
CHAPTER IV

TRANSFORMATION SEMIGROUPS

The p u rp o s e  o f  t h i s  s e c t i o n  i s  t o  s tu d y  th e  f a c t o r i z a b i l i t i e s  
o f  f u l l  t r a n s f o r m a t io n  se m ig ro u p s  and  p a r t i a l  t r a n s f o r m a t io n  se m i­
g ro u p s . I t  i s  shown t h a t  th e  f u l l  t r a n s f o r m a t io n  se m ig ro u p  on a s e t  
X i s  f a c t o r i z a b l e  i f  and o n ly  i f  X i s  f i n i t e  and th e  p a r t i a l  t r a n s ­
fo rm a tio n  sem ig ro u p  on a s e t  X i s  f a c t o r i z a b l e  i f  and  o n ly  i f  X i s  
f i n i t e .

d e n o te  th e  p e r m u ta t io n  g ro u p , th e  sy m m etric  in v e r s e  se m ig ro u p , th e  
p a r t i a l  t r a n s f o r m a t io n  sem ig ro u p  and  th e  f u l l  t r a n s f o r m a t io n  se m i-  
crrouo on th e  s e t  X; r e s o e c t i v e l v .  T hen , f o r  anv s e t  X, I  CE T .

F o r any s e t  X, l e t  0 and 1 d e n o te  th e  z e ro  and  th e  i d e n t i t y  o f  T^; 
r e s p e c t i v e l y .

P a r t i a l  t r a n s f o r m a t io n  se m ig ro u p s  and  f u l l  t r a n s f o r m a t io n  
se m ig ro u p s  a r e  r e g u l a r  se m ig ro u p s . M o reo v er, f o r  any s e t  X, a £  T ,

T h ro u g h o u t t h i s  c h a p te r  f o r  any s e t  X, l e t  G . I  . T and

a ç  E(T ) i f  and o n ly  i f  Va Q Aa and  xa = X f o r  a l l  X £  Va, and 
a 6  E (1^) i f  and  o n ly  i f  a i s  th e  i d e n t i t y  map on Aa.

L e t ร be a  se m ig ro u p . F o r a £  ร , l e t  th e  map ะ ร -> ร
d e f in e d  by xp = xa  f o r  a l l  X £  ร- I f  a ,  b é  ร , th e n  f o r  e a c h  X 6  ร/ 3.
xp ท == (xalb = x(àb-) - XD. . Therefore the set { 0 I a £ s} is a
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su b se m ig ro u p  o f  ^ T . L e t ijj ะ ร - y be d e f in e d  by = p f o r  a l l
ร  ร  3 .

a £  ร . Then I  i s  a  homomorphism from  ร i n t o Ï . S uppose ร h as  a
l e f t  i d e n t i t y  e .  T hen, i f  a ,  b £  ร su c h  t h a t  Pa  = p , we have 
a = e a  = ep = ep = eb  = ๖. I t  fo l lo w s  t h a t  ljj i s  an iso m o rp n ism .

B. D

From Lemma 1 .1 ,  e v e ry  f a c t o r i z a b l e  sem ig ro u p  h a s  a l e f t  id e n ­
t i t y .  Hence th e  f o l lo w in g  p r o p o s i t i o n  fo l lo w s  ะ

4 .1  P r o p o s i t i o n . E v e ry  f a c t o r i z a b l e  sem ig ro u p  c a n  be  em bedded in  
a f u l l  t r a n s f o r m a t io n  se m ig ro u p .

I t  h a s  b een  p ro v e d  by Chen and H s ie h  in  [3] t h a t  f o r  any s e t  
X, th e  sy m m etric  in v e r s e  sem ig ro u p  I , r i s  f a c t o r i z a b l e  i f  and  o n ly  i f  
X i s  f i n i t e .  H ence, f o r  any f i n i t e  s e t  X, 1^ = G ^ E d ^ ) ky Theorem  
3 .1 (3 )  and ( 5 ) .  U sing  t h i s  r e s u l t ,  we show in  th e  two f o l lo w in g  
th e o re m s t h a t  f o r  any s e t  X, th e  p a r t i a l  t r a n s f o r m a t io n  sem ig ro u p  on 
X i s  f a c t o r i z a b l e  i f  and o n ly  i f  X i s  f i n i t e ;  and th e  f u l l  t r a n s f o r ­
m a tio n  sem ig ro u p  on X i s  f a c t o r i z a b l e  i f  and  o n ly  i f  X i s  f i n i t e .

4 .2  T heorem . L e t X be a s e t .  Then th e  p a r t i a l  t r a n s f o r m a t io n  sem i­
g ro u p  on th e  s e t  X, T , i s  f a c t o r i z a b l e  i f  and o n ly  i f  X i s  f i n i t e .

