CHAPTER III

INVERTIBLE MATRICES OVER AN ADDITIVELY INVERSE SEMIRING

We have mentioned in Chapter Il that invertible matrices
over a commutative ring with identity are characterized in [I] as
follows : A square matrix A over a commutative ring R with identity
is invertible over R if and only if det(A) is multiplicatively
invertible in R.

Additively inverse semirings are a generalization of
commutative rings with identity. In this chapter, we are concerned
with invertible matrices over an additively inverse semiring and
show that the result in [I] mentioned above is in fact a

corollary of our main theorem.

Some examples of additively inverse semirings which are not

rings are as follows

(1) Any idempotent semiring containing more than one element,

(2) ([o,1] Smax,+)5 (NU{o)5max,+) and (R4 {O}5max5¢) where -
is the usual multiplication of real numbers,

(3) SxR where is an idempotent semiring containing more
than one element5 R is a commutative ring with identity and the

operations on SxR are the componentwise operations.

Recall that in any additively inverse semiring = ( ,+9%),
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let X' denote the unique inverse of the element X in the inverse

semigroup ( ,+). It is easily seen that in any additively inverse

semiring 5 xty = 0 implies that y = X , hence if X is an additively

invertible element of 5 then x+x 0.

The following theorem is the main result of this chapter.

Theorem 3.1. Let be an additively inverse semiring and A an nxn
matrix over . Then the matrix A is invertible over if and only if
(i) det+tA + (det A) is multiplicatively invertible in and
(ii) AMANK is additively invertible in for all i,j,k in
{t,2,. .5}, jtk

Proof Assume that there is an nxn matrix B over such

that AB = BA = 1. By Theorem 1.1, there exists an element r of

such that
det+(AB) = (det+A)(det+B)t(det A)(det B)+r
and
det~(AB) = (det+A)(det~B)+(det~A)(det+B)+r.
But since det+(AB) = dettIn = 1 and det~(AB) = det I =03 it is

immediate that

1 = (det+A)(det+B)+(det A)(det~B)+r (1)
and

0 = (det+tA)(det B)+(det_A)(det+B)+r. (2)
From (2), we have that r = [(det+tA)(det B)+(det A)(det+B)] . By
Theorem 1.3(1) and Theorem 1.3(2),

r [(det+A)(det B)] +[(det A)(det+B)]

(det+A)(det~B) +(det~A) (det+B).
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Substitute r by (det+A)(det B) +(det A) (det+B) in (1), so we have
that
1 = (det+A)(det+B)+(det_A)(det~B)+(det+A)(det B) +
(det A) (det+B)
= det+tA[det+B+(det B) ]+(det A) (det+B)+
(det"A)(det_B).
Since (det~A)(det B) = (det~A) (det_ B) (by Theorem 1.3(3)), it

follows that

1 = det+A[det+B+(det B) J+(det A) (det+B)+
(det A) (det B)
= det+tA[det+B+(det~B) J+(det~A) [det+B+(det-B) ]
= [det+A+(det A) | [det+B+(det-B) ].
Hence det+A+(det A) is multiplicatively invertible in , so we

obtain (i).

The condition (ii) follows from Proposition 2.1.

For the converse, assume that (i) and (ii) hold. Then by (i),
x[det+A+(det A) ] =1 for some X £ , and by (ii), ALjAi]l<+(AijAik" =0
for all ijjjk e {1,2,..., }, jt k If =1 then Ais an Ixl
matrix whose element is multiplicatively invertible in , hence A is

invertible over . Assume that > 1 and let B be the nxn matrix

a(j)=i a(j)=i
for all i,j £ {1,2,..., } where for t £ {1,2,...,n}, we let

2 (nA .1.)= 0if there is no a £A such that a(i)=t and
olA k=i <G(k) n
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2z (HA, ,1J =0 if there is no a 81 such that a(j) =t,
085 k=I ka(k) N
k"

