l a t o r .

The m ass o f  each  o s c i l l a t o r  i s  eq u a l t o  u n ity .  The 
in t e r a c t io n s  o f  t h e  o s c i l l a t o r s  a r e  c h a r a c te r iz e d  by th e  ( 2 N + 1 ) X 
( 2 N + 1 ) sym m etric m a tr ix  A, whose e lem en ts  a r e  AJk. Assumed t h a t  
t h i s  m a tr ix  A h as no n e g a t iv e  e ig e n v a lu e s .  The c a n o n ic a l e q u a tio n s  
o f  m otion  w i l l  b e  w r it te n  in  m a tr ix  n o ta t io n s  a s f o l l o w s ( 1 2 )

=  P  > p  , 1 7 6 )
where "p and "q a re  ( 2 N + 1 ) rowed column m a tr ic e s  whose e lem en ts  are
P j ^ d  V y
The fo rm a l s o lu t io n  o f E q . ( 1 7 6 ) i s

+ A  2 / > i n  C f ¥ z ï )  p Y û ) ( 1 7 7 )
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y d )  -  s i n t  p d )
<178)

We now assum e t h a t  a t  t  = o th e  system  i s  in  e q u ilib r iu m  
a t  tem p era tu re  T, t h e r e f o r e  q j< 0 ) and Pj< 0 ) a re  d is t r ib u t e d  
a c c o r d in g  t o  t h e  c a n o n ic a l d i s t r ib u t io n  ( 8 ).

PCÇ.1, f๗ . ^  ̂
( 1 7 9 )

where ^ ะ}(k " p a n d  detÂ  i s  t h e  d eterm in an t o f  X. There i s  a d i f f i c u l t y  
in  ( 1 7 9 ) ,  s in c e  d e t  A= 0  i f  X  h as z e r o  e ig e n v a lu e s  . We th e r e fo r e  
assum e t h a t  X  h a s no z e r o  e ig e n v a lu e s .  The e x p e c ta t io n  v a lu e  o f  any 
fu n c t io n  F (q ( 0 ) ,  p ( 0 ) i s  g iv e n  by

< F >  “ ( ■ • ' ' ร  a F V

X F  [  y ( 0 ) )  " p c » ) )  ; Y ( 6 ) )  ( 1 8 0 )

Now, what a r e  t h e  p r o p e r t ie s  o f  th e  s t o c h a s t i c  v a r ia b le s  q j ( t )  
and P j ( t )  from E q . ( 1 7 7 ) under th e  c a n o n ic a l d i s t r i b u t i o n .

F i r s t  o f  a l l ,  i t  i s  c le a r  th a t  th e  p r o c e ss  i s  g a u s s ia n ( 8 ) ,  
s in c e  t h e  d i s t r i b u t i o n  ( 1 7 9 ) i s  g a u ss ia n . That th e  p r o c e ss  i s  
s t a t io n a r y ,  th e n  i t  f o l lo w s  from th e  L io u v i l le  theorem  o f  m ech a n ics(1 2 )

p  ( y d  )  , 7 d ) )  =■  D ( y ( 0 ) ; y  C D )) ( 1 8 1 )

T h at, th e  s t a t i s t i c a l  p r o p e r t ie s  o f  a s ta t io n a r y  g a u ss ia n  p r o c e ss
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a re  c o m p le te ly  d e s c r ib e d  by t h e  p a ir  c o r r e la t io n  f u n c t io n s ( 8 ) .  From 
A ppendix I I I ,  we o b ta in
< P T b  B j d + T > >  = h  II พ ' ’2 ' ) ’แ ^  , 182 . 1 ,
< < u b  P ç c t + T ) )  =  -  k t  แ พ เ ท พ  T i l  ^  ( 1 8 2 . 2 )

