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A p p e n d i x  A

The m a te r ia l of t h i s  p a r t  i s  drawn from re fe ren ce

E xistence theorem Oil  l in e a r  d i f f e r e n t i a l  equa tio ns.

A .l Theorem. The d i f f e r e n t i a l  equations
p

เ ^ น 1(ร) = E e * (ร)v >  . i  = 1 , 2 , . . . ,  p,  . . . - ( 1 )

where a re  continuous fu n c tio n s  in  th e  in te rv a l  0 < s  <1 r , has a s e t 
o f C ^-so lu tions which assume p re sc rib ed  value น? when ร = 0.

P ro o f. To prove t h i s ,  l e t

u i ( s )  " ui  + j  £ 1°น11( t)u k at 

น?(ร) = น?',' J H c .k(t)uJ(t)dt

น“ (ร) “ น " ,' ]  E

'ร

\ / (2)

J
Since c^k a re  continuous fu n c tio n s  on a compact se t th ey  a re  hounded
i . e . ,  th e re  e x is t  a constan t c such th a t

c (ร) <  c/p fo r  a l l  ธ £  [ o , r ]  and for

i  = 1 , 2 , . . . ,  p,  k = 1 , 2 , . . . ,  P.
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Then
We assume th a t

1/ \ 0 u t (ร )-  น~

0 า าน. .i
c( P

y -J0 fe]

P f s

Ek=l J0

P
K 7 2  

^ 0

■ < K fo r  i  = 1 ,2 .

d t

พ t , u k

c ik ( t )

d t

d t

KCs .

Also น?(ร) -  น?(ร) -  j  E  
i  t e l

and a lso

น?(ร) -  น?(ร) É C  1k=l 01 l c ik < t) l l \ ( t ) - \ d t dt

< (KC)(C/n ) L  J t d t

-  KC2 ร2 .

In  s im ila r  way i t  follow s th a t

i R/_ ’I n - l /  \I ™ ท „ท ท| u . (ร)  -  น . ( ร )  I <  KC £  < KC r
1 1  ท! ท!

Hence, by th e  W eierstrass  M -tes t, th e  sequence ^ น^(ร) \
converges uniform  in  th e  in te rv a l  0 <: ร c r  and a continuous fu n c tio n
น^(ร) can be defined  by th e  equation .



lim  
ท-*•เพ น?(ธ}  = น ^ (ร)  .

A lso, from th e  un ifo rm ity  o f  convergence, i t  fo llow s from ( 2) ,  th a t ,  
as n ftj ,

ui (s )  = u° i + 1 Y  ° i k ( t ) V t ) a t -
p

Hence “ น^(ร) = Y2 c ^^ (s)u ^ (s ) and น^(อ) = u|? .

This complete th e  proof o f th e  ex is ten ce  theorem.

À



Appendix B

The m a te r ia l o f t h i s  p a r t  i s  drawn from re fe re n c e  £5] .

The so lu tio n  o f homogeneous l in e a r  d i f f e r e n t i a l  equations o f o rder ท.

The genera l homogeneous l in e a r  equation  o f th e  ท th  o rder is

L(y) = an น ) ^  + V l (x)£ ท- ï  + - - '+ a l (x)£  * a0 <x)y '  0 ........... (1)

We use L(y) to  denote th e  r e s u l t  o f s u b s t i tu te  any any fu n c tio n  y in  
th e  l e f t  member o f E q u .( l ) .  Since m u ltip ly in g  y by a co n stan t m u ltip lie s  
each term  by a c o n s ta n t,

L(cy1 ) = cL(y1 ) ,  and L(cy1 ) = 0 , i f  L(y1 ) = 0 .

Again, rep lac in g  y by y^+ y 2 rep lac e s  each term  in  y by th e  sum of two 
s im ila r  te rm s, one in  y^ and one in  y . Hence

L(y1+ y2 ) = L(yx ) + L(y2 ) and LCy^ y  2 ) -  0 , i f

L(y1 ) = 0 , L(y2 ) = 0.

Consequently th e  sum of two s o lu tio n s , or th e  product o f one 
so lu tio n  by a c o n s ta n t, i s  again  a so lu tio n  o f th e  homogeneous equation  ( 
Hence we have proven th e  f i r s t  p a r t  o f th e  fo llow ing  theorem.

B .l Theorem. The so lu tio n  of th e  homogeneous equation  (1 ) form a v ec to r 
space พ. Furtherm ore dim(w) < ท.
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P ro o f. The f i r s t  p a r t  o f t h i s  theorem follow s a t  once from th e  
above remark. To prove th e  second p a r t ,  l e t  น^,น9 , . . . ,น^ he k l in e a r ly  
independent so lu tio n  o f ( l ) .  Thus th e  a sso c ia te d  v ec to r-v a lu ed  
func tio ns บ^,บ25. . . , บ would he l in e a r ly  independent, where

บ ̂ x )  = (น1 (x ) , น /( x ) . . . ,  น^1- 1  ̂( x ) ) ,  i  = 1 , 2 , . . .  ,k .

