CHAPTER 111
EUCLIDEAN N-SPACE

The main purpose of this chapter is to introduce the notion of
Euclidean n-space, linear manifold, and Euclidean motion in R,

The materials of this chapter are drawn from reference [ 2",
£s], and [6] ,

1. Vector space and subspace

3.1.1 Definition.  Avector space consist of an abelian group V under
addition and a field F, together with an operation of scalar multipli-
cation of each element of V by each element of F on the left, such
that for all a, b 6 F and , Ve V the following conditions are
satisfied

(i) auf V
(i) a(bu) = (ab)u
(i11) (ath) = au + hu
(iv) a(u+v) = au + av
(v) lu =

The elements of Vare called vectors and the elements of Fare
called scalars. We shall say that Vis a vector space over F



3.1.2 Definition.  Let Vbe a vector space over R. Suppose to each
pair of vectors , v €V there is assigned a scalar ( V) £ R
This mepping is called an inner product  in Vif it satisfies the
following axios

i) @J+b2v) =AUBV+ b(,,V)

(i) (,V) =(v, )
iy (5) 0; ad(,)=0if adonly if =0

The vector space VVwith an innerproduct iscalled areal
inner product space.

3.1.3 Bxarple.  The set of all n-tuples of elements of Rwith vecto
addition and scalar multiplication defined by

(L 2...,1m+ (VI52,...,v) = (1+v] 2¢v2,.. L+ V1)
and

a(u1? 2,..., B =3 D3 2,... au") 5
where the. 1, VV ad a belong to R, is a vector space over R;
we denote this space by V .

Consider the dot product in V

CVo= VI 2%+ WV

whee =(12... Dad v= WV2... V)

This is an inner product on VA, and MLwith this inner product
usually refered to as Euclidean n-space and is denoted by R.



3.1.4 Definition.  Let be a subset of a vector space over a field F

is called a subspace of Vif s itself a vector space over Fwith
respect to the operations of vector addition and scalar multiplication
on V

3.1.5 Definition Asubset 1 of a vector space Vis said to be linner
varietyof Vif L= +\ for sote in Vad smg subspace of V

The subspace is called base space of the linear variety L
2. Dimersion of vector space.

3.2.1 Definition. Let Ve a vector space over a field F ad let
viv2’* \m A Ay vector in Vof the fom

alVI+ a2Vv2+ eee + anum
where the & £ F5 is called a linear combination of Vj3/'s. v,
Tre following theorem can be easily verified.

3.2.2 Theorem Let be a nonenpty subset of \/ The set of all linear
combinations of vectors in , denoted by L(s), is a subspace of V
containing . It is called the subspace spanned or generated by .

3.2.3 Definition. Let Vbe a vector space over a field F The vector
Vv are said to bo linearly independent, if for every
choice of scalars | ,5.., 3. £ F5



al a2+ . +ayn,
implies
a = a,
3.2.4 Definition. Avector space Vis said to be of dimension |
if there exists linearly independent vectors 7 2 which

span V. The sequence A 9,..., is then called a basis of V.

3.2.5 Definition.  The dimension of a linear variety is defined to
be the dimension of the base space of the linear variety.

3.2.6 Definition. Let ={1 2..., be a subset of a real
inner product space V' The set is said to be orthonormal if
{ 0 fox 1 # 3,

(u,,u,)
— 1 for i = j

3.2.7 Theorem QGramSchmick theorem). Let

U o= g (1)
be any finite set of linear independent vectors of R. Then R
contains a set of vectors

Y = {V1’V2°"" vm}
such that
(i) Tre set KR is orthonormal ;
(i) Bvery vector is a linear combination
L T b7 b R T
of the vectors ~ ,,..., 7
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28
(iti) Bvery vector IS a linear combination

H * bkIV+bk2\2+ - bkk\
of the vector \p Vp... for k =
Moreover, every vector of \/3s uniquely determined by these conditions
to within a factor of -1.

Proof.  First we construct Vo Setting

W o= allV
W determine ap from the condition
( = aMlp ) - 1
which implies
1 m 1
11 = *1 = -1( 1,1

This obviously determines \f uniquely (except for sign).

Next suppose vectors VpVp...,, — ” satisfying the conditions
of theorem have already been constructed. Then  can be written in
the fom

H - bkiV---+bkk-i\-i+twk <>
where

(Lv) =0 (-1.2,.., k).
In fact, the coefficients bpj and hence the vector * are uniquely
determined by the conditions



( - < t-bkivi— --Dbkk-iTk-i* V
(Vy Y -
i sceO bkj - (W) (- 1.2meeke).
Clearly (A N> 0, if (k™" =0 by Definition 3.1.2»
N=9 and thus
Vo KLV -ee- Kk-hk-I - 05 9
where 9 Is the zero vector.

By induction hypothesis, we can write \/ on the left hand side of
Equ.(3), intern of A17,..., ( =1,2,..., k-1).

