APPENDIX A
MATHEMATICAL RELATIONS

Al Stirling Numbers of the First Kind'S

The operations for reducing factorial to polynomials and vice

versa are facilitated by use of Stirling numbers which we now discuss.

The factorial polynomial of degree
x(n) = x(x-1)(x-2)...(x-n+i) (A.1.1)

plays a role in the finite calculus similar to that played by XU in the

infinitesimal calculus. Since

) oy oppaem)

,m<

it is convenient, in order that this equation hold for m = 0, to

define x A to be 1. Evidently x » equal zero for X =0,1,2,.

(n-1), whereas if X is an integer greater than (n-l), we may write

[f the multiplication on the right in (A .I.1) is performed, a

polynomial of degree in X will result. Thus, xn”™ may be written

x(n) = A X+ 2 X2+ AMX3+. .+ s))xn

(A.1.2)
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The upper index of ? is the degree of the polynomial under consideration

and the lower index is that of the power of X with which it is associated.

The number ™ are called Stirling numbers of the first kind.

Thus

() 2 cny3

i=] 1

and

<> o= ] RIS

=]

But () x() {n)
and from (A.1.2)

(n+|) - X( ) (j;n) = £SMx  (x-n)

=)

Therefore

T "1 X E P X (xn)

By equating coefficients of X in the above equation, noting that
(71 XU'1+ "xi)x-n)

contains two terms in XL, we have the recurrence relation
si+l = S1~1 1 nSi (A.1.3)

Also, by equating coefficient, we get " =0 and ~ =1. Further,

? =0 if i > . Applying (a.1.3) we have, for examples,
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§2 -

§?

1y -

sl 1 S1 -
st -4 -
g 0 B F
SL.

A table of these numbers is

Table

A.1.1 Stirling numbers of the first kind

gasily constructed.

120

N\

. \\2‘ sy 8, sg 5, sg S s?
N ]
1 1
2| -1 il:
3 2 -3 1
L | -6 13, -6 1
5 | 24 -50 35 -10 3
6 |-120 274 ~225 85 =-15 1
T | 720 -1764 1624 -735 175 =21 1
Using formula (A.1.3) any entry in the table the number above and to

left minus the product

in that row. Thus

of the number immediately above and the number
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[f ve put X =1 in (A.1.2) wve obtain, ( > 1),

A? hsngsnt .ot p = | % =0 (A.lU)

That is, the sum of the number in each row of the table is equal to

zero. This fact can serve as a check in constructing the table.

With the table at hand ve can immediately write down the polynomial

that is equal to any factorial whose form is x*n . Thus
x(6> = xé- 1oxbt 85X 225x3 + 21A%2 - 120x

A.2 Stirling Numbers of the Second Kind2™

The Stirling numbers of the second kind connects the power to

the factorial, i.e.

xn = k!0 (k) xA” (A.2.1)
where

x A = x(x-1) (x-2)... (x-k+1)

Xn = (0)x™ + ( D)xI™o 0+ (0, )x M

The recursion relation between the Stirling numbers of the second kind

can be established as follows

xn+1 (+1k) x A (A.2.2)

1l
" om

¢ oy
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and from (a.2.1)

n+1 X . X E (k) x~ X (A.2.3)

Since

k=0 k=0
Then (A.2.3) Dbecomes
m+l = E o ( k)xA (x-k) + E k ( k)xA
k=0 k=0
E (k) k+D) +# B ko ( k)xA (A2.)
From (A2.2) and (A2. ), we get
+1
nE (+1,k) x' = (,k)x(k+l) + e kS(nk)x "k~
k=0 k=0 k=0

() )y vy ok (.4)*10

By equating coefficients of x k™ in the above equation, we get
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(1, k) = (k1) vk (k)5 kAD, kA 41
(1'1) * 0! (v +l):0

A3 Generating Function of Stirling Numbers of the Second Kind”

The number of ways of putting r different balls in  different
cells such that mcells are not empty while the remaining are empty is

() . (-1)'3 (m-j)r (A3.1)

Proof . Suppose that the first mcells are not empty. Then the symbolic
generating function is

(%11 + XL 20 + o =) ( x2t + x2 21 + o'} weo (y +xm 21 4+ ees

(A.3.2)

The number of ways that this can be done is the coefficient of t /r! in
the above expansion when we set x*= x* = ..= X =1. For x= 1, (A.3.2)
reduces to (e't- )M The same generating function is obtained no matter
which mcells are chosen. Since mcells can be chosen from cells in

ways, the required generating function is I Ee‘ - )",
m vim

Expanding in powers of tr yields
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0 * -1 (D) (b

B () I 4N
Hence we sec that the coefficient of “il is just (A.3.1).
Equation (A.3.1) is frequently written in terms of Stirling

numbers of the second kind,  (r,m) defined by

((m) =i E (-DIA Am)r,rom (A.3.3)

Using (A.3.3)s (A.3.1) becomes
(-1)..(n-mt1) (rm)

A.l" Connection Between Pn(c) Function and Stirling Numbers

If we define a generating function of p (c) by

g(x; ¢) = E

E pal (A1)

Then the analysis is considerably simplified, because it can be shown
that g(x;c) becomes
g(x ;¢) = In(l-ctceX) (Ak.2)

The above relation {A.k.2) can be considered as the generating function
of a distribution in which the probability a number being 1 is ¢ and the
probability of being 0 is (l-c).

