
C h a p te r  I I

LINEAR SYSTEM IDENTIFICATION BY CROSS-CORRELATION TECHNIQUE 

2 ,1  I n t r o d u c t io n

In  th e  s tu d y  o f  a l i n e a r  sy s te m  i d e n t i f i c a t i o n  by c r o s s - c o r r e l a ­
t i o n  t e c h n iq u e ,  th e  o u tp u t  r e s p o n s e  a t  t im e  t  may b e  e x p re s s e d  i n  te rm  
o f  a l l  p r e v io u s  in p u ts  th ro u g h  a c o n v o lu t io n  i n t e g r a l  e q u a t io n

w here g ( t )  i s  an im p u lse  r e s p o n s e  o f  th e  l i n e a r  sy s te m , and g ( t )  = 0 ,
1 < 0,

The c r o s s - c o r r e l a t i o n  f u n c t io n  b e tw een  th e  o u tp u t ,  y ( t ) , and th e  
i n p u t ,  x ( t ) , may be w r i t t e n  in  th e  form

w here i s  th e  a u t o c o r r e l a t i o n  f u n c t io n  o f  th e  in p u t  s i g n a l .  I f
th e  in p u t  s i g n a l  i s  w h i te  n o i s e ,  i t s  a u t o c o r r e l a t i o n  f u n c t io n  i s
a p p ro x im a te ly  a d e l t a  f u n c t i o n .  Then th e  im p u lse  r e s p o n s e  f u n c t io n  can  
be d i r e c t l y  o b ta in e d  by

(a )  A v e ry  lo n g  c o r r e l a t i o n  tim e  i s  n e c e s s a r y  to  e n s u re  t h a t  <£xx(7 ) 
a p p ro x im a te s  to  a d e l t a  f u n c t io n ,

y ( t )  = f g ( 7 ) x ( t - ? ) d ? ( 1)

(2)

gC7) = Kg 4>xyCO ( 3 ) .

(b ) P r a c t i c a l  d i f f i c u l t i e s  can  a r i s e  in  t r a n s m i t t i n g  an a m p li tu d e
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modulated s ig n a l w ithout d i s to r t io n ,  e s p e c ia l ly  where electrom echa­
n ic a l  tran sd u ce rs  a re  invo led .

These d isadvan tages may be overcome by using  pseudo-random b in ary  maxi­
mum len g th  sequences^ '^' 1 1

2.2 Pseudo-Random Binary Maximum Length Sequences

The most w idely used pseudo-random no ise  i s  th e  b in ary  maximum 
len g th  sequence11' 12. The a u to c o rre la t io n  of th e  b .m .l .s ,  i s  s im ila r  to 
those  of w hite n o ise , Morever, the  b .m .l .s ,  posses o th e r  p ro p e r tie s5' 6'* '14' 20 
which are  u se fu l fo r  the  c a lc u la t io n  of the c ro s s -c o r re la t io n  fu n c tio n ,

( ท  .

2.3 A u to co rre la tio n  Function  of Binary Maximum Length Sequences

Consider a b .m . l . s , ,  x ( t ) , w ith  am plitude of ±a and the  time 
period  T shown in  F ig , 1. The a u to c o rre la t io n  fu n c tio n  i s

4>><*('ท = Y |x ( t ) x ( t+ 7 ) d t  (4 ).

The wave form of ^>x (?) i s  i l l u s t r a t e d  in  F ig , 2.