< ^ d + T ) > - -  -fer IIâ ' COÂVz T II ^  <182-3’
where A i s  th e  m a tr ix  A and l|Â |lJfc i s  th e  j - t h  rowed and k - th  
colum ned e lem en t o f  t h e  m a tr ix  A .
N ote t h a t  th e  p o s i t io n  c o r r e la t io n .  ( 1 8 2 . 3 ) in v o lv e s  th e  in v e r s e  o f  A, 
w hich d o e s  n o t e x i s t  i f  ~K h a s z e r o  e ig e n v a lu e s
For a  s i n g l e  o s c i l l a t o r ,  w ith  in d ex  0 , th e  momentum a u to c o r r e la t io n

ไ p0 d ) p od + T ) > =  - f c T  แ พ ' ,2!  11 0 0  <1 8 3 ,
T h is  i s  th e  a u t o c o r r e la t io n  o f  a  s ta t io n a r y  g a u ss ia n  p r o c e ss  in  one 
v a r ia b le ,  and i t  i s  w e l l  known t h a t  such a p r o c e ss  i s  M arkoffian  i f  
and o n ly  i f  th e  a u t o c o r r e la t io n  ( 8 ) i s  an e x p o n e n t ia l ,  i . e ,

< e t )  p o d  + T ) )  = - e x - p c - f  I T I )  ( 1 8 4 )
where f  i s  a  p o s i t i v e  c o n s ta n t .  The q u e s t io n  we tu rn  t o  n e x t i s  

t h a t  o f  f in d in g  an in t e r a c t io n  m a tr ix  A fo r  w hich Eq. ( 1 8 3 ) assum es th e  
form Eq. ( 1 8 4 )

( I I )  The in t e r a c t io n  m a tr ix  ( 1 0 )
In t h i s  model we assum e th e  <2 N 4  1 ) o s c i l l a t o r s  a re

i d e n t i c a l  and arran ged  in  a  c h a in  w ith  c y c l i c  boundary c o n d it io n s .
T h is  means t h a t  th e  in t e r a c t io n  m atrix  A i s  a sym m etric c y c l i c  
m a tr ix . The e le m e n ts  o f  su ch  a  m a tr ix  can be w r it te n  in  th e  form
A y ^ - __ 1 _  z  - e x p i  i  a T . " feC w t-v O

I N  + l พ - - N l  I N - i I (185)
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With t h i s  form u la  we can r e a d i ly  d em on strate  t h a t  F (A) i s  a fu n c t io n  
o f  t h e  m a tr ix  A, th e n

I f ( A ' )  I =  — 1___ X .  F f  k c v n .  ■ •ท.) 1  ( 1 8 6 )
YV̂  I f ^  +  I k = - N  \  2-N  +  l 3

C on sid er  n e x t  th e  l i m i t  N-̂ OG, th e  i n f i n i t e  c h a in . I f  we assum e t h a t  
i s  s lo w ly  v a r y in g  fu n c t io n  o f £ . 5 th en  Eq. ( 1 8 5 ) becom es

■ K I fl - i O t - n J ) 0
A y y m =  1 4 e >  J t2TI ) _

-ใโ  / T Ï

where U’-hV<
(e>) C o d a i t - V i l a

( 2 N + 0 e / j . f

The r e l a t i o n  ( 1 8 6 ) becom es in  t h i s  l im it  (N-> <>ว )
l | F ( A ) | l )i^ =  ±  j 1  F̂ C ^ ( W )  c e > ( พ . ' ๗ ©

- 1

( 1 8 7 )

( 1 8 8 )

( 1 8 9 )

We now tu rn  t o  t h e  problem  p o sed  a t  th e  end o f  th e  l a s t  s e c t io n ;  
t h a t  o f  f in d in g  an in t e r a c t io n  m a tr ix  A fo r  which

