
A P P E N D IX  A

M ATHEM ATICAL R E L A T IO N S

A . l  S t i r l i n g  N u m b e r s  o f  t h e  F i r s t  K i n d ‘S

T h e  o p e r a t i o n s  f o r  r e d u c i n g  f a c t o r i a l  t o  p o l y n o m i a l s  a n d  v i c e  

v e r s a  a r e  f a c i l i t a t e d  b y  u s e  o f  S t i r l i n g  n u m b e r s  w h i c h  w e  n o w  d i s c u s s .

T h e  f a c t o r i a l  p o l y n o m i a l  o f  d e g r e e  ท

x ( n )  =  x ( x - l ) ( x - 2 ) . . . ( x - n + i )  ( A . 1 . 1 )

p l a y s  a  r o l e  i n  t h e  f i n i t e  c a l c u l u s  s i m i l a r  t o  t h a t  p l a y e d  b y  X11 i n  t h e  

i n f i n i t e s i m a l  c a l c u l u s .  S i n c e

( ท )  ( m )  , x ( n - m )X =  X ( x ~ m )  ,  m < ท

i t  i s  c o n v e n i e n t ,  i n  o r d e r  t h a t  t h i s  e q u a t i o n  h o l d  f o r  m =  0 ,  t o  

d e f i n e  x ^  t o  b e  1 .  E v i d e n t l y  x ^  e q u a l  z e r o  f o r  X =  0 , 1 , 2 , . . . ,  

( n - l ) ,  w h e r e a s  i f  X i s  a n  i n t e g e r  g r e a t e r  t h a n  ( n - l ) ,  w e  m a y  w r i t e

x < “ > =  - 2 i -
น -ท )!

I f  t h e  m u l t i p l i c a t i o n  o n  t h e  r i g h t  i n  ( A . l . l )  i s  p e r f o r m e d ,  a  

p o l y n o m i a l  o f  d e g r e e  ท i n  X w i l l  r e s u l t .  T h u s ,  x ^ n  ̂ m a y  b e  w r i t t e n

x ( n )  =  ร ^  X +  ร 2  X 2  +  ร ^  X 3  + .  . . +  sJJ x n

( A . 1 . 2 )
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T h e  u p p e r  i n d e x  o f  ร ?  i s  t h e  d e g r e e  o f  t h e  p o l y n o m i a l  u n d e r  c o n s i d e r a t i o n  

a n d  t h e  l o w e r  i n d e x  i s  t h a t  o f  t h e  p o w e r  o f  X  w i t h  w h i c h  i t  i s  a s s o c i a t e d .

T h e  n u m b e r  ร ^  a r e  c a l l e d  S t i r l i n g  n u m b e r s  o f  t h e  f i r s t  k i n d .

T h u s

.+1 i  

:-n)

: - n )  =  £ S ^ x  ( x - n )
i = l

E ร1? X1 (x -n )  
i = l  1

i n  t h e  a b o v e  e q u a t i o n ,  n o t i n g  t h a t  

(ร ? _1 X1' 1 +  ธ" x i ) ( x - n )

con ta in s two terms in  X1 , we have the recurrence r e la t io n

s i + 1  =  S 1 ~ 1  ■  n S i  ( A . 1 . 3 )

A l s o ,  b y  e q u a t i n g  c o e f f i c i e n t ,  w e  g e t  ร "  =  o  a n d  ร ^  =  1 .  F u r t h e r ,

ธ ?  =  0  i f  i  > ท .  A p p l y i n g  ( a . 1 . 3 )  w e  h a v e ,  f o r  e x a m p l e s ,

(ท) ? cn 3 E ร X
i = l  1

a n d

,< »*>  = ร 1 ร'
i= l

B u t (n + l) (ท) /X (j

a n d  f r o m  ( A . 1 . 2 )

(n + l) = (ท) /X (j

T h e r e f o r e

T  ร” * 1 X1

B y  equating c o e f f ic ie n t s  o f  X
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S1 - s l ■  S1 - 0 -  1 =

s 2 - s î - 4  - 1 - 0  =

s ? - s l -  2S^ = 0 -  2 ( - l )

■ >? - S1 - k  - -1 -2 (1 )

A  t a b l e  o f  t h e s e  n u m b e r s  i s  e a s i l y  c o n s t r u c t e d .  