F ig . 1 A b .m .l .s .  w ith  the  period  of 15 b i t s .
Consider a b .m .l .s ,  generated  by ท s ta te s  s h i f t  r e g is te r  g en e ra to r, 

i t s  time period  i s  NAt, where N i s  the number of b i t s  in  one period  and 
equal to  2n- l ,  and At i s  the consLant t im e -b it in te rv a l  which i s  the
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F ig. 2 Continuous a u to c o rre la t io n  fu n c tio n  
of b .m . l ,ร. i l l u s t r a t e d  in  F ig . 1

clock pu lse  p e rio d 5. In d is c re te  form, the  a u to c o rre la t io n  fu n c tio n  may 
be w r it te n  as

^ xx(iA t) = |^ x ( j d t ) x ( j A t + i 4 t )  (5)
1N j'O

where i  i s  an in te g e r  corresponding to  a s h i f t  from the  o r ig in a l  sequence. 
I t  has been shown th a t  the a u to c o rre la t io n  fu n c tio n 5 i s

<£xx( i4 t )  = a2 fo r i  = 0,N,2N.............
= -2  o therw ise (6 ).

The d is c re te  wave form of <$1tx(iA t) i s  shown in  F ig . 3.

F ig. 3 D isc re te  a u to c o rre la t io n  fu n c tio n  of b .m . l ,ร.
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F o r  t h e  i n t e r m e d i a t e  v a l u e  d i s c r e t e  f o r m 1 7 , t h e  a u t o c o r r e l a t i o n

f u n c t i o n  o f  E q n ,  ( 6 )  c a n  b e  i l l u s t r a t e d  i n  F i g .  4 .

Fig, 4 I n te r m e d ia te  v a lu e  d i s c r e t e  fo rm  o f  
a u t o c o r r e l a t i o n  f u n c t io n  o f  b . m . l , ร.

Suppose th a t  the tim e -b it  in te r v a l ,  At, i s  d iv ided  in to  m sm all 
in te rv a ls ,  For the  sm all in te rv a l  At/m as the  in te rv a l  of in te g ra t io n ,  
the  a u to c o rre la t io n  fu n c tio n  in  Eqn, (5) becomes

j-0
N-1 m-1= 2 !  x ( jA t+ ^ A t)x ( jA t+ ^ A t+ iA t+ ^ A t)

“ NjTo to  “  m (7)

where i  i s  an in te g e r , 0 < l  « m -1 , I t  has been shown th a t  the  au to co r­
r e la t io n  fu n c tio n 2 in  Eqn, (7) may be w r it te n  as

- s î พ - * - 1! -m
N

fo r  i  = 0 ,N, 2N, , .  . .  
o therw ise (8)

w here r  i s  an  i n t e g e r ,  - (m -1) <  r  <  m -1.
When th e  v a lu e  o f  m a p p ro a c h e s  i n f i n i t y ,  Eqn. (8 ) d e g e n e r a te s  

i n t o  th e  r e s u l t  o b ta in e d  by th e  c o n tin u o u s  i n t e g r a t i o n .
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In a d d it io n , i f  the tim e -b it  in te r v a l ,  A t, i s  d iv ided  in to  m
1 3 , 1 3sm all in te r v a ls ,  and the in te rv a l  of in te g ra tio n  i s  At 5 the au to ­

c o r re la t io n  fu n c tio n  i s

4>̂ (iA t-t-A t) = -  2 X jA t)x ( jA t* iA t* ~ A t)  (9)

where L i s  an in te g e r , 0 ^  i ^  m~l.
Since the value of i /m  i s  le s s  than 1, and the  magnitude of the 

b .m .l .s .  in p u t, x ( t ) , w ith in  the tim e -b it  in te rv a l  rem ains the  same.
Then Eqn, (9) reduces to

4>x(iAt+~At) = jlj ฐฺะI x(jAt)x(jAt+iAt) (10).m j “ °
From Eqns. (5) and (6 ), we ob ta in

<4>x(iA tt^A t) = a2 fo r  i  = 0 ,N ,2 N ,,. . .
3}= - -  o therw ise  (11).N

However, when the  value  of m approaches i n f i n i t y ,  Eqn. (11) y ie ld s  
the continuous a u to c o rre la t io n  fu n c tio n  of the form shown in  F ig . 5.

F ig. 5 The a u to c o rre la t io n  fu n c tio n  of b .m .l .s .
s a t is fy in g  Eqn. (11) when m approaches in f in i ty
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The in te g ra tio n  method using  At as the in te rv a l  of in te g ra tio n  i s  
proposed fo r  a new method of c ro s s -c o rre la t io n  technique which w il l  be 
described  in  S ection  2 .5 .