. l ü r ^ b l l  .  - A 1*-1
U sin g  t h e  r e s u l t  ( 1 8 6 ) we s e e  t h a t  fo r  a  f i n i t e  m a tr ix

i k c * Â 2 l l L  =  _ J ___ z  c o o c ^ i  (191)0 0  2N + I l . - N  ■
For any c h o ic e  o f  (ง, t h i s  i s  a q u a s ip e r io d ic  fu n c t io n  and can n ot be  
o f  th e  form Eq. (ISO) . However, in  th e  l im it  o f  la r g e  N, we can u se  Eq. ( 1 8 9 )
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w hich g iv e s .
L  l i f t #  ร 1'2  t l l 0  0  =  j L  j  l e a / l j l ^ e ) ] 2 ^  < 19

T h is  becom es an in t e g r a l  e q u a t io n  f o r  f  ( 6  ) .  The s o lu t io n  i s
j ( 6 )  =  - เ 2 • น . C & / 2 ) ( 1 9 3 )

B ut, when Eq. ( 1 9 3 ) i s  in s e r t e d  in  e q u a tio n  ( 1 8 7 ) f o r  th e  m a tr ix  e lem en t, 
th e  e x p r e s s io n  d iv e r g e s .  T h e r e fo r e , we have t o  em ploy a  secon d  
l im i t in g  p r o c e s s ,  d e f in in g

( ฅ  = .
^  • พ  © / 2. ;  I © I <

( 1 9 4 )

| e | <  If

where
0 3 l  = . - เ ■ พ 0 L/ l

( 1 9 5 )

i s  a h ig h -fr e q u e n c y  c u t o f f  in  t h e  spectrum  o f  e ig e n fr e q u e n c ie s  w hich
e n su r e s  t h a t  t h e  m a tr ix  e lem en t ( 1 8 7 ) a re  f i n i t e .  T h is freq u en cy

- \c u t o f f  co rresp o n d s t o  a " m icro sco p ic  in t e r a c t io n  tim e" which
i s  assum ed t o  be v e r y  sm a ll compared t o  th e  "m acroscop ic r e la x a t io n  
tim e" f - 1 . T h e r e fo r e  t h e  r e s u l t  ( 1 9 0 ) h o ld s  o n ly  in  th e  l im it  (ง L ~ ï ° °  

or a l t e r n a t iv e ly  we can sa y  t h a t ,  f o r  “เ- th e  r e s u l t  ( 1 9 0 ) h o ld s  
f o r  t im e s  lon g  com pared w ith  G0 , ^
From Eq. ( 1 9 2 ) ,  we make th e  change o f  v e r ia b le  CO = ' พ ^ ,  and u se  th e
r e s u l t  o f  th e  in t e r a c t io n  m a tr ix  e lem en ts  g iv e n  in  Eq. ( 1 8 7 ) w ith  f ( 6 ) 
g iv e n  in  Eq. ( 1 9 4 ) w ith  C0 L'ร)เ- , we f in d

CcO t o t
Go" +

[ v e n  i n  Eq. ( 1 9 4 ) w i t h  ท)L'ร ) เ - ,  w e  f i n d

l l a O A ^ t l l 0 0  -  1  j “ u  t i e  - j i
(196)
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For G)l — ? oO , t h e  r ig h t-h a n d  s id e  o f  Eq. ( 1 9 6 ) ( 2 3 ) becomes 
t h e r e f o r e ,  t h e  g a u s s ia n  p r o c e s s  p e t )  becomes a l s o  M arkoff ia n .

4111e® and

I I I  The L an gevin  e q u a tio n  ( 1 0 )

We have shown in  th e  p r e c e d in g  s e c t io n  t h a t  t h i s  model le a d s  
t o  a  g a u s s ia n  M arkoff ia n  s t o c h a s t i c  p r o c e s s  ( 6 , 8 )  fo r  th e  c o l l e c t i o n  o f  
co u p le d  o s c i l l a t o r s ,  we a re  n e x t  in v e s t ig a t e  w hether i t  le a d s  t o  th e  
L an gevin  e q u a tio n  f o r  t h e  m otion o f  a  s in g le  p a r t i c l e  co u p led  t o  a  
h e a t b a th  c o n s i s t i n g  o f  su ch  o s c i l l a t o r s .

