
IN V E R T IB L E  MATRICES OVER AN AD D ITIV ELY  INVERSE SEM IRING

We h a v e  m e n t i o n e d  i n  C h a p t e r  I I  t h a t  i n v e r t i b l e  m a t r i c e s  

o v e r  a  c o m m u t a t i v e  r i n g  w i t h  i d e n t i t y  a r e  c h a r a c t e r i z e d  i n  [ l ]  a s  

f o l l o w s  : A s q u a r e  m a t r i x  A o v e r  a  c o m m u t a t i v e  r i n g  R w i t h  i d e n t i t y  

i s  i n v e r t i b l e  o v e r  R i f  a n d  o n l y  i f  d e t ( A )  i s  m u l t i p l i c a t i v e l y  

i n v e r t i b l e  i n  R .

A d d i t i v e l y  i n v e r s e  s e m i r i n g s  a r e  a  g e n e r a l i z a t i o n  o f  

c o m m u t a t i v e  r i n g s  w i t h  i d e n t i t y .  I n  t h i s  c h a p t e r ,  w e  a r e  c o n c e r n e d  

w i t h  i n v e r t i b l e  m a t r i c e s  o v e r  a n  a d d i t i v e l y  i n v e r s e  s e m i r i n g  a n d  

s h o w  t h a t  t h e  r e s u l t  i n  [ l ]  m e n t i o n e d  a b o v e  i s  i n  f a c t  a  

c o r o l l a r y  o f  o u r  m a in  t h e o r e m .

S o m e e x a m p l e s  o f  a d d i t i v e l y  i n v e r s e  s e m i r i n g s  w h i c h  a r e  n o t  

r i n g s  a r e  a s  f o l l o w s  :

( 1 )  A n y  i d e m p o t e n t  s e m i r i n g  c o n t a i n i n g  m o r e  t h a n  o n e  e l e m e n t ,

( 2 )  ( [o , l ]  5m a x ,  • ) 5 ( N U { o )  5m a x ,  • ) a n d  (IR+Iบ {o} 5m ax 5 • ) w h e r e  • 

i s  t h e  u s u a l  m u l t i p l i c a t i o n  o f  r e a l  n u m b e r s ,

( 3 )  S x R  w h e r e  ร i s  a n  i d e m p o t e n t  s e m i r i n g  c o n t a i n i n g  m o r e  

t h a n  o n e  e l e m e n t  5 R i s  a  c o m m u t a t i v e  r i n g  w i t h  i d e n t i t y  a n d  t h e  

o p e r a t i o n s  o n  S x R  a r e  t h e  c o m p o n e n t w i s e  o p e r a t i o n s .

R e c a l l  t h a t  i n  a n y  a d d i t i v e l y  i n v e r s e  s e m i r i n g  ร = ( ร , + 9 * ) ,
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l e t  X ' d e n o t e  t h e  u n i q u e  i n v e r s e  o f  t h e  e l e m e n t  X i n  t h e  i n v e r s e  

s e m i g r o u p  ( ร , + ) .  I t  i s  e a s i l y  s e e n  t h a t  i n  a n y  a d d i t i v e l y  i n v e r s e  

s e m i r i n g  ร 5 x + y  = 0  i m p l i e s  t h a t  y  = X , h e n c e  i f  X i s  a n  a d d i t i v e l y  

i n v e r t i b l e  e l e m e n t  o f  ร 5 t h e n  x + x  = 0 .

T h e  f o l l o w i n g  t h e o r e m  i s  t h e  m a in  r e s u l t  o f  t h i s  c h a p t e r .

