
CHAPTER I

PRELIMINARIES

A t r i p l e  ( ร , + 5*) i s  c a l l e d  a s e m ir in g  i f
( i )  (ร  5 + ) and ( ร 5*) a r e  se m ig r o u p s  and
( i i )  x * ( y + z )  = x * y + x * z  and ( y + z ) * x  = y * x + z * x  f o r  a l l

x , y 5z £ ร ,  and t h e  o p e r a t io n s  + and - a r e  u s u a l l y  c a l l e d  t h e  a d d i t io n  

and t h e  m u l t i p l i c a t i o n  o f  t h e  s e m ir in g ,  r e s p e c t i v e l y .
A s e m ir in g  ( ร , + 5*) i s  s a i d  t o  b e a d d i t i v e l y  co m m u ta tiv e  

[ m u l t i p l i c a t i v e l y  c o m m u ta t iv e ] i f  ( ร 5 + ) [ ( ร , * ) ]  i s  a  co m m u ta tiv e  

se m ig r o u p . A co m m u ta tiv e  s e m ir in g  i s  a s e m ir in g  w h ich  i s  b o th  

a d d i t i v e l y  co m m u ta tiv e  and m u l t i p l i c a t i v e l y  co m m u ta tiv e .

L e t  ร = ( ร , + 5 *) b e  a s e m ir in g .  An e le m e n t  0 o f  ร i s  c a l l e d  

a z e r o  o f  ร i f  x+0 = 0+x = X and x*0  ะะ 0 * x  = 0 f o r  e v e r y  X £ ร . An 

e le m e n t  1 o f  ร i s  c a l l e d  a  m u l t i p l i c a t i v e  i d e n t i t y  o f  ร i f  X * 1 = 1 *X = X 

f o r  e v e r y  X £ ร . I f  ร h a s  a z e r o  0 [a m u l t i p l i c a t i v e  i d e n t i t y  l ]  and  

X £ ร i s  su c h  t h a t  x+ y  = y + x  = 0  [ x * y = y * x = l ]  f o r  some y  £ ร ,  th e n  

X i s  s a i d  t o  b e  a d d i t i v e l y  i n v e r t i b l e  [ m u l t i p l i c a t i v e l y  i n v e r t i b l e ]  

in  ร . I t  i s  e a s i l y  s e e n  t h a t  i f  ร h a s  a z e r o  and x , y  £ ร a r e  a d d i t i v e l y  

i n v e r t i b l e  in  ร ,  th e n  x + y , S X  and x s  a r e  a d d i t i v e l y  i n v e r t i b l e  in  ร 

f o r  a l l  ร £ ร ,  and i f  ร h a s  a m u l t i p l i c a t i v e  i d e n t i t y  and x , y  £ ร a r e  
m u l t i p l i c a t i v e l y  i n v e r t i b l e  in  ร ,  th e n  SO i s  x y .

A s e m ir in g  ร i s  c a l l e d  an a d d i t i v e l y  id e m p o te n t  s e m ir in g  i f  

x+ x  = X f o r  a l l  X £ ร and i t  i s  c a l l e d  a B o o le a n  s e m ir in g  o r  

a m u l t i p l i c a t i v e l y  id e m p o te n t  s e m ir in g  i f  ะ: X f o r  a i l  X £ ร . An



id e m p o te n t  s e m i r i n g  i s  a  s e m i r i n g  w h ic h  i s  b o th  a d d i t i v e l y  id e m p o te n t

and m u l t i p l i c a t i v e l y  id e m p o te n t .