T a b l e  A . 1 . 1  S t i r l i n g  n u m b e r s  o f  t h e  f i r s t  k i n d

U s i n g  f o r m u l a  ( A . 1 . 3 ) a n y  e n t r y  i n  t h e  t a b l e  i s  t h e  n u m b e r  a b o v e  a n d  t o  

l e f t  m i n u s  t h e  p r o d u c t  o f  t h e  n u m b e r  i m m e d i a t e l y  a b o v e  a n d  t h e  n u m b e r  ท  

i n  t h a t  r o w .  T h u s

-  2 2 5  =  - 5 0  -  5 ( 3 5 )

2 j h  = 2 k  -  5 ( - 5 0 )
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I f  v e  p u t  X  =  1  i n  ( A . 1 . 2 )  v e  o b t a i n ,  ( ท  > l ) ,

ร? + s n + s n + . . .  + รn = E ร? = 0 (A .l.U )^ 2 3  n . ! 1 i

T h a t  i s ,  t h e  s u m  o f  t h e  n u m b e r  i n  e a c h  r o w  o f  t h e  t a b l e  i s  e q u a l  t o  

z e r o .  T h i s  f a c t  c a n  s e r v e  a s  a  c h e c k  i n  c o n s t r u c t i n g  t h e  t a b l e .

W i t h  t h e  t a b l e  a t  h a n d  v e  c a n  i m m e d i a t e l y  w r i t e  d o w n  t h e  p o l y n o m i a l  

t h a t  i s  e q u a l  t o  a n y  f a c t o r i a l  w h o s e  f o r m  i s  x ^ n  .  T h u s

x ( 6 > =  x é -  15x5+ 85X1*- 2 2 5 x 3  +  2 T ^ X 2  -  1 2 0 x

A . 2  S t i r l i n g  N u m b e r s  o f  t h e  S e c o n d  K i n d 2 1̂

T h e  S t i r l i n g  n u m b e r s  o f  t h e  s e c o n d  k i n d  c o n n e c t s  t h e  p o w e r  t o  

t h e  f a c t o r i a l ,  i . e .

x n  =  k ! 0  ร ( ท , k )  x ^  ( A . 2 . 1 )

w h e r e

x ^  =  x ( x - l )  ( x - 2 ) . . .  ( x - k + l )

x n  =  ร ( ท , 0 ) x ^  +  ร ( ท , l ) x <' 1  ̂+  . .  . +  ร ( ท , ท ) x ^

T h e  r e c u r s i o n  r e l a t i o n  b e t w e e n  t h e  S t i r l i n g  n u m b e r s  o f  t h e  s e c o n d  k i n d  

c a n  b e  e s t a b l i s h e d  a s  f o l l o w s

x n + 1  =  E ร ( ท + ! , k )  x ^  ( A . 2 . 2 )
k = 0

■D 4- n+l  nB u t  X =  X . X ,
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a n d  f r o m  ( a . 2 . 1 )

n+1 ทX . X E ร ( ท , k )  x ^  . X 
k = 0

( A . 2 . 3 )

S i n c e

l  ร ( ท , k )  x ( k ) . E ร ( ท , k ) x ^ k \  X -  E k S ( n , k ) x ( k )  
k = 0  k = 0

+  E k  ธ ( ท , k ) x ^  
k = 0

E ธ ( ท , k ) x ^  ( x - k )  +  E k S ( n , k ) x ^  
k = 0  k = 0

T h e n  ( A . 2 . 3 )  b e c o m e s

cn + 1  =  E ร ( ท , k ) x ^  ( x - k )  +  E k  ธ ( ท , k ) x ^
k = 0 k = 0

E ธ ( ท , k ) x ^ k + l )  +  E k  ธ ( ท , k ) x ^ ( A . 2 . น )

From (A.2.2) and (A.2 .น), we get

= E ร(ท , k )x (k + l) +  E k S(n ,k)x^ k ^
n + 1

E ธ (ท+ 1 ,k) x'
k=0 k = 0 k = 0

j  ร (ท ,» '-!) * ๙ ) ♦  j 0 k ร (ท .* )* ,10

B y  e q u a t i n g  c o e f f i c i e n t s  o f  x ^ k  ̂ i n  t h e  a b o v e  e q u a t i o n ,  w e  g e t
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ร ( ท ' f l ,  k )  =  ร ( ท , k - 1 )  +  k  ธ ( ท , k )  5 k  ^  0 ,  k  ^  ท + 1

ธ ( ท , - 1 )  *  0 ,  ธ ( ท ,  ท + 1 )  =  0

A.3 Generating Function o f  S t ir l in g  Numbers o f  th e  Second K ind ^

The number o f  ways o f  p u ttin g  r d if f e r e n t  b a l ls  in  ท d if f e r e n t  
c e l l s  such th a t m c e l l s  are not empty w h ile  th e  remaining are empty i s

(  )  ะ (  )  ( - l ) ' 3 (m-j )r (A .3 .1 )
m /  j = 0  \  j  /

Proof : Suppose th a t th e  f i r s t  m c e l l s  are not empty. Then th e  sym bolic
gen eratin g  fu n ctio n  i s