T h e o r e m  3 . 1 . L e t  ร b e  a n  a d d i t i v e l y  i n v e r s e  s e m i r i n g  a n d  A a n  n x n  

m a t r i x  o v e r  ร .  T h e n  t h e  m a t r i x  A i s  i n v e r t i b l e  o v e r  ร  i f  a n d  o n l y  i f

( i )  d e t + A + ( d e t  A ) i s  m u l t i p l i c a t i v e l y  i n v e r t i b l e  i n  ร a n d

( i i )  A ^ jA ^ k  i s  a d d i t i v e l y  i n v e r t i b l e  i n  ร f o r  a l l  i , j , k  i n  

{ 1 , 2 , .  . . 5ท } ,  j  t  k .

P r o o f  ะ A s s u m e  t h a t  t h e r e  i s  a n  n x n  m a t r i x  B o v e r  ร s u c h  

t h a t  AB = BA = 1 ^ .  B y  T h e o r e m  1 . 1 ,  t h e r e  e x i s t s  a n  e l e m e n t  r  o f  ร 

s u c h  t h a t

d e t + (A B )  = ( d e t + A ) ( d e t +B ) t ( d e t  A ) ( d e t  B ) + r

a n d

d e t ~ ( A B ) = ( d e t + A ) ( d e t ~ B ) + ( d e t ~ A ) ( d e t + B ) + r .

B u t  s i n c e  d e t + (A B )  = d e t + I n  = 1 a n d  d e t ~ ( A B )  = d e t  I  = 0 3 i t  i s

i m m e d i a t e  t h a t

a n d

1 = ( d e t + A ) ( d e t +B ) + ( d e t  A ) ( d e t ~ B ) + r

0 = ( d e t + A ) ( d e t  B ) + ( d e t _ A ) ( d e t +B ) + r .

( 1 )

(2 )

F rom  ( 2 ) ,  w e  h a v e  t h a t  r  = [ ( d e t + A ) ( d e t  B ) + ( d e t  A ) ( d e t + B ) ]  . B y  

T h e o r e m  1 . 3 ( 1 )  a n d  T h e o r e m  1 . 3 ( 2 ) ,

r  = [ ( d e t + A ) ( d e t _ B ) ]  + [ ( d e t _ A ) ( d e t +B ) ]

= ( d e t + A ) ( d e t ~ B )  + ( d e t ~ A )  ( d e t + B ) .
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S u b s t i t u t e  r  b y  ( d e t + A ) ( d e t  B )  + ( d e t  A ) ( d e t +B )  i n  ( 1 ) ,  s o  w e h a v e  

t h a t

1  = ( d e t + A ) ( d e t +B ) + ( d e t _ A ) ( d e t ~ B ) + ( d e t + A ) ( d e t  B )  +

( d e t  A ) ( d e t +B )

= d e t + A [ d e t +B + ( d e t  B )  ] + ( d e t  A) ( d e t + B )  +

( d e t " A ) ( d e t _ B ) .

S i n c e  ( d e t ~ A ) ( d e t _ B )  = ( d e t ~ A )  ( d e t _ B )  ( b y  T h e o r e m  1 . 3 ( 3 ) ) ,  i t  

f o l l o w s  t h a t

1  = d e t + A [ d e t +B + ( d e t  B )  ] + ( d e t  A ) ( d e t + B )  +

( d e t  A ) ( d e t  B )

= d e t + A [ d e t +B + ( d e t ~ B )  ] + ( d e t ~ A )  [ d e t + B + ( d e t - B )  ]

= [ d e t + A + ( d e t  A ) ] [ d e t +B + ( d e t - B )  ] .

H e n c e  d e t + A + ( d e t  A ) i s  m u l t i p l i c a t i v e l y  i n v e r t i b l e  i n  ร ,  s o  w e  

o b t a i n  ( i ) .

T h e  c o n d i t i o n  ( i i )  f o l l o w s  f r o m  P r o p o s i t i o n  2 . 1 .