An e le m e n t  X o f  a sem ig ro u p  ร i s  c a l l e d  an in v e r s e  o f  an 

e le m e n t  y  o f  ร i f  X = x y x  and y  = y x y .  A sem ig ro u p  ร i s  c a l l e d  an  

in v e r s e  sem ig ro u p  i f  e v e r y  e le m e n t  o f  ร h a s  a u n iq u e  i n v e r s e .  I t  i s  

known t h a t  a co m m u ta tiv e  in v e r s e  sem ig ro u p  ร i s  a d i s j o i n t  u n io n  o f  

su b g ro u p s  o f  ร .
A s e m ir in g  ( ร , + 3 ' )  i s  c a l l e d  an a d d i t i v e l y  in v e r s e  s e m ir in g  

i f  (ร  3 + ) i s  an in v e r s e  sem ig ro u p  3 and f o r  X £  ร 3 t h e  n o t a t i o n  X w i l l  

d e n o te  t h e  i n v e r s e  o f  X in  t h e  i n v e r s e  sem ig ro u p  (ร  3 + ) .  Then an 

a d d i t i v e l y  in v e r s e  s e m ir in g  w h ich  i s  a d d i t i v e l y  co m m u ta tiv e  i s  a 

s e m ir in g  w i t h  i t s  a d d i t i v e  s t r u c t u r e  a 'union o f  g r o u p s . N o te  t h a t  

an a d d i t i v e l y  id e m p o te n t  s e m ir in g  ร w h ich  i s  a d d i t i v e l y  co m m u ta tiv e  

i s  an a d d i t i v e l y  in v e r s e  s e m ir in g  w ith  X = X f o r  e v e r y  X £  ร .

From now o n ,  s e m ir in g s  a lw a y s  mean " com m u ta tive  s e m ir in g s  w ith  

z e r o  0 and m u l t i p l i c a t i v e  i d e n t i t y  1 and 0 t  1" .
A s e m ir in g  ( ร ,+ 3 ' )  i s  c a l l e d  a s e m i f i e l d  i f  (S \{ o ) 3' )  i s

a g ro u p .

An nxn m a t r ix  A o v e r  a  s e m ir in g  ร i s  s a i d  t o  b e  i n v e r t i b l e  

o v e r  ร i f  t h e r e  e x i s t s  an nxn m a tr ix  B o v e r  ร su ch  t h a t  AB = BA = I  

w h ere I  i s  t h e  n xn  i d e n t i t y  m a tr ix  o v e r  ร . The t r a n s p o s e  o f  

a m a tr ix  A o v e r  a  s e m ir in g  i s  d e n o te d  b y  A^. Then f o r  nxn m a t r ic e s  A 

and B o v e r  a s e m ir in g  ร ,  (AT ) T = A,  ( AB) 1 = BTAT 3 and A i s  i n v e r t i b l e  

o v e r  ร i f  and o n ly  i f  AT i s  i n v e r t i b l e  o v e r  ร .

I f  A i s  an nxn m a tr ix  o v e r  a s e m ir i n g 3 th e n  f o r  i , j  £ { l , 2 , . . . 3 
l e t  A.  . d e n o te  t h e  e le m e n t  o f  A in  t h e  i —  row and j —  co lu m n .
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A sq u a r e  m a tr ix  A o v e r  a s e m ir in g  ร i s  c a l l e d  a p e r m u ta t io n  

m a tr ix  o v e r  ร i f  e v e r y  e le m e n t  o f  A i s  e i t h e r  0 o r  1 and e v e r y  row and  

e v e r y  colum n o f  A h a s  e x a c t l y  one e le m e n t  1 .  Then e v e r y  p e r m u ta t io n  

m a tr ix  o v e r  a s e m ir in g  ร i s  i n v e r t i b l e  o v e r  ร . To p r o v e  t h i s ,  l e t  A 

be an nxn p e r m u ta t io n  m a tr ix  o v e r  a s e m ir in g  ร . C la im  t h a t  AA  ̂ = I  .