( * 1 1  +  X 1  2 !  +  •■ - )  (  x 2 t  +  x 2  2 !  +  • ' • ) • • -  ( v  +  x m  2 !  +  • • • >

(A .3 .2 )

The number o f  ways th a t t h is  can be done i s  th e  c o e f f ic ie n t  o f  t  /r !  in
th e  above expansion when we s e t  x^= x^ = . . . =  X = 1 . For x^= 1 ,  (A .3 .2 )  

"t mreduces to  (e  -  l )  . The same gen eratin g  fu n ctio n  i s  obta ined  no m atter  
which m c e l l s  are chosen. S in ce m c e l l s  can be chosen from ท c e l l s  in

m
ways, th e  requ ired  gen eratin g  fu n ctio n  i s /  n

v m
f t  า . m(e  -  1) .

Expanding in  powers o f  t r y ie ld s
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O * - 11"  • ( [ ) , ! ,  ( p 1- ” '

■ ( : ) i  1:. <■“ ■ ( ;  ร
Hence we sec th a t th e  c o e f f ic ie n t  o f  “ ■1 i s  ju s t  (A .3 .1 ) .

Equation (A .3 .1 )  i s  freq u en tly  w r itten  in  terms o f  S t ir l in g  
numbers o f  th e  second k in d , ร (r,m ) d efin ed  by

ธ(r,m ) = i  E ( - l ) J  ̂ ^ (m-j )r , r > m (A .3 .3 )

Using (A .3 .3 ) 3 (A .3 .1 )  becomes

ท ( ท - ! ) . . . (n-m+1) ร (r,m )

A .! Connection Between Pn(c )  Function and S t ir l in g  Numbers 

I f  we d efin e  a gen eratin g  fu n ctio n  o f  p (c )  by

g (x ; c ) = E 
ท=1 pท<c) nl (A .l+ .l)

Then the a n a ly s is  i s  con sid erab ly  s im p lif ie d , because i t  can be shown 
th a t g (x ;c )  becomes

g (x  ;c) = ln ( l - c + c e X) (A .k . 2 )

The above r e la t io n  { A . k . 2 )  can be con sidered  as th e  gen era tin g  fu n ctio n  
o f a d is tr ib u t io n  in  which th e p r o b a b ility  a number b eing  1 i s  c and th e  
p r o b a b ility  o f  being 0 i s  ( l - c ) .

Thus ln ( l - c + c e  ) E p (c )  -
ท=1 ท!

(A .น .3)
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L e t P ( c ) i
CO

i l lc

A ' = 0 ,  a > ท

(A .U .U )

S u b s t i t u t e  (A .A .Ii ) i n t o  (A .i+ .3 ) , we g e t

£n(l-c+ceX) = Z 
ท=1 î *1 A" ni

00

-  i l
( Z A* 2-n ) c*

5cm £n(l-c+ceX) c_0 3n
7cffi Z ( Z A? xn ) cๆ

£=1 ท=1 £ nî ‘c=0
(.A. i l .5)

3 ^
3cm

£ท(l-c+ ceX)
c=0

3n
= Z m

£ท { l+ c (e x- l ) } ! 0

( - l ) n- 1 (m -l)l , X .m 
{l+ c(ex- l ) ) m 0=0

= (-1 ) " -1 (m -l)l{e x- l ) m (A.U.6)

s in c e  ( e X- l ) m i s  t h e  g e n e r a t in g  f u n c t io n  o f  S t i r l i n g  n u m b e rs ,

= m! Jz  1 ร น ,ท )  f .1 X า sia(e  -  1 ) (A .U .T )
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S u b s t i t u t e  (A .U .7 ) i n t o

—  £ n ( l - c + c e X) - 30m c -0

(A .H .6 ) ,  (A .I t .6 ) becom es

= ( - 1 )m“1 (m-1) ! m! z1=1 ร น , m) Y j ; (A .น 8)

ร น , m) = 0 ,  m > Z

£
9cm

Z ( Z  A 5 1=1 ท=1 £  > ' ‘ น

CO
z < j  1 4  £  > ^ & น -!)น -2 ) . . .น -ท +1) 1

£=n CdO
CO ท
z

ท=1
An X 1A —, m ! ท ท! (A .น.9)

S u b s t i t u t e  (A .U .8 ) and (A .U .9 ) i n t o  (A .I t .5 ) ,  v e  g e t

( - I ) ® '1 (m -1 )! m! z_ ร(4 ,ณ) Y, = ï  a“ £ 1 n!