F o r  t h e  c o n v e r s e ,  a s s u m e  t h a t  ( i )  a n d  ( i i )  h o l d .  T h e n  b y  ( i ) ,  

x [ d e t + A + ( d e t  A ) ] = 1  f o r  s o m e  X £  ร ,  a n d  b y  ( i i ) ,  A£ j Ai]< + ( Ai j Aik ^  = 0 

f o r  a l l  i j j j k  e  { l , 2 , . . . , ท } ,  j  t  k .  I f  ท = 1 ,  t h e n  A i s  a n  l x l  

m a t r i x  w h o s e  e l e m e n t  i s  m u l t i p l i c a t i v e l y  i n v e r t i b l e  i n  ร ,  h e n c e  A i s  

i n v e r t i b l e  o v e r  ร .  A s s u m e  t h a t  ท > 1 a n d  l e t  B b e  t h e  n x n  m a t r i x

- ' “ ^ ^ พ ่ พ 1
a ( j ) = i  พ  a ( j ) = i

f o r  a l l  i , j  £  { l , 2 , . . . , ท }  w h e r e  f o r  t  £  { l , 2 , . . . , n } ,  w e  l e t
ท ,

2  ( n  A, . 1 . ) =  0 i f  t h e r e  i s  n o  a  £  A  s u c h  t h a t  a ( i ) = t  a n d
o l A  k = i  -< G ( k )  n

a ( j ) = t
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nz ( H A ,  , 1 J  = 0 i f  t h e r e  i s  n o  a  8  1คู s u c h  t h a t  a ( j )  = t ,  
0 8 $  k = l  k a ( k )  n

a (  j ) = t k ^ j

Claim th at  AB = BA = I . Let i , j  8 ( l , 2 , . . . , ท}. Then

(AB)i :  = j / i A :

=  t l A i t X [  o L f c  C J i V ( k , ) +  a ^ { j i V ( k ) , ' ]

0 ( j ) = t  k^  a ( j ) = t  k?!j

= X [ z  ( z A ( ÏÏ A ))  + z ( z A. , . .  ( I  i l  , , ) ' ) ]  
t - 1  ae.«f k-1 ka^  t - 1  ae$n i a ' k - 1  *a k̂ ^

a ( j ) = t  k?!j a ( j ) = t  k^
ท

where fo r  t  8 ( l , 2 , . . . , ท},  we l e t  z A. _./•>,( n A -  0 i f  there  i s
0๗- i c n j ;  k=l k a W

o(J>=? w j
no a 8 A  such th at  o( j ) = t  and z A. n A ะ 0 i f

n  n l n  น-ฯ ๐( k )a e S  
a (  j  ) = t

k = l
k ^ j

ท
t h e r e  i s  n o  a  8  wjj s u c h  t h a t  a (  j  ) = t . S i n c e  A  = บ  ( a  8  A  I a (  j  ) = t }

n  t = l  n

i s  a  d i s j o i n t  u n i o n ,  w e  h a v e  t h a t

z ( z 1 A , n
t = l  08^-

a (  j  )  = t  k ^
i a ( j ) ( k = A a ( k ) ) )  = a ๗  A i a ( j ) ( k =1

k ~ A  n  ร ว

ท
A l s o ,  s i n c e  $ 1 1 = บ  ( a  8  3  I a (  j  ) = t } i s  a  d i s j o i n t  u n i o n ,  

t = l

Z ( z A . I A .  = z A , ,  . A  n A, . .  ร
t = l  08$  i a ^  k - 1  k a ( k )  a e $  k = l  k a ( k )

k ^ j  n  k ^ :a ( j ) = t
H e n c e

( œ , 1 î  = x [a ^ A ia (i ) ( J l A k0(k),+ a ๗ / 10« ) ( j A 0 (k ) )  ] - ( * )
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I f  i  = j , th e n

z A. , n A )
0£> i a ( j )  k=l  kü(k)  

n kd
■ * « > ‘ 1’:1พ :

z A 
kท kd

= s < n Akc(k)}aed- k=l  KCU'

and

= d e t+A

j f  A a ( k ) } 
k / j

= Ï A. , n ( U  a£$ i t f ( i )  k _1 J
k ^ i

o h  k = l  kc(k)

(I)

= ( z ( n A, ,, ร ) )  (b y  Theorem  1 . 3 ( D )ฮ£ร_ k = A a(k)

= ( d e t~ A ) ' .  .................... ( I I )

T h e r e fo r e ,  i f  i  = j , i t  f o l lo w s  fro m  ( * ) ,  ( I )  and ( I I )  t h a t  

Cab) „  = (A B )^_  = x [ d e t +A + (d e t~ A ) ] = 1.