2 .4  D isc re te  C ro ss-C o rre la tio n  Technique

For the d is c re te  id e n t i f ic a t io n  of a l in e a r  system w ith  a b .m .l .s .  
as an in pu t s ig n a l , th e  system output i s  sampled a t time t  = (i+A)At,
where i  = 0 ,1 ,2 , .........and the value of A  i s  in  the range 0 <  A ^  1. The
output sequence can be expressed by

y [ ( A) A t] = At z  g (jA t)x [(i+ A -j)A t] (12).

The c ro s s -c o rre la t io n  func tio n  between the d is c re te  in pu t and the d is c re te  
output is

Xy(iAt) = i z  x [(j+A)At]y[(i+j + A)At] (13).

From Eqns. (12) and (13 ), the convolution  in te g ra l  can be w r it te n  as

xy(iA t) = At Z lg ( jA t)<£<x[ ( i - j ) A t]  (14).

For a p h y s ic a lly  r e a l iz a b le  system and the  impulse response decays 
to  zero w ith in  the  time period  of the in pu t sequence, NAt, the  c ro ss -c o r­
r e la t io n  *Xy(iAt) in  Eqn. (14) reduces to

<̂ Xy(iA t) = At z  g(jAt)<£xx[ ( i - j )A t]  (15).

Since the in pu t s ig n a l i s  a b .m .l .s .  and from Eqn. (6 ) , the equa­
tio n  (15) becomes

^ y(iA t) = — *K+1) At*z g (j.At) J r L ( i - j ) A t ] - |A t  g g ( j 4 t )  (16)
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where <fr( iA t)  i s  a u n it  r e c ta n g u la r  p u ls e  o f  p u ls e  w id th  A t, and d"r ( iA t)  
may be e x p r e sse d  in  th e  form

<Tr(iA t) = น(iA t + AAt) -u(iAt+A At-At) (17).

Consider the expression  2E g(jA t) d r  L ( i- j)4 t]  in  Eqn. (16) and the
j-0

value of รr ( l i t )  in  Eqn. (17 ), we may w r i te 1®

■ £g(jA t)dV l(i-j)A t] = [sI(i+À )A tl -S (0)] fo r  i  = 0
j - 0

= J ^ [s  l(i+A )A tl-S [ ( i+ A -l)û t] j fo r  1 Î  0 (18)

where ร (7) i s  the s tep  response of the system.
By T a y lo r 's  s e r ie s  expansions of S[(i+A)At] and ร [(itA -l)A t]  about 

ร(7) , where 7 = (i+À-yÙ)At and the value  of yU i s  in  the  range 0 A ^ 1, 
we have

ร [ (i+A)At] = ร (7 )+ Z  — ร<k, (7) (19)

ร [(i+A -l)A t] = ร ( 7 ) + ë . ^ T 1^ t (Al I  ร< k;(7) (20)

For the case i  i= 0, Eqn. (18) can be w r it te n  as 

g ( jA t)c f r t( i- j)A t)  = ■ [/Ù*-(1/* -l ) k 1 ร<k>(7)

= ร , (•?) + £  ^ — [yuk-(ÿu-l)k ] ร ^ , (7) (21).

Since g ( t)  = ^  , Eqn. (21) becomes

g (j4 t)< fr L (i-j)A t] = g(7) + ë  ^ 1 [/x i+1-9 u - l) j+ ๆ  ร<j>(7) (22).

S im ila rly  fo r  the case i  = 0, Eqn. (18) can be re w rit te n  as
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5e  g ( jA t)c M (i- j)A t]  = Ag(7) + £  (- ^ r [ V +1- ^ - A ) jM ] ร 0 ,  (?) (23).