L et i , j  £ { 1 , 2 , . . . , ท } .  Then ( A A ^ ) „  = z A .^ A j^ , I f  i  f  j  5 th e n  f o r

e a c h  t  £ { i , 2 , . . . , n } ,  Â _|_ = 0 o r  Aj _̂ = 0 s i n c e  e v e r y  colum n o f  A h a s
e x a c t l y  on e  n o n z e r o  e le m e n t ,  h e n c e  (AAT) „  = 0 .  I f  i  = j ,  th e n  t h e r e
e x i s t s  a t  £ { l , 2 , . . . , ท}  su ch  t h a t  A = 1 and A = 0 f o r  a l l

1  o  1
t  £ { l , 2 , . . . , n } \ ( t 0 } s i n c e  e v e r y  e le m e n t  o f  A i s  e i t h e r  0 o r  1 and  

e v e r y  row  o f  A h a s  e x a c t l y  on e e le m e n t  1 ,  t h u s  (A A ^)^j = (A A ^ )^  =

£ A^_ = At_£ = 1 .  H ence AA  ̂ = I  . I t  can  b e shown s i m i l a r l y  t h a t  
t = l  1 1 o n
4 TA = I n .

L et A b e  an nxn m a tr ix  o v e r  a s e m ir in g  ร . The p o s i t i v e
d e te r m in a n t  o f  A , d e t +A , t h e  n e g a t i v e  d e te r m in a n t  o f  A , d e t~ A , and
t h e  p erm an en t o f  A , p e r ( A ) ,  a r e  d e f in e d  r e s p e c t i v e l y  by

ท
d e t +A =

a£v^ k = l ) ,

d e t  A = •ร
0 i f  ท = 1

i f  ท > 1 ,

and

p e r U )  = ^

w here 'ไf i s  t h e  p e r m u ta t io n  grou p  ( t h e  sy m m etr ic  g r o u p ) o f  d e g r e e  ท , 
i s  t h e  a l t e r n a t i n g  grou p  o f  d e g r e e  ท ( t h a t  i s  5 À  = {cr £ Ia i s  311 

e v e n  p e r m u ta t io n } )  and 33 = y '  A  ( t h a t  i s  5 33 = {a £ y_ ICf i s  an odd

i '1 0 2 9 6 ^ 3 '?
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p e r m u t a t i o n } ) .  N o t e  t h a t  t h e  f o l l o w i n g  s t a t e m e n t s  h o l d  ะ

( 1 )  p e r ( A )  = d e t + A + d e t ~ A  5

( 2 )  d e t ( A )  = d e t + A -  d e t  A i f  ร i s  a  c o m m u t a t i v e  r i n g  w i t h

i d e n t i t y  5

( 3 )  d e t + I n  = 1  a n d  d e t _ I n  = 0 w h e r e  1^  i s  t h e  n x n  i d e n t i t y  

m a t r i x  o v e r  ร 5

( 4 )  p e r ( A )  = d e t  ( A )  i f  ร i s  a  B o o l e a n  r i n g  w i t h  i d e n t i t y ,

( 5 )  d e t + A = d e t + ( A T ) a n d  d e t  A = d e t  ( A " ) ,

( ธ )  p e r ( A )  = p e r ( A ^ ) .

T h e  s t a t e m e n t s  ( 1 ) ,  ( 2 )  a n d  ( 3 )  a r e  c l e a r l y  s e e n .  T h e  s t a t e m e n t  ( 4 )

f o l l o w s  f r o m  t h e  f a c t  t h a t  X = - X  f o r  e v e r y  X i n  a n y  B o o l e a n  r i n g .

T h e  s t a t e m e n t ( 6 )  f o l l o w s  f r o m  t h e  s t a t e m e n t ( 5 ) ,  A p r o o f  o f  ( 5 )  i s  g i v e n

a s  f o l l o w s  ะ S i n c e  d e t + ( A T ) = Z Aa( 1 ) l Aa ( 2 ) 2  • • - Aa ( ท ) ท 311(1 *4ท =
ท

( a - 1 1 a  z  «4 } ,  w e  h a v e  t h a t  d e t + (A d ) = Z A  a  . . . a
n ae.4^ a _ 1 ( l ) l  a _ 1 ( 2 ) 2  a _ 1 ( n ) n

B e c a u s e  f o r  e a c h  a  e  5 ( a  1 ( 1 ) 5a  1 ( 2 ) 5 . . . 5a  1 ( n ) }  = { 1 , 2 , . . .  5ท } ,  

a n d  k  = a i °  d ( k ) )  f o r  a l l  k  £  { 1 , 2 , . . . , ท } ,  i t  f o l l o w s  t h a t  f o r  e a c h

° e A ท’

V h m V 1

H e n c e  d e t + (A d ) = £  A 
a  £^f

( 2 ) 2 • • • พ ) n = Aฬ ! ) A2 a ( 2 ) - " An a (ท)-

l a ( l ) A2 a ( 2 ) ■ ••An a (n )  = d e t  A* And’ d e t  (A ) = d e t  A
ท

c a n  b e  p r o v e d  s i m i l a r l y .