To see t h i s ,  i f  บ^,U g , . . . ,  บk a re  l in e a r ly  dependent v ec to r-v a lu ed  
fu n c tio n , then  th e re  a re  s c a la rs  c ^ ,C g , . . . ,  ck not a l l  z e ro , so th a t

c1บ1 (x) + CgUgCx) + . . .  + c kบk(x) = 9 ,

where 9 = zero v e c to r .
But th i s  im plies

C1น1 (x) + c 2น2น ) ckuk(x) = 0 ,

th e re fo re  น^, น

Now since  บk ,U g , . . . ,  บ a re  l in e a r ly  independent then  
บ̂ (Xq ) , บ2 น 0 ) , . . . ,  บk (xç) would he l in e a r  independent in  Vfi. But th e re  
can be no more th an  ท l in e a r ly  independent v ec to rs  in  V s in ce  dim 
(vn ) -  ท.''' Hence k cannot exceed ท and dim(w) <r ท.

Thus th e  theorem i s  proved.

2 ’ \ are  l in e a r ly  dependent.
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A p p e n d i x  G

A P r o o f  o f  Remark A-.1.7 .

L e t  F ะ J  ร ĵ o , lJ —^ Rn be  a  c ^ - p a r a m e t r i z a t i o n  by a r c  
l e n g t h .  L e t  Sq c j  and  assume t h a t  t h e  v e c t o r s  F ( ร q ) ,
F /;(Sq ) ,  F #(Sq ) , . . . ,  F^2' +" ^ ( S q ) ( r  < k )  a r e  l i n e a r l y  i n d e p e n d e n t  
t h e n  t h e  v e c t o r s  F 1 ( ร ) , . . . ,  F^r + a r e  l i n e a r l y  i n d e p e n d e n t  i n  
some n e i g h b o r h o o d  TJ o f  Sq i n  J .

P r o o f .  L e t  M ( ( r + l ) x  ท) be t h e  s e t  o f  a l l  ( r + l ) X n  m a t r i c e s
w i t h  r e a l  e n t r i e s  ( r + 1  5Ç ท ) .  S i n c e  t h e r e  e x i s t s  a  f u n c t i o n  f  mapping
M ( ( r + l ) X n )  o n to  IT i n  a  o n e - t o - o n e  o n t o  way,  t h e n  H ( ( r + l ) \ n )
c a n  be  endowed w i t h  t h e  same t o p o l o g y  a s  t h a t  o f  r / r + " ^ n . v/e d e n o t e
by M ( ( r + l ) x  n ,  r + 1 )  t h e  s u b s e t  o f  M ( ( r + l ) x n )  which  c o n s i s t s  o f
t h e s e  m a t r i c e s  o f  r a n k  r + 1 ,  c l a i m  t h a t  M ( ( r + l ) , y n ,  r + 1 )  i s  an
open  s u b s e t  o f  M (( r+ 1 )  x n ) .  To p r o v e  t h i s  we n o t e  t h a t
M ( ( r + l ) X 'n *  r + 1 )  i s  a  s u b m a n i f o l d  o f  M ( ( r + l ) x n )  o f  d im e n s i o n
( r + l ) n  ( s e e  [2] on p ag e  1 0 9 ) .  Thus i t  s u f f i c i e s  t o  show t h a t  i f

/M i s  a  m a n i f o l d  o f  d im e n s i o n  ท and M i s  a  s u b m a n i f o l d  o f  M o f  t h e
/  /  / same d im e n s i o n  t h e n  K i s  open  i n  M. L e t  a  £ M , s i n c e  M i s  a

s u b m a n i f o l d  o f  M o f  t h e  same d i m e n s i o n ,  t h e n  t h e r e  e x i s t s  an  open
s u b s e t  V 3 a  o f  M and a  f u n c t i o n  p  s u c h  t h a t  p  i s  a homeomorphism
o f  V o n t o  some open s u b n e t  Vi o f  pn , and  p  i s  a  homeomorphism o f
V A M o n t o  some open s u b s e t  พ d  V/ o f  R11. B e ca u s e  พ i s  open  i n
p n , t h e r e f o r e  พ and p  ^ (พ ) => V n  M i s  open  i n  17 and V
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/r e s p e c t i v e l y  u n d e r  t h e  u s u a l  r e l a t i v e  t o p o l o g y .  Thus V n M te p ก V 

f o r  some open  s u b s e t  p o f  M. T h i s  i m p l i e s  t h a t  V n  M i s  open  i n  M. 
Hence a  i s  an  i n t e r i o r  p o i n t  o f  M , b u t  a  i s  a r b i t r a r y  we c o n c lu d e  
t h a t  M i s  o p e n .

To f i n i s h  t h e  p r o o f  o f  Remark ^ , 1 . 7 »  we d e f i n e  a new f u n c t i o n

t h a t  i s  a l s o  c o n t im u c u s  on J .  c l e a r l y  \ j / ' ( s o )  £  M ( ( r + l ) X n »  r + 1 )  1 
b u t  M ( ( r + l ) x n j  r + 1 )  i s  open  i n  M ( ( r + l ) X n ) ,  t h e n  t h e r e  i s  an 
open  s u b s e t  บ 3  vp (ร ) o f  M ( ( r + l ) , X n )  and  บ c  M ( ( r + l ) x n ,  r + 1 ) .

J  b e c a u s e  "Vj/ i s  c o n t i n u o u s .  Hence t h e r e  e x i s t s  a  n e i g h b o r h o o d  
u o f  Sq i n  I  s u c h  t h a t  ^ (บ) c  บ 1 so  บ i s  t h e  r e q u i r e d  n e ig h b o r h o o d #  
The p r o o f  i s  c o m p l e t e .

M ( ( r + 1 ) X  n )  a s  f o l l o w s  ะ
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