I t  can be seen th a t the odd te rn s  of the s e r ie s  re p re se n tin g  the 
e r ro r  in  e s tim a tin g  g (?) in  the r ig h t  hand s id e  of Eqn. (22) a re  zero 
when JX = 1 /2 . This va lue  of JX a lso  m inim ises the factoryU'**1-^U-1)J+ 1 
in  the even term s. The impulse response i s  ob tained  a t  d is c r e te  time 
iA t when A = / U = 1/2 and the  ou tput must be sampled a t  the  time 
t  = ( i+ l/2 )A t. The sampling a t  the middle of the  t im e -b it  in te rv a l  of 
a s ig n a l i s  c a lle d  the in te rm ed ia te  value sequence.

S u b s titu tin g  Eqns. (22) and (23) in to  Eqn. (16) and fo r  À = JX = 
1 /2 , we ob ta in

4 , / n t )  .  ^ f h - h t [ g ( u t ) +s  2-1^  g“ > ( i * t ) ] - § 2A t£ g ( J A t )

fo r  1 = 0

-  [8 ( น . « « H

fo r  i  + 0 (24).

This i s  th e  most accu ra te  e s tim a te  of g (iA t) which can be achieved 
by th is  d is c re te  c ro s s -c o rre la t io n  method. The same c o e f f ic ie n t  of the 
d e r iv a tiv e  terms can be ob tained  by continuous in te g ra tio n  i f  the  au to ­
c o rre la tio n  of the inpu t s ig n a l i s  considered  to  be a u n i t  re c ta n g u la r  
pulse  as shown in  Appendix A .

I f  sample s iz e s  are  in c reased  and suppose th a t  the system output 
y ( t)  i s  sampled a t the time t  = ( i+ l/2 )A t/m , where m i s  an in te g e r  and 
m > 0, then the c ro s s -c o rre la t io n  fu n c tio n  between the d is c re te  inpu t 
and the  d is c re te  ou tput i s  performed over mN samples w ith  At/m as the
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in te rv a l  of in te g ra t io n . We have

0 (-j-At) = 2At 21  g(^At)0 ( i— At)xym  m j ,  0 Iท x x m

From Eqn. (8 ) , the  equation  (25) may be re w rit te n  as

(25)

v ~ 4 t) - â >4t 2 ^ < i 4 t> v ^ 4 t> - s 4 t " ? > i 4 t> - <26>

where 6 (■ ■ ■ ■ At) i s  the d is c re te  re p re se n ta tio n  of the  u n i t  t r ia n g u la r  pu lse
of pu lse  w idth 2At. The fu n c tio n  6 (^At) can be expressed ast  m

V ; 4 t)  -  t ' - ^ v î ; 44)
= 0

fo r  - (m-1) < r  < m-1 

otherw ise (27)

where 6^(-A t) i s  the  u n i t  re c ta n g u la r  pu lse  of pu lse  w idth At/m and
6 (^At) may be expressed in  the formr  m

6r ( m4 t )  -  น ( r-± -XA t ) - u ( « A z l A t ) (28)

S u b s titu tin g  Eqn. (27) in to  Eqn. (26) and from.Eqn. (28) fo r  the 
value  of X = 1 /2 , we ob ta in

V ; 4 t) -

- s <0>j ] - ^ 4 t " ç o‘ s<à4 t> fo r  i  -  0

-  T  4 t J L ,  <l  -  T  > ‘ Ê> ■(i51ะ1 - S >

~ A t  " z 'g ( iA t )  mN ;=0 m fo r  i  > m
J  = 0

For the case i  £ m, by T a y lo r 's  S e rie s  expansions and g ( t)  =
we can w rite
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1 ท า - 1 | r  น ,rr\. r„ , i t r + l / 2(1 - — ) (ป ี-) [ ร (- m เท» -(ท)-!) m At L
i+ r-1 /2A t)-S(m m At)]

1 ไ2-ะ1 , 1 เท ,  r (At)j r / 1 ,น 1= ■ ; 2EI (1- ^  ) I g(^A t)+Z . -  ■ ) { ( r O J * 1m r=  - cw-1 ) m L m j«= 1 mJ ( j  +1)) 2