P ro o f  : Assume T^ i s  f a c t o r i z a b l e .  D ecause i s  th e  g ro u p
o f  u n i t s  o f  T , from  Theorem  1 .7 ,  T^ = G^E f o r  some s u b s e t  E o f  E (T^) .
Then T = G E(T ) .  To show X i s  a f i n i t e  s e t ,  su p p o se  n o t .  L e t X X X
a £  X. B ecause  X i s  i n f i n i t e ,  |x  - {a}I = | x | .  L e t a be a o n e - to - o n e  
map from  X -  {a} o n to  X. Then a £  T . s in c e  Tx = GXE (T ) '  a  = 3y 
f o r  some 3 £  G , Y £  E(T ) .  I t  f o l lo w s  t h a t



36

X = Va = vpy = (VP n Ay)y = (X n Ay)y = (Ay)y = Vy. B ecause  
Y G E(T ) ,  xy = X f o r  a l l  X G Vy. B ut Vy = X. I t  f o l lo w s  t h a t  y i s  
th e  i d e n t i t y  map on X. Hence a = 6 G G , i t  i s  a c o n t r a d i c t i o n  s in c e  
Aa f  X.

C o n v e rs e ly , assum e X i s  f i n i t e .  Then I  i s  f a c t o r i z a b l e  and 
I  = G E ( I X) . To show t h a t  Tx = GXE (TX) , l e t  a G Tx « F o r e a c h  
a G Va, c h o o se  one e le m e n t from  th e  s e t  aa  ^ and c a l l  i t  x ^ . L e t 
K = (x ^  I a G V a}. Then K Ç Aa, /  i f  a ,  ๖ G Va, a /  ๖, and 
IKI = I Va I . D e fin e  th e  map 6 from  K o n to  Va by x^p = a f o r  a l l  
a G Va. T h e re fo re  PG I x and Va = VP. B ecause  I  = GXE (I  ) ,  p = Ay 
f o r  some AG G , Y 6  E ( I  ) .  D efi ne th e  map Ÿ from  (Aa)A i n t o  X a s
fo l lo w s

xy i f  X G (Aa) A Pi Ay
xÿ <

(xA 1)a i f  X G (Aa) A — Ay
F i r s t ,  we show Vy Ç Vy; t h a t  i s ,  t o  show ((Aa)A)y c  Vy, l e t  

X G  (Aa)A. I f  X £  Ay, th e n  xy = xy £  Vy. Assume X Ay. Then 
xÿ = (xA V  6  Va. s in c e  Va = Vp, t h e r e  e x i s t s  y 6 Ap su c h  t h a t  
(xA ^) a = yP. B ut p = Ay, so  (xA "Sa = yAy = (yA)y Ç Vy. Hence 
xÿ £  Vy. T h e re fo re  Vy Ç Vy.

N e x t, we show t h a t  Vy c  Ay. L e t X G Vy. B ecause  Vy c  Vy 
and Vy = Ay, X £  Ay. T h e re fo re  xA ^ G (Ay)A = ( X ก  Ay)A ^ =

(VA n Ay)A  ̂ = AAy = Ap c  Aa and  h en ce  X = (xA )̂ A £  (Aa)A = Ay.
To show t h a t  yÿ = y f o r  a l l  y G Vy, l e t  y £  Vy. B ecause  Vy Ç. Ay, 
y £  Ay = (Aa)A. s in c e  Vy c  Vy, y £  Vy. B ut Vy = Ay, so y £  Ay. 
T h e re fo re  y G (A a)A ท Ay. Hence yÿ = yy = y. T h is  p ro v e s  y G E (TX) •



37

We c la im  t h a t  a = Ay, s in c e  VA = X and Ay = (Aot)A,
AAy = (VÀ ท Ay) A ^ =  (X n  Ay) A ^ = (Ay) A = ((Aa)A)A = Act, N ex t, 
l e t  X É  AAy = Aa. Then xA 0  (Aa)A = Ay, I f  xA G Ay, th e n  
X €  (Ay) A ^ = (X D Ay) A ^ = (VAfl Ay) A ^ = Ag, w h ich  im p l ie s  t h a t

4 .3  Theorem , L e t X be any s e t .  The f u l l  t r a n s f o r m a t io n  sem ig ro u p

L e t a £  X. Then t h e r e  e x i s t s  a o n e - to - o n e  map a from  X o n to  X -  {a} .

g G G , y G E (^ T ) . S in c e  a = gy, Va ç  Vy. B ut Va = X—{a} . Then 
e i t h e r  Vy = X o r  Vy = X—{ a } . I f  Vy = X, th e n  y i s  th e  i d e n t i t y  map

Then ay /  a .  s i n c e  vg = X, t h e r e  e x i s t  b , c G X su c h  t h a t  bfj = a 
and  eg  = a y . I t  th e n  fo l lo w s  t h a t  ba = bgy = ay = ayy = ( a y )y =
(e g )y = ca„ B ut a i s  a o n e - to - o n e  map. Then b = c ,  so  bg = eg w h ich  
im p l ie s  t h a t  a = a y . I t  i s  a c o n t r a d i c t i o n .  H ence X i s  a f i n i t e  s e t .  