We in d ic a t e  from th e  ch a in  o f  ( 2 N + 1 ) o s c i l l a t o r s ,  th e
p a r t i c l e  w ith  in d ex  z e r o ,  t o  be th e  Brownian p a r t i c l e ;  and th e  
rem ain in g  2 N o s c i l l a t o r s  r e p r e s e n ts  th e  h ea t b a th . The o u t s id e  fo r c e  
a c t s  on t h i s  p a r t i c l e  i s  d en o ted  by

F c t )  »  F C < U t > )  ( 1 9 7 )
I f  we d e f in e  F ( t )  t o  be a  ( 2 N + 1 ) -  rowed column m a tr ix  whose 
e le m e n ts  a re  a l l  z e r o  e x c e p t  f o r  th e  z e r o - t h  elem en t w hich i s  F ( t ) ,  
th en  t h e  e q u a tio n  o f  m otion  f o r  co u p led  " p a r t ic le  and h e a t bath" are

,  p  ~  - ~ t \ c ^ -V F c t )  ( 1 9 8 )

fo f  w hich  th e  s o lu t i o n s  a re

+ 0  ( ฟ ^ พ - t ' ) )  F & V a ' 2  ( 1 9 9 )
p e t )  -  ไ ^ f o )  +  c t f > ( A /2 อ  p c o )

^  d t  C t f ô ( A /2  c t - l : ) )  F  ฟ )4 ( 2 0 0 )
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I f  we ta k e  th e  z e r o th  e lem en t o f  Eq. ( 1 9 8 ) f o r  p , and u se  q ( t )  in  
Eq. ( 1 9 9 ) we g e t

f e  =  - ย เ ร ' ' 1 ^ ^

- p  à ï '  0 0  F ( t )  +  F c t )  ( 2 0 1 )

The r e s u l t  ( 2 0 1 ). can b e w r it t e n  in  th e  form

where

E q .( 2 0 2 ) i s  th e  e q u a tio n  o f  m otion  f o r  th e  Brownian p a r t i c l e .  The 
r ig h t-h a n d  s id e  i s  th e  n e t  f o r c e  e x e r te d  on t h e  Brownian p a r t i c l e  
by th e  h e a t  b a th . The f i r s t  term  r e p r e s e n ts  a f r i c t i o n a l  fo r c e  w ith  
tim e  d ep en d en t " f r i c t io n  c o e f f i c i e n t "  ไ$ ( t ) ,  th e  seco n d  term  
r e p r e s e n t s  a  f lu c t u a t in g  f o r c e  E (t)  d ependin g on th e  i n i t i a l  s t a t e  
o f  th e  h e a t b a th  ( q ^ O ) ,  ทป้( 0 ) ) ,  and th e  t h ir d  term  r e p r e s e n ts  a 
memory e f f e c t  d ep en d in g  on th e  p a s t  h i s t o r y  o f  th e  m otion o f  th e  
Brownian p a r t i c l e .
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(205)
From Eqs ( 1 9 6 ) and ( 2 0 3 ) we f in d  t h a t

I ÂYU x t )  -  'เ-
พh i  ch  i s  a  c o n s ta n t
T h is  im p lie s  t h a t  t h e  l a s t  term  on th e  r ig h t  hand s id e  o f  E q .( 20 2) w hich  
i s  t h e  m em o r y -e ffe c t  term  becom es, in  th e  l i m i t ,  e q u a ls  t o  z e r o  
(b e c a u se  'ฐ ( t )  = ”2 ( t  -  i !  ) = f )
W ith t h i s  r e s u l t s ,  Eq. ( 2 0 2 ) ta k e s  th e  form

p o  -  F C t )  =  - { p 0  *  E C t )

— v*} . — V o

( 2 0 6 )

( 2 0 7 )

f  I ' D  -  - ^ ^ 0  ^  t

E  c t )  — L  l l  -.1 A  W a / 2 1  +  A  c o ô Â  II 0 . q  C 0 )

+  L  | | ^ c o » A , 2 ( :  -  A l / z / i i n  A ^ t l l ^ p X O )

E q u ation  ( 2 0 6 ) i s  t h e  L an gevin  e q u a tio n . Then, t h i s  model lea d s  
t o  L angevin  e q u a tio n  a s  e x p e c te d .