- 0 : ~ ) ป้ + 1} 8 <ป้,( ^ 0 ]

1 i  m' 1 Ir I °°= i g F A t )  ร ุ: ( i - ! i J ) + i :
m m r - - (m - i )  m

- ( r - i ) J+1}]gc j J (^At)

( A tÿ [
ทา-! Irlj « / *, 1 \ I I Cl " ) {(^^/))

j*i m r- -(พ-!) m 2
l \ j  + l

■  g ( ^ A t)+ i : [ Ï 1 ( l - £ ! ){ ( r + i) - » * l
m j . 1 m ^ H j  +  l ) !  L r , . ( m . 0  m  2

-  ( r - | ) j + l} ] g < J ,( ^ t ) (30)
ท า - !Since the expression  "SL ( 1— 4 “ ) { ( r 4 ) ^  + 1—( r —i)^  +  ̂} i s  zeror  = -cm-1) m 2  2

fo r  the odd value of j , then Eqn. (30) becomes

, 1^ ) ( J ) [ , ( ^ 1 0 . ^ « 11 ท')-!ะ ร :in r«-0n-D  m ' '4 t

= <1- ? ) 1^ - -

- ( r - i ) 2J + 1} ]g ( z j ) 4 A t)

= + >2j + 1>

- 2 ( i ) 2J+1] g ^ j ) ( i 4t ) (31)

Eqn. (31) can be reduced to  

1 ' ร 1 ,,  I r I \  / m \ โท ,i+ r+ l/2 i+ r-1 /2
m At)]

g (-4 t)+  s  f 2aj (2j+l)J m2j +z 2 î ( 2 r - l )  d 1 g<Zj> ^m4 t)J (-32^
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For the case i  = 0, we a lso  o b ta in

(33)

S u b s titu tin g  Eqns. (32) and (33) in to  Eqn. (29 ), the  c ro s s -c o r r e la ­
tio n  i s  ob tained  as

When m = 1, Eqn. (34) can be reduced to  Eqn. (24). When the value  
of m > 1, the c o e f f ic ie n t  of each d e r iv a tiv e  term in  E qn .(34) i s  g re a te r  
than the c o e f f ic ie n t  of the  corresponding d e r iv a tiv e  term in  Eqn. (24). 
Morever, when m approaches i n f i n i t y ,  Eqn. (34) y ie ld s  the  r e s u l t  which 
i s  id e n t ic a l  to  those of the continuous c ro s s -c o r re la t io n  fu n c tio n  
obtained by using  c o r re la to r .  Thus, the d is c re te  c ro s s -c o r r e la t io n , Eqn. 
(24) , provides a more; a ccu ra te  e s tim a te  of system im pulse response than 
th a t ob tained  by continuous c ro s s -c o r re la t io n .

2J (j + l)! mj+
(4 ty 1 ë  ( 2 r - l ) j * V J>( ^ t ) } ]

« [ g ( h t ) + i ; { 22J (2j+ 1 )! m
(4 t)2j

fo r  i  = 0

fo r  i  > TJ1 (34)

From Eqn. (24 ), the  impulse response can be eva lua ted  as

g ( iA t)  = a 2(N + l)A t

fo r  i  = 0
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ร ' 1M )  -  z  e ( j . t ) ] - z :  2-*% g ï 7,- g»-”  ( i « )

otherw ise  (35)
This p rocess of the d is c re te  l in e a r  system id e n t i f ic a t io n  w i l l  be 

used in  Chapter 4.