T h e  f o l l o w i n g  k n o w n  r e s u l t s  w i l l  b e  u s e d  i n  t h i s  t h e s i s .

T h e o r e m  1 . 1 . I f  A a n d  B a r e  n x n  m a t r i c e s  o v e r  a  s e m i r i n g  ร  3 t h e n  

t h e r e  e x i s t s  a n  e l e m e n t  r  o f  ร s u c h  t h a t
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d e t + (A B )  = ( d e t + A ) ( d e t +B ) + ( d e t  A ) ( d e t  B ) + r

a n d

d e t “ (A B )  = ( d e t + A ) ( d e t ~ B ) + ( d e t ~ A ) ( d e t +B ) + r  [ 5 ] .

T h e o r e m  1 . 2 . L e t  A a n d  B b e  njcn m a t r i c e s  o v e r  a  s e m i r i n g  ร a n d  I  

t h e  n x n  i d e n t i t y  m a t r i x  o v e r  ร .  I f  AB = I  t h e n  BA = I  [ 5 ] .

T h e o r e m  1 . 3 . I f  ร i s  a n  a d d i t i v e l y  i n v e r s e  s e m i r i n g ,  t h e n  f o r  a l l  

x , y  £  ร ,

( 1 )  ( x + y )  = X + y

( 2 )  ( x y )  = x y = x y  a n d

( 3 )  X y  = x y  [ 6 ] .

T h e o r e m  l . h . I f  ร i s  a  s e m i f i e l d ,  t h e n  ร i s  a  f i e l d  o r  0 i s  t h e  

o n l y  a d d i t i v e l y  i n v e r t i b l e  e l e m e n t  o f  s [7].

T h e o r e m  1 . 5 .  L e t  ร  b e  a  s e m i r i n g  s u c h  t h a t  ร h a s  n o  z e r o  d i v i s o r s  

( t h a t  i s  3 x y  = 0 i n  ร i m p l i e s  t h a t  x = 0 o r y  = 0 )  a n d  0 i s  t h e  

o n l y  a d d i t i v e l y  i n v e r t i b l e  e l e m e n t  o f  ร .  T h e n  a  s q u a r e  m a t r i x  A o v e r  

ร i s  i n v e r t i b l e  o v e r  ร i f  a n d  o n l y  i f  e v e r y  r o w  a n d  e v e r y  c o lu m n  o f  

A h a s  e x a c t l y  o n e  n o n z e r o  e l e m e n t  a n d  e v e r y  n o n z e r o  e l e m e n t  o f  A i s  

a  m u l t i p l i c a t i v e l y  i n v e r t i b l e  e l e m e n t  o f  ร [*+] .

T h e o r e m  1 . 6 . L e t  N b e  t h e  s e t  o f  a l l  p o s i t i v e  i n t e g e r s .  T h e n  t h e r e  

e x i s t s  a  b i n a r y  o p e r a t i o n  *  o n  N u { 0 }  s u c h  t h a t  ( N u { 0 } , * , ‘ )  i s  a  r i n g  

w h e r e  • i s  t h e  u s u a l  m u l t i p l i c a t i o n  [ 3 ] .

I n  t h i s  t h e s i s ,  w e  l e t  N ,  Q+ a n d  R+ d e n o t e  t h e  s e t  o f  a l l  

p o s i t i v e  i n t e g e r s  3 t h e  s e t  o f  a l l  p o s i t i v e  r a t i o n a l  n u m b e r s  a n d  t h e  

s e t  o f  a l l  p o s i t i v e  r e a l  n u m b e r s ,  r e s p e c t i v e l y .
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