N e x t ,  assume t h a t  i  t  j . I f  ท =

CAB). = x ( A . . A. . + A . . a ! . )  
i j  i j  i i  i i  i j

= X[a . . a . . + ( A . . A . , ) ' ใL i j  i i  i j  i i  -1

= 0

2 5 th e n  

( fro m  ( * ) )

(b y  Theorem  1 . 3 ( 2 ) )

(b y  th e  a s s u m p tio n  ( i i ) ) .

Assume f u r t h e r  t h a t  ท > 2 . Then

Z A. f  . xC n A, ,, D  = z A. , . ,A .  HA, , 1 J  ___  d ' )
a e J L  i a C j )  k = l  kaC k) a k  i o ( j )  i a ( i )  k = i  k a ( k )

k^j n k ^ i,j

and

a l s  = 0 ะ 8 fli o ( j ) h a U ) ( J  1'พ ) ) , <hy Theorem 1 .3 (2 ) )
0 £  n  5 ]  a E  n  พ ,  j
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2 ( A. / . ร A. , .ร ) ( n A )(b y  Theorem 1 .3 (2 )  )
aeJB i a ( ^  i a ( i )  k = l ^ a ( k )  

n  k / i j

Hence i t  fo llo w s  from  ( * ) ,  ( I  ) and ( I I  ) t h a t

( A B ) . . = x [ Z  A. , .ร A. , .ร ( n A, ร) + z (A. . ..A . . ร) '(  n A ร)]i j  La z k  i a ( j )  i a ( i )  k :  1 " k a o o  a ^  i a ( j )  i a ( i )  k l  1 "k a(k ) J
n  k ^ i , j  n k ^ i , j

S ince th e  map a I—» a where a = ( a ( i ) , a ( j ) ) a  i s  a 1-1 map from An onto
ร (Lemma 2 .4 ) ,  we g e t

(AB) . = x f  E A. ,  m a . , .ร ( n A. , 1 ร)+ Z (A .- .  .รA , - , . ร) ( n A. - , 1 ร)]
i j  0๗ 11 io<j) io(i> ^  0๗ 11 ia t j)  iaCi) k=i k5(k)J

for G £ รAn , âCi) = a ( j) , aCj ) = a(i) and 0(k) = a(k) for a ll

k e { J - ,2 ,. . , 3ท}\ { i , j }  (s e e  th e  p ro o f o f  Theorem 2 .5 ) .  These im ply t h a t
ท ท

f o r  each  a  £ .+ 1, A.1a  ( j )  A. 0 ( i )  = A. -  ( . )A15 ( 1 ) and 1ท1A k o (k ) = kjl1\ 0 0 0
k ^ i , j  k ^ x , j

Thus

(AB)i j  = x [ 0 (Ai a ( j ) Ai a ( i ) +(Ai a ( j ) Ai a ( i ) } ) ( ^ 1 Ak a ( k ) ^  • 
n k ^ i , j

Since i  t  j ,  a ( i )  t  a ( j )  f o r  a l l  a E ^11, so

Ai a ( j ) Ai a C i ) +(Ai a ( j ) Ai a ( i ) ) = 0 f o r  a11 a  £ 4  (by th e  assum ption  
C i i ) ) .  Thus (AB) = 0.