By e q u a t in g  c o e f f i c i e n t s  o f  x n in  t h e  above e q u a t io n ,  we g e t

a£  = ( - 1 ) 13' 1 (m -1 )! ร (ท ,m)

and  from  {A.b .It)

p ( c )  = z ( - l ) * - 1  (m -1 )! ร (ท,m) cm
n m+1

I



appendix b

COMPUTER PROGRAMS

B . l  D e n s i ty  o f  S t a t e s

To c a l c u l a t e  t h e  d e n s i t y  o f  s t a t e s ,  we m ust know t h e  minimum 
e n e rg y . The fo l lo w in g  s ta te m e n ts  i n  t h e  p rogram  f o r  c a l c u l a t i n g  th e  
d e n s i t y  o f  s t a t e s  a c c o m p lish  a f t e r  t h e  t a s k  o f  f i n d i n g  t h e  minimum 
e n e rg y

DO 51 = 1 , 165 

5 NCOUUT(I) = 0 
I I  = E K (I, j )
K = IA B S (-8 U -II)  + 1 
I F (E K ( I ,J ) .G T .0 .0 )K  = 85+11+ 1 

NCOUNT(K) =ะ  NCOUNT(K) + 1 
WRITE(3 , น5 )
W R IT E (3 ,35) NCOUNT

The im p o r ta n t  n o t a t i o n s  i n  t h e  p ro g ram  a r e

E K (I , j ) — > E (k )
NCOUIJT P (É)
EMIN — * E min
EMAX — » E max

The c o m p le te  p ro g ram  i s
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F lo w  c h a r t  B.1
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B .2 C urve F i t t i n g

We u s e  t h e  HP-97 P rogram m able  P r i n t i n g  C a lc u la to r  f o r  c u rv e  
f i t t i n g .  I n  l e a s t  s q u a re s  m ethod f o r  c u rv e  f i t t i n g ,  we h av e  It X !t 
m a t r ix  ( s e c  s e c t i o n  l+.3 ) .  We fo u nd  t h a t  v e  m u st c a l c u l a t e  t h e  sum m ations
o f  x° , X* , .............and  y i  5 x i yi  5 x^ y ^  x^ y  1 . The p ro g ram
i s  shown in  B .2 .1 .  L a te r  we u s e  M ath Pac I  o f  HP-97 f o r  m a t r ix  s o l u t i o n .  
A f te r  we s o lv e d  f o r  a ,  ๖ , c and d ,  we can  c a l c u l a t e  PQ(E ) "by t h e  p ro g ram  
a s  shown in  B .2 .2 .  We u s e  M ath Pac I  o f  HP-97 f o r  c a l c u l a t i n g  t h e  
i n t e s e c t i o n  p o i n t s  o f  c u r v e .
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B .3 I n t e g r a t i o n

In  t h i s  i n t e g r a t i o n  p ro g ram , v e  u s e  t h e  N ew to n -C c tes open ty p e  
5 p o i n t s  fo rm u la . The e x p r e s s io n  v h ic h  we w i l l  e v a lu a t e  i s  ( t h e  l e f t  
s i d e  a r e  t h e  n o t a t i o n  in  p ro g ram )

f P0 ๙ )  ,SUM -  I — -------■1 dE
E -  E

Our r e l a t i o n  PQ(É) a s  shown in  F ig .  B .3 .1

P0 (É)

F ig .  B .3 .1  Show P0 (E ) and  t h e  i n t e r v a l s  o f  i n t e g r a t i o n

When E i s  o u t o f  c u rv e  P3 (É”) , we u s e  t h e  i n t e r v a l  o f  i n t e g r a t i o n  
a s  shown in  F ig .  B .3 .1

B ut when E i s  in  c u rv e  pq ( E ) ,  we d iv id e  t h e  i n t e r v a l  a ro u n d  
E have  sym m etry in  tw o s i d e s  o f  E a s  shown i n  F ig .  B .3 .2 .  So th e
t o t a l  num ber o f  i n t e r v a l s  i s  s ix
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p o(E)

F ig .  B .3 .2  Show t h e  i n t e r v a l s  o f  i n t e g r a t i o n  
when E i s  i n  c u rv e  Pq (E)

F o r e x a m p le , in  F ig .  B .3 .2  we w i l l  g e t

A = 2E -  p

F o r o th e r  p o s i t i o n s  o f  E , we can  e v a lu a t e  A i n  t h e  s i m i l a r  w ay. Some 
im p o r ta n t  n o t a t i o n s  i n  t h e  p ro g ram  a r e

x6
FINT -------- •» [ f ( x ) d x  =  I I  ( I l f  1-  lU f2+ 2 6 f 3 -  lUf^+ I l f 5 )

Xo

F ------- -» f ( x )  = Po (É) /  (E -  É  )

The f ( x )  i n  o u r  p ro g ram  hav e  t h r e e  r e l a t i o n s  w h ich  we c a l c u l a t e d
i n  s e c t i o n  B .2
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F low  c ha r t  B-3
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