2 .5 New Method of C o rre la tio n  Technique fo r  I d e n t i f ic a t io n

F o r th is  new method, the  system output y ( t)  w i l l  be sampled a t  
time t  = iA t+ (i+ l/2 )A t/m , where i  = 0 , 1 , 2 , . . . .  and m i s  the  number of 
sampled p o in ts  in  t im e -b it in te r v a l ,  A t, and £ = 0 , 1 , 2 , . . . . , (m -1).
The o u tp u t  se q u e n c e  { y j } o b ta in e d  by t h i s  m ethod  i s  th e  i n t e r m e d ia t e  
v a lu e  s e q u e n c e . I f  th e  b . m . l . s .  i n p u t  s i g n a l  i s  sam p led  a t  tim e  t  = iA t 
+ ( 1 + 1 /2 ) A t/m , th e n  th e  c r o s s - c o r r e l a t i o n  b e tw een  th e  o u tp u t  s e q u e n c e  and 
th e  in p u t  s e q u e n c e  w i th  At a s  th e  i n t e r v a l  o f  i n t e g r a t i o n  can  b e  e x p r e s s e d
as

0 ( iA t+ ^ A t) = i i t  g ( ^ A t)0 ( i A t + ^ A t - i i t )xy m m j = 0 m XX m m (36)

1£w here  0 ( iA t+ ^ A t) i s  th e  a u t o c o r r e l a t i o n  f u n c t io n  o f  th e  i n p u t  se q u e n c eXX  m

expressed by Eqn. (11).
T hen , we o b ta in

V lat+£4t) ■ « Ü 4 t K 6(" it)5 r<14t+=4,:' " 4t)

- a 4t £  l > Ji“ ะ 1 (37)j » 0 r« 0
w here  6 ^ ( iA t)  i s  a u n i t  r e c t a n g u l a r  p u ls e  o f  p u l s e  w id th  A t. T h is  r e c t a n ­
g u la r  p u ls e  may be w r i t t e n  in  th e  se q u e n c e  o f  th e  form  a s  ^ 1 1 , 12 , 1 2 , . .  . . ,
£ I w h ich  i s  th e  t r a i n  o f  u n i t  r e c t a n g u l a r  p u l s e s  o f  p u ls e  w id th  At/m .

000728
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Applying the s im ila r  technique described  in  S ection  2 .4 , Eqn. (37) 
may be re w rit te n  as

0 x y ( iA t+b t )  -  shfti)
fo r  i  = 0

-  4 t t > e (14t+; A t)- s A tH %

fo r  i  # 0 (38)

where g_(iA t+-A t) i s  the system impulse response func tio n  w ith  d is c re te  e m
in te rv a l  A t/m , in c lu d in g  the  e r ro r  due to  the d e r iv a tiv e  term s. The
value of g (iAt+^At) can be expressed by e m

8g(iA t+~iit) = 8 (0 )+ ร ะ เ ^ ^ ; ■ 8<J) ( n) fo r  i  = r  = 0

= g(iA t+ -A t)+2I v  g tzJ) (iA t+-At) o therw ise (39)m j-i 2 J (2j+l)l ° m

From Eqn. (3 8 )5 we o b ta in

8e(0)

§e(mAt)

ge (At)

gg (iAt+^At)

(40)

a 2(N+l)AtL̂ xyVm '  xy^ m;[0 (^At)-0 (—3 - At)] for  l  = 1 , 2 , ___ ,m-l  (41):L xy 111 ™ ฑา -»

a 2(N+l) At ^ x y  '  vxyv m ’26e '
mN (42)

mN7 , 1. . [0 (iA t+^A t)-0 (iA t+^ÿ-At)]a 2(N+l)At*- xy m '  xy m n
J  1+g (iA t-A t+-At) e m otherw ise (43)

The l in e a r  system impulse response fu n c tio n  a t  d is c re te  time 
t  = iA t+iA t/m , where i  = 0 , 1 , 2 , . . .  5 i  = 0 , 1 , 2 , . . . . , (m -1), and m i s  the
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number of sampled p o in ts  in  t im e -b it in te r v a l ,  At, can be determ ined by 
using Eqns. (39 ), (40 ), (41 ), (42 ), and (43). This method provides 
a d d it io n a l d is c re te  p o in ts  of the  system impulse response fu n c tio n  by 
using  the s h o r te r  pe riod  of the  b .m .l .s .  inpu t s ig n a l.
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