Hence AB = I n . By Theorem 1 .2 ,  AB = BA = In< £

C o ro lla ry  3 .2 . L et ร be an a d d i t iv e ly  in v e rs e  se m irin g  and A an nxn 
m a tr ix  o ver ร. Then th e  m a tr ix  A i s  i n v e r t ib l e  o v er ร i f  and o n ly  i f

( i )  d e t+A + (d e t  A) i s  m u l t i p l i c a t i v e l y  i n v e r t i b l e  in  ร and
( i i )  A A^j i s  a d d i t iv e ly  i n v e r t ib l e  in  ร f o r  a l l  i , j , k  in  

{ 1 , 2 , . . . 5ท}, i  t  k .
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P ro o f ะ I t  fo llo w s  e a s i ly  from Theorem 3 .1  and th e  f a c t s  t h a t
d e tTA = d e t+(A ^), d e t _A = d e t - (Ax) and A i s  i n v e r t ib l e  o v er ร i f  
on ly  i f  A  ̂ i s  i n v e r t i b l e  o v er ร . ë

t t l

I f  ร i s  a com m utative r in g  wizh i d e n t i t y ,  th e n  ร i s  an 
a d d i t iv e ly  in v e rs e  se m irin g  w ith  every  elem ent a d d i t iv e ly  i n v e r t ib l e

.T

and X = - X  f o r  every  X e s , hence f o r  a sq u a re  m a tr ix  A o v er ร 3 
d e t +A+(det A) = d e t+A -det A = d e t(A ). Then th e  fo llo w in g  known 
r e s u l t  i s  an im m ediate consequence o f  Theorem 3 .1 .

C o ro lla ry  3 .3 . Let R be a  com m utative r in g  w ith  i d e n t i t y  and A * (ii)
a  sq ua re  m a tr ix  o ver R. Then th e  m a tr ix  A i s  i n v e r t i b l e  o v er R i f  
and on ly  i f  d e t(A ) i s  m u l t i p l i c a t iv e ly  i n v e r t i b l e  in  R.

Every a d d i t iv e ly  idem potent sem irin g  i s  an a d d i t iv e ly  
in v e rs e  se m ir in g . The fo u r  fo llo w in g  c o r o l l a r i e s  c h a r a c te r iz e  
i n v e r t ib l e  m a tr ic e s  o v e r an a d d i t iv e ly  idem poten t se m irin g .

C o ro lla ry  3 ■ *4. Let ร be an a d d i t iv e ly  idem poten t se m irin g  and A 
an nxn m a tr ix  o v er ร . Then th e  m a tr ix  A i s  i n v e r t i b l e  o v er ร i f  and 
o n ly  i f

( i )  per(A ) i s  m u l t i p l i c a t iv e ly  i n v e r t i b l e  in  ร and
( i i )  Ai; jAik  = 0 f o r  a l l  i , j , k  8 { 1 , 2 , . . . , ท}, j  t  k .

P ro o f ะ S ince ร i s  an a d d i t iv e ly  idem poten t s e m ir in g , X = X 

f o r  every  X 8 ร. Then d e t+A+(det~A) = d e t+A+det~A = p e r(A ). For 
X 8  ร , i f  X i s  a d d i t iv e ly  i n v e r t ib l e  in  ร , th e n  x+x = 0 which im p lie s  
t h a t  X = x+x = x+x = 0 . Hence 0 i s  th e  o n ly  a d d i t iv e ly  i n v e r t i b l e
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elem ent o f  ร. T h e re fo re  by Theorem 3 .1 ,  th e  c o r o l l a r y  i s  p ro ved . ^

C o ro lla ry  3 .5 .  Let ร be an a d d i t iv e ly  idem poten t se m irin g  and A 
an nxn m a tr ix  o ver ร. Then th e  m a tr ix  A i s  i n v e r t i b l e  o v er ร i f  and 
only  i f

( i )  per(A ) i s  m u l t i p l i c a t iv e ly  i n v e r t i b l e  in  ร and
( i i )  A Â _. - 0 f ° r  a l l  i , j , k  £ { l ,  2 , . . . 3ท} 3 i  1  k .