a(j)=t X
Claim that B =BA=1 . Leti,j 8 (l,2,..., }. Then

(AB)i: =j /1A :
| o)zt kK~ a(j)=t K
= X[z 7 A Il A +7 2 A
[t-l( ae.«f (k-l ka” ) t-l( ae$n |a'k 1 *a"k)
a(])=t K] a())=t k"
where for t 8 (1,2,..., }, welet z A [>(n - 0 if there is
0 - icnj; k=l kaW
0(J>=? Wj
no a 8a such that ofj) =t and z A nA 0if
n aes k=l (k)
a(j)=t K
there is no a 8w such that a(j) =t. Since A = (@ 8A la(j) =t}
n o t=| n

is a disjoint union, we have that

2 ( zla, n

t=1" 08 |a(j)(k:Aa(k))) =a Ala(j)(k=1
a(j)et xh "

Also, since $11= (a 83 la(j) =t} is a disjoint union,
t=|

z( z A IA . = 7 A A NA .

t=1 o088 ia” k-1 ka(k) ae$ k=1 ka(k)
a(j):t k™ n kA~

Hence

(@,17 = x[a * Aia(i)(J T AkO(K)+a | 10« )(jA 0(K)) ]- (*)
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If i =7j, then
zZ A, nA ) I A
0£> 1a(j) k=l ki(k) C 1Fe> 11
n kd kd
= o KA
= det+A (I)
and
itAa(k)} = aks A (K4 5
K/j ki
on kel ke(k)
= (N A )) (by Theorem 1.3(D)
E Whag
= (det~A)'". (rr)
Therefore, if i =], it follows from (*), (I) and (Il) that
Gab), = (AB)"_ = x[det+A+(det~A) ] = 1.
Next, assume that i t j. If = 25 then
CAB)IJ = X(Aii.Ai.i.+Ai.i.ai!j.) (from (*))
=X[a;a.. (A AL, (by Theorem 1.3(2))
=0 (by the assumption (ii)).
Assume further that > 2. Then
L A+xXnA D=1 A A HA, 1) d')
aeJL iacCj) k=I kaCk) a k io(j) ia(i) k=i ka(k)
kA n KA
and

als =0 8flio(j)hal)( 1" ) ) ,<hy Theorem 1.3(2))

0f n 5] aE n v
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2 (AT A ) (n )(by Theorem 1.3(2))

(11')
Hence it follows from (*), (I ) and (Il ) that
ABY X2 Aa() Aael) kM kaoo 1 (Aag)yMa(i) ) kil Ragk) B
n KM n KM |
Since the map a b» a where a = (a(i),a(j))a is a 1-1 map from An onto
(Lemma 2.4), we get

(AB)ij' ) Xf0 Eﬂ'la\oq) |o(|> ;\n B )+OZ ll(A:atj) A;aC|)) $<:n| QS(&)J]

for c £an, &Ci) = a(j), ag) =a(i) and 0O(k) =a(k) for all
ke{J-,2,..,3 N{i,j} (see the proof of Theorem 2.5). These imply that
for each a £ 41, Ala(j)A0(i) = A-(.)AL5(1) and 1 1Ako(k) = kjl1\ 000

K™ k™X,
Thus
(AB)ij =x1o  (Ala(j)Aa(i)+(Aia(j)Aa(i)} )(™ 1Aka(k)”
N KM

Since 1 « J, a(i) ¢ a(j) for all a EALL so

Ala(j)AaCi)+(Aia(j)Aia(i)) =0 for all a £4 (by the assumption
Cii)). Thus aB) =0,
Hence AB = In. By Theorem 1.2, B =BA=1Ix £

Corollary 3.2. Let be an additively inverse semiring and Aan nxn
matrix over . Then the matrix Ais invertible over if and only if
(1) det+tA+ (det A) is multiplicatively invertible in  and
(i1) A AN is additively invertible in  for all i,j,k in
{1,2,.5} 1k
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Proof It follows easily from Theorem 3.1 and the facts that
detTA = det+(A"), det A= det-(A&) and Ais invertible over if 2 “3,,,%;%

e &
only if A*is invertible over . s 2
ttl e |2

>

-

If is a commutative ring wizh identity, then s an
additively inverse semiring with every element additively invertible
and x = -x for every x e s, hence for a square matrix Aover 3
det+A+(det A) = det+A-det A = det(A). Then the following known
result is an immediate consequence of Theorem 3.1.