IV The s t a t i s t i c a l  d i s t r ib u t io n  o f  E ( t ) ( 1 0 )
I t  rem ain s t o  p ro v e  t h a t  th e  s t a t i s t i c a l  p r o p e r t ie s  o f  E ( t ) ( 8 ) 

becom es a  p u r e ly  random g a u s s ia n  p r o c e ss  in  th e  l im i t  •
L et a t  t  = o , th e  h e a t  b a th  i s  in  e q u ilib r iu m  a t  tem p eratu re T and 
assum e t h a t  th e  i n i t i a l  d i s t r ib u t io n  i s  th e  c a n o n ic a l d i s t r ib u t io n  
and assum e t h a t  t h e  in t e r a c t io n  betw’een th e  Brownian p a r t i c l e  
and t h e  h e a t  b a th  i s  in v a r ia n t  under t r a n s la t io n s ,  th a t  \  A i r ° -  
The l a t t e r  a ssu m p tio n  im p lie s  t h a t  6 )0= Q  s o  t h a t  detA = 0  and c a n o n ic a l  
d i s t r i b u t i o n  assum ed becom es im proper. T h is d i f f i c u l t y  can be 
rem edied  by s l i g h t l y  m o d ify in g  th e  m a tr ix  A by

A  d £ N I  ( 2 0 8 )
where £ ^  i s  p o s i t i v e  f o r  e v ery  f i n i t e  N and approaches z e r o  as  
N —̂  O Q  a s  f a s t  a s  one p le a s e s .
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T h e r e fo r e , = o , i s  o n ly  a p p ro x im a te ly  t r u e  and th e  c a n o n ic a lV <rd i s t r ib u t io n  i s  p ro p er .
S in c e  t h e  d i s t r i b u t i o n  o f  q ^ o ) ,  and  p j ( o ) i s  g a u s s ia n , E (t )  

i s  a  g a u ss ia n  p r o c e s s .  W ith th e  h e lp  o f  th e  r e s u l t s  in  A ppendix I I I  
, we f in d  t h a t
< k b E ( é >  =  - f a  l l ( { 2 + Â ) 0 0 ( 2 0 9 )
From E q .( 2 0 9 ) , u s in g  E q .( 1 8 9 ) ,  we f in d
< E C t l t d o >  =  W r  Ç  l e f i 2 +

f  2  1 2 1 0 )
=  i l l  \  d w  u x J w d t - t ' )i  L «

The in t e g r a l  in  Eq. ( 2 1 0 ) i s  t h e  w ell-k n ow n  e x p r e s s io n  o f  D ira c  d e l t a  
fu n c t io n ,  s o  we have a s  e x p e c te d

( E c i ^ E c E 7) }  =  ( 2 1 1 )
Thus E (t )  i s  a  p u r e ly  random, g a u s s ia n , s t o c h a s t i c  p r o c e ss  ( 8 ).

I t  i s  s t r i k i n g  t h a t  t h e  e q u a tio n  o f  m o tio n ( 2 0 2 ) becomes 
L angevin  e q u a tio n  when

( i )  th e  f r i c t i o n  c o n s ta n t  "5 ( t )  be independent o f  tim e
( i i )  E ( t )  i s  a  p u r e ly  random g a u ss ia n  s t o c h a s t i c  p r o c e s s .
( i i i )  th e  memory e f f e c t s  d isa p p ea r

We can s e e  t h a t  t h e s e  t h r e e  p r o p e r t ie s  a re  th e  in t im a te  r e la t io n .  
T h is  model i s ,  t h e r e f o r e ,  p ro v ed  t o  be s a t i s f a c t o r y  dynam ical model 
r e p r e s e n t in g  Brownian m otion  o f  a  p a r t i c l e .
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