Then the zero vector in Equ.(3), can be written as a linear
conbination of for which not all coefficients of
are zero (since the coefficient of 1* =1). This contradicts the
assumed  linear independence of the vectors (1). Let

(4)

4w
thing (2) ad (4) , ve express ~ad hence  in terms of the
functions Uj, ~,..., A, i.e.,

vk = aklu+ \2 Wtee-+akk\ »
where

®kk !

Moreover

<VYV
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and

H = lel\+ bk, + kk\ 5
where

Kk = ftwe W
Thus, start from the vectors VAVA,..., A satisfying the conditions

of the theorem we have constructed wvectors ' » 2»*, 3\ 1*\ satisfying
the sare conditions.

The proof now follows by mathematical induction.
3. Linear manifold in Ry.

3.3.1 Definition. Aset in R is a k-dimensional linear manifold
if the corresponding vectors form a k-dimensional linear variety of R.

332 Rmark  Fomdefinition 3.1.5, let L be a linear manifold
of dimension k. Then the vectors of the linear variety L are all
vectors of the fom

1= W+ 11 I+ t2 2+, +tkuk

where S are aritrary scalars,  is a constant vector
ad 7, A are linearly independent, vectors in L

4. Euclidean notion of R.

3.4.1 Definition. Anmggping F R—3» R is called a linear
mepping  (or linear transformation) if it satisfies the following
two conditions
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(i) Foray , VE R, HUNV =FU) + RV).
(i) Joraya £ Raday £ R, Ha) =aHU).

3.4.2 Definition. Atranslation Rin R is any transformation
of the fom

RU = u+c¢ |,
where £ R ad cis a constant vector in R,

3.4.3 Definition.  Anaffine transformation Tof R is any
transformation of the fom

T(D=F@ +c ,
where Fis a linear mapping of R and ¢ is a fixed vector in Ry,

3.4.4 Definition. AEuclidean motion of R is an affine nap
TV =RV + D where Fis a linear nmgpping and Dis a constant
vector in Ry, such that

HYHV) = (L ., IV € R

3.4.5 Treaem  Gwven two orthonormal basis of R(EMNEs. .. B)
ad (Y 2 ...5F). Then there exists a unigue Euclidean notion T
such that

m® =P i=1.2,..,

Proof. Given any two vectors pA, P2 in R, then clearly
there is a unique translation Rin R such that

Rp) = P2
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S from rovve can assute that (EpE”,..., E) ad (FAFA,... B
have the sare initial point, which vwe can take as the origin.
Claim that there is a unique linear ng F such that

FRE) - R, i=12,..,
Define a mgpping F R—> R as follow

Let VE R. Since (ELE2,..., E) is a basis of Ry,

there exist unique scalars 1,a2,....@*£ R for which
V= 22t ee +am* Wdefine F R—> R Ly

RV . atlra2R+..* V1.

(Since the al are unique, the mepping Fis well-defined.) Now
for 1=1.2,.., ,

B = CEl+..t [E+..+ 00 .

RE) = OFt+..+ 1IF+.+ C® = F
To prove Fis linear. Suppose V= gElt 2 2+..+ &
ad = IEB"2BEX*'+NE* Then
V+w = (St LER (a2+ b2EX...+ (art-bn)En
and, for ay k £ R kv = kajEH kaeBo+... HaEn .
By definition of the mepping F
RV) = alFta2R+...+ anfhand Fw) = 1Flt b?R+ ...+ nhn .



3
He  FW) = (3+ DFLe(a2+ 2R+ +(2 F
= (SLFjt32R+ ...+ V I)+( 1R+ 2R+, + N>
= KV +FHW
and FRY) = k (a Fee2R2t. +a ) = K{V) .

Ths F is linear .
Nwsuppose G Rr—2? R is linear ad GED = FL,

i-1,2,.., if V=ark a2 *+arn’  then
GV =GEHa2. . +anE ) =ap (ED)+aZyB2)+.. +anGEn)
=alfx + az2k+.. .+ anfll = FV)

Since QM) =F(v) for every V6 R,G=F Ths Fis unique.
Thus our claim is proved.

Finally we shall sow that Tis inner product preserving.
Suppose V= 31EH+ a2+ .+ JEL ad - 1EW Z2A. .+ IE . Then

V,) = (3E+ aZ2+..+ IE, EW X2+.+ IE)
«fq abiE’V + " aiY B-V
ad (HV), W) = <dIFl+ 372+...+ 1111, 1A+ 2R*..+ 1y

-¢ “IiVT-V +c¢ *IY R’V

By orthonormality of (ELE2,...,El) and (H,R,..., £1) the last o
equation becomes



and FVH ) = 12 a1
Which gives
vV,) = (Fv), () V. £ R

The required Euclidean motion is the mepping T=RGF, ad T s
unigue because of the uniqueness of Rand F

Hence the theorem is proved.
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