C o n v e rs e ly , assum e X i s  a f i n i t e  s e t .  By Theorem  4 ,2 ,  Tx i s  
f a c t o r i z a b l e  and so Tx = (Tx ) “ To show *•ร = G^Ef *^) ,  l e t  a G

B ecause  Tx = GXE (TX) ,  a = gy f o r  some g G G^, y £ E ( T x) .

Hence th e  p r o o f  o f  Theorem  i s  c o m p le te ly  p ro v e d , #

Then a £  T .



Then Y = 3 B ut A3 = V3 = X and  Aa = X. T h e re fo re
Ay = A(3 1a) = (V3 V l A a )3 = (X ท X )3 = X. Hence Y £  E ( ช ุ; ) ,  and  so
a = 3y £  GXE ( ช ุ; ) .  T h is  show t h a t  ช ุ; = GXE (ช ุ;) a s  r e q u i r e d .  #

L e t X be a s e t .  I t  i s  c l e a r l y  s e e n  t h a t  T = G i f  and  o n lyX X
i f  X = (j), and  ช ุ;  = Gx i f  and o n ly  i f  IXI < 1 . T h e re fo re  by Theorem  
4 .2 ,  4 .3  and  C o r o l la r y  2 .6 ,  we h ave  th e  f o l lo w in g  c o r o l l a r y  ะ

4 .4  C o r o l l a r y . L e t X be a f i n i t e  s e t .  Then Tx i s  ท -s im p le  i f  and 
o n ly  i f  X = 9 ; a n d cช ุ i s  ท- s im p le  i f  and o n ly  i f  IXI < 1.

F o r any f i n i t e  s e t  X, th e  sym m etric  in v e r s e  sem ig ro u p  on th e  
s e t  X, I  , i s  f a c t o r i z a b l e . I t  i s  c l e a r l y  s e e n  t h a t  I x = Gx i f  and 
o n ly  i f  X = 4). By C o r o l la r y  2 .7 ,  we a l s o  have  th e  f o l lo w in g  Î For
a f i n i t e  s e t  X, I  i s  ท- s im p le  i f  and o n ly  i f  X = if.

F o r th e  c a s e  o f  i n f i n i t e  s e t s ,  I  and Tx can  be ท -s im p le ,  a s
shown in  th e  f o l lo w in g  : L e t X be a d en u m erab le  s e t ..  Then X can  be
w r i t t e n  a s  X = {x1 , x 2 , x 3 , . . . } ,  X .  ^ X ,  i f  i  ^  j .  L e t a and 3 be
maps on X d e f in e d  by x^a = x 2^ and  x^3 = X2i+ q  r  a l l
i  e  น ,  2 , 3,  . .  . T h en ’a , 3 £  I x Ç Tx b u t  a ^  Gx and  3 ^  Gx
M o reo v er, a a  ^ = 33 ^ w hich  i s  th e  i d e n t i t y  map on X. L e t ท and  ท,
be th e  minimum s e m i l a t t i c e  co n g ru en ces on Tx and I x ; r e s p e c t i v e l y .
By lemma 2 .2 ,  1ฦ and I n '  a r e  th e  s m a l l e s t  f i l t e r s  o f  T c o n ta in in g  1
and o f  I  c o n ta in in g  1; r e s p e c t i v e l y ,  w here 1 d e n o te s  th e  i d e n t i t y  o f  X
T . Thus a a  ^ = 33 1ก and  a a  1 = 33 1 £  I n ' .  Then a ,  a 3,
3 In  and a ,  a ■*■ , 3, 3 "'"G In * . B ecause  In  and In* a r e
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su b se m iç ro u p s  o f  T„ and 1 .1; r e s p e c t i v e l y ,  0 = 0เ6 G  111 and 
0 = a t  111' '.-.'here 0 d e n o te s  t h e  z e ro  o f  Tv . Th-aS O i l  = 1 1

0. : * = l i i ' .  T h e re fo re  f o r  any A T.., A,I = (Al) :) = (Ail) (In ) 
(An) (0 .า )  = (AO) 11 = O i l ,  and s i m i l a r l y ,  f o r  any A1 h  I  , A' n" 

h e n c e , Tv and ! . .  a r e  n - s im p le .

and

O n ’ .
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