P ro o f ะ This fo llo w s  from C o ro lla ry  3.4- ana th e  f a c t s  t h a t  
per(A ) = per(A ^) and A i s  i n v e r t i b l e  over ร i f  and o n ly  i f  a"*' i s  
i n v e r t i b l e  o v e r ร.

#

C o ro lla ry  3 .6 . Let ร be an a d d i t iv e ly  idem poten t se m irin g  and A
an nxn m a tr ix  o ver ร. Then th e  m a tr ix  A i s  i n v e r t ib l e  o v er ร i f  and 
only  i f

ท
( i )  £ A . i s  m u l t i p l i c a t i v e l y  i n v e r t i b l e  in  ร f o r  a l l  

i = l
j £ { l ,2  3. . . 3ท} and

( i i )  A^jA^k = 0 f o r  a l l  i , j , k  £ { l , 2 3. . . , n } 3 j f  k .
ท

P ro o f ะ F i r s t  3 we n o te  t h a t  z A . i s  m u l t i p l i c a t i v e l y
i= l

i n v e r t ib l e  in  ร f o r  a l l  j  £ { l , 2 3. . . 3ท} i f  and o n ly  i f  
ท ท ท

( Z A. )( Z A. ) . . . (  Z A. ) i s  m u l t i p l i c a t iv e ly  i n v e r t i b l e  in  ร s in c e  
i= l  * 11 i = l  12 i = l  in

ร i s  com m urative. To p rove th e  c o r o l l a r y 3 by C o ro lla ry  3 .4 3 i t  
s u f f i c e s  to  show t h a t  i f  Ajj.A.yç = 0 f o r  a l l  i , j 3k e{ l 3 2 3 . . .  3 ท}, j t  k ,

th en  per(A ) = ( z Ai  1) ( z Ai  2 ) . . .  ( z A^11) .
i= l  i= l  i= l

Assume t h a t  A^jA^^. = 0 f o r  a l l  i , j  3 k e { l ,2 3. . .  3 ท} 3 j  1  k . Then
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f 3̂ 2 ’ ■ ' " 3 23. . . 3ท .

1’ 2’ * ■

i , j  £ { l ,2 , . . .  , n }  , i  t  j . Then

t  ท ท

. . . 3t ne{l,23. . . 3ท} 
t j / t j  i f  i^ j

ป ีl y  (Aa(l)lAG(2)2---Aa(n)n

s in c e  I { ( t 1 312 3 . . .  3t n ) \ t  1 312 3 . . .  3111 e ( l , 2 3. . .  3ท}3 t £ t  i f  i  /  j } |  

= I { ( a ( l )  3 a (2 )  3. . .  3 a  (ท )) I a  £ y  11} I . Hence

C o ro lla ry  3 .7 . Let ร be an a d d i t iv e ly  idem poten t se m irin g  and A * (ii)
an nxn m a tr ix  over ร . Then th e  m a tr ix  A i s  i n v e r t ib l e  o v er ร i f  and 
only  i f

ท
( i )  I  A . . i s  m u l t i p l i c a t iv e ly  i n v e r t ib l e  in  ร f o r  a l lj=l -

i  £ { l ,2 3. . . 3ท} and
( i i )  -  0 f ° r  a l i  i , j , k  e { 1 ,2 , . .  . 3 ท} 3 i  t  k .

P ro o f ะ I t  i s  c l e a r l y  o b ta in e d  from C o ro lla ry  3 .6  and th e  f a c t
t h a t  A i s  i n v e r t i b l e  o v e r ร i f  and on ly  i f  A i s  i n v e r t i b l e  o v e r ร.

( I  A. ) ( z A. _ ) . . .  ( น 1. ) =  z (A 
i  = l  11 i = l  i 2  i = l  in ae?n 'G(l)lAa(2)2 '■ -Aa(ท)ท

= per(A ^)
= p e r (A ) .
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