Corollary 3.3. Let Rbe a commutative ring with identity and A
a square matrix over R. Then the matrix Ais invertible over R if
and only if det(A) is multiplicatively invertible in R.

Every additively idempotent semiring is an additively
inverse semiring. The four following corollaries characterize
invertible matrices over an additively idempotent semiring.

Corollary 34 Let Dbe an additively idempotent semiring and A
an nxn matrix over . Then the matrix Ais invertible over if and
only if

(1) per(A) is multiplicatively invertible in  and

(i) A;jAk =0 forall i,k 8 (1.2 Lok

Proof Since is an additively idempotent semiring, x =x
for every x 8 . Then det+tA+(det~A) = det+tA+det~A = per(A). For
x 8 , If x is additively invertible in , then x+x =0 which implies
that x = xtx = xtx =0. Hence 0 is the only additively invertible
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element of . Therefore by Theorem 3.1, the corollary is proved. *

Corollary 3.5. Let be an additively idempotent semiring and A
an nxn matrix over . Then the matrix Ais invertible over if and
only if

(i) per(A) is multiplicatively invertible in  and

(i) A A, -0frallijk £{,2,..3}3i:k

Proof  This follows from Corollary 34- ana the facts that
per(A) = per(A") and Ais invertible over if and only if a*is

invertible over
#

Corollary 3.6. Let Dbe an additively idempotent semiring and A
an nxn matrix over . Then the matrix Ais invertible over if and
only if

(1) £ A .is multiplicatively invertible in  for all

j £{1,23...3} and
(ii) AMA =0 for all i,k £ {1,23....n}3] ¢ k.
Proof  First3we note that .z A . is multiplicatively

invertible in for all j £ {1,23...3} if and only if

((ZA )(.ZA )...(.ZA )is multiplicatively invertible in  since
=1 117 i=1 12 =1 1n
Is commurative. To prove the corollary3 by Corollary 3.43 it

suffices to show that if AjJAyc =0 for all i,j& e{l23...3} | Kk,

then per(A) = (i:zlAil)(i:zlAiZ)... (i:zlA"]l).

Assume that ANAM. =0 for all i, X e{l,23... 3}3] « k. Then
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n n n

€ Z A M6 E Bl onl i Bi ) B (B 2B ey, )
1 e 2 : n =W t n
g=1 P gag B0 g0 23,3} 1t 2%
Since Aiink = 0 for all i,j,k € {1,2,..., n}, j # k, it follows that

AtllAt22"'Atnn =0 if £ ,t ,...,t € .2, .. . n} and t, = €, for some

i,j £{|,2, ,n}, | t ] Then

L Anef123..3) fette R

o (Pa(1)1AG(2)2—a(n)n

since I{(t13123... 3a) e 323, AWe (1,23...3 B¥tE t if i [ j}
= I{(a(l) A(2) 3... 3a( ))la £ yL}I. Hence

GLADGI A -Gy B 5 AG()IA(2)21-4( )

= per(A™")
= per(A).

Corollary 3.7. Let be an additively idempotent semiring and Af
an nxn matrix over . Then the matrix Ais invertible over if and
only if

(i) jllA.. is multiplicatively invertible in  for all

I £ {123..3} and
(i) -0 feraliij,k e {1,2,...3}3i +k

Proof It is clearly obtained from Corollary 3.6 and the fact
that Aiis invertible over if and only if A is invertible over
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