Thus In(l-c+ce ) Elp(c) g
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Let P (c) ot
|| Cl (A.U.U)
A = 0, a>
Substitute (AA.li) into (A.i+.3), we get
En(l-ctceX) = 5“*1 pr N
1)
o ( Z A* 2n) c*
|
tn(l-ctceX) ¢ 0 N Z( 7 M x)c (Ail.5)
ocm | ) e Tcf £=1( =1 £nT) =0
3N N
£ (l-ctceX £ {l+c(ex-1)}! 0
3m ( )C=0=Zm Va1
(-Dn-1(m-DI , X m
{l+c(ex-1))m 0=0
= (-D)"-1 (m-)i{ex-1)m (A.U.6)
since (eX-1)m is the generating function of Stirling numbers,
BX 10 = mgr ) (AUT)
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Substitute (A.U.7) into (A.H.6), (A.It.6) becomes

o En(-c+eeX) g = (1)l (m-1)! m f: m Yj; (A 8)
m = 0 m>Z

£ Z (1 A -

oem 1=l (:1 £ 2
©

£5n<j14 £/P=st & -!) 2)+1) 1GD

©
L A Kl (A. 9)
Substitute (A.U.8) and (A.U.9) into (A.It.5), ve get
(-N@'1 m-'mz (4,)Y, = 1 & £1n

By equating coefficients of xn in the above equation, we get

£ = (-1)BL (1) ()

and from {AD.It)



appendix b
COMPUTER PROGRAMS

B.I Density of States

To calculate the density of states, we must know the minimum
energy. The following statements in the program for calculating the
density of states accomplish after the task of finding the minimum

energy
DO 51 =1, 165
5 NCOUUT(l) =0
I = EK(I,])

K= 1ABS(-8U-II) + 1
IF(EK(I,J).GT.0.0)K = s5t11+1
NCOUNT(K) = NCOUNT(K) + 1
WRITE(3, 5)

WRITE(3,35) NCOUNT

The important notations in the program are

EK(Li) —>E(k)
NCOUNT P (E)
EMIN + —* E .

A = Bk

The complete program is
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Flow chart B.1

‘ START )

v

initialize
EMIN, EMAX, NCOUNT

L, M, N

h

loop computation

|
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increment

L, M, N

WRITE
EMIN, EMAX

NCOUNT

\\‘_,//1//—___‘”
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B.2 Curve Fitting

We use the HP-97 Programmable Printing Calculator for curve
fitting. In least squares method for curve fitting, we have It X &
matrix (sec section [+.3). We found that ve must calculate the summations
of X° , X* and yi5xiyi5 x»yr x*yl . The program
Is shown in B.2.1. Later we use Math Pac | of HP-97 for matrix solution.
After we solved for a, , c and d, we can calculate PQ(E) "by the program
as shown in B.2.2. We use Math Pac | of HP-97 for calculating the
intesection points of curve.
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B.3 Integration

In this integration program, ve use the Newton-Cctes open type
5 points formula. The expression vhich we will evaluate is (the left
side are the notation in program)

v - 1P g
E- E
Our relation PQ(E) as shown in Fig. B.3.1

PO (E)

Fig. B.3.1 Show PO(E) and the intervals of integration

7

When E is out of curve P3(E) , we use the interval of integration
as shown in Fig. B.3.1

But when E is in curve pg(E), we divide the interval around
E have symmetry in two sides of E as shown in Fig. B.3.2. So the
total number of intervals is six
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po(E)

Fig. B.3.2 Show the intervals of integration
when E is in curve Pq(E)

For example, in Fig. B.3.2 we will get

A = 2E-p

For other positions of E, we can evaluate A in the similar way. Some
important notations in the program are

M
=
—
'
!
i
i
i
i
S
—_
><
-
o
>=<
1"

v (HEL- Uf2+ 2663 - [UPA+ TEs)

P » f(x) = Po(E) | (E-¢)

The f(x) in our program have three relations which we calculated
in section B.2
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RTft *N rv 8AnN-Fri-F7q 7-F FINT DATE _ 21/0 1/ 81 TIHE

fFil FINTTTIN FIN o (AH, N
IMPLICIT REAL-8 {A-H 0-7)
=t §—A) / (A=N)

-nl L0 * [1L . *F (X)-L4.*F(X+H) +26 ,*F (X+2 .-H)
] +11--F {X+4. -H))
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Flow chart B-3

( START )

D

READ

constant values

¥

initialize

the interval of

integration ?

¥

divide the interval divide the
have symmetry interval into
around E; 6 parts 4 parts
|
I =1I# integration
E = E+1. SUM = SUM+FINT

WRITE I

1, E, SUM

NO

\<E:E§L/ ek > STOP )
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