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Appendix A

The material of this part is drawn from reference [7].
Existence theorem oil linear differential equations.
A.l Theorem. The differential equations

N = Epe*()v > . i=12,....,p, ..-(1)

where are continuous functions in the interval 0<s <Ir, has a set
of CM-solutions which assume prescribed value ? when = 0.

Proof. To prove this, let

Gi(s) " ui+j £12° At)uk at

A) = 7] He.kul@dt
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Since ¢k are continuous functions on a compact set they are hounded
i.e., there exist a constant ¢ such that

¢ () < clp forall £[o,r] and for
1=12,....,p, k=1,2,..., P.



W& assume that 0 < K for 1 =12.
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and also
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In similar way it follows that
R{ N . n-f/ I )
|u1.(—)1 AN < RC £!< KE r!
Hence, by the Weierstrass M-test, the sequence ™ *( )\

converges uniform in the interval 0< ¢ r and a continuous function
A) can be defined by the equation.



Also, from the uniformity of convergence, it follows from (2), that,
asnfj

Gi(s) = wit 1Y Cik(Y)V t)at-

Hence  “ () = Yg cAMS)Un(s) and () = U

This complete the proof of the existence theorem.



Appendix B

The material of this part is drawn from reference £s].
The solution of homogeneous linear differential equations of order

The general homogeneous linear equation of the th order is

L(y) =an )M +V I(X)E -0 +--"+al(x)f *a0<x)y ' 0 . (1)

We use L(y) to denote the result of substitute any any function y in
the left member of Equ.(I). Since multiplying y by a constant multiplies
each term by a constant,

L(cyl) = cL(yl), and L(cyl) =0, if L(yl)= 0.

Again, replacing y by y*+ y2 replaces each term in y by the sum of two
similar terms, one in y* and one in y . Hence

L(yl+ y2) = L(yx) + L(y2) and LCy*y2) - 0, if
L(yl) =0, L(y2) =0.

Consequently the sum of two solutions, or the product of one
solution by a constant, is again a solution of the homogeneous equation (
Hence we have proven the first part of the following theorem.

B.I Theorem. The solution of the homogeneous equation (1) form a vector
space . Furthermore dim(w) < .
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Proof.  The first part of this theorem follows at once from the
above remark. To prove the second part, let A 9,..., *he k linearly
independent solution of (I). Thus the associated vector-valued

functions 7 25..., would he linearly independent, where
) o= (L(x), I(x)..., MEIMX)), 0=1.2,. 0k
To see this, if ~Ug,..., kare linearly dependent vector-valued

function, then there are scalars ¢*,Cg,..., ck not all zero, so that
cl 1(x) +CgUgCx) +... +ck k(x) = 9,

where 9 = zero vector.

But this implies
Cl1(x) +c22 ) ckuk(x) = 0,

therefore " o, are linearly dependent

Now since  k,Ug,...,  are linearly independent then
AXq), 2 0),..., k(x¢) would he linear independent in VFi. But there
can be no more than linearly independent vectors in V  since dim
(vn) - " Hence k cannot exceed and dim(w) < .

Thus the theorem is proved.
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Appendix G

A Proof of Remark A-.1.7.

Let F J  jo,1J —" Rn be a c"-parametrization by arc
length. Let Sq c j and assume that the vectors F ( q),
FIi(Sq), F#Sq),..., F"2+"~(Sq)(r < k) are linearly independent
then the vectors F1 ),..., F*r + are linearly independent in
some neighborhood T of Sq in J.

Proof. Let M((r+l)x ) be the set of all (r+l)Xn matrices
with real entries (r+1 % ). Since there exists a function f mapping
M((r+1)Xn) onto IT In a one-to-one onto way, then H((r+l)\n)
can be endowed with the same topology as that of r/r+"*n. vie denote
by M((r+1)x n, r+l) the subset of M((r+l)xn) which consists of
these matrices of rank r+1, claim that M((r+l),yn, r+l) is an
open subset of M((r+1) xn). To prove this we note that
M((r+1)X'n* r+1) is a submanifold of M((r+l)xn) of dimension
(r+l)n  (see [2] on page 109). Thus it sufficies to show that if
Mis a manifold of dimension and N{is a submanifold of M of the
same dimension then K/ Is open in M. Let atf M since N{ IS a
submanifold of Mof the same dimension, then there exists an open
subset V3 a of Mand a function p such that p is a homeomorphism
of V onto some open subnet \ of pn, and p is a homeomorphism of
VAM onto some open subset d V of RIL Because IS open in
pn, therefore and p () »Vn M is open in TFand V
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respectively under the usual relative topology. Thus Vn N(tep Vv
for some open subset p of M. This implies that V.n M is open in M
Hence a is an interior point of M, but a is arbitrary we conclude
that M is open.

To finish the proof of Remark *,1.7» we define a new function
V2 g — M((r+1)X n) as follows

/ F//I(S) \\
r(s) i
V(S - 4 :
\ F(r+l)(s) //
By the continuity of the functions 'F/ ’ 1"// yecey F(r+1), we have

that is also contimucus on J. clearly \j/'(so) £ M((r+1)Xn» r+1)1
but M((r+1)xnj r+1) is open in M((r+l)Xn), then there is an
open subset s vp( ) of M((r+l),Xn) and ¢ M((r+l)xn, r+l).

Furthermore \Y-l(U ) is open and contains the points 5o in

J because "W is continuous. Hence there exists a neighborhood
Uof Sqin | such that A ()¢ 1so is the required neighborhood#
The proof is complete.
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