
CHAPTER I I

THEORETICAL DEVELOPMENT

2 .1  P e r t u r b a t i o n  E x p an sio n

In  quantum  m e c h a n ic s , we w ork w ith  o p e r a t o r s  HQ = E^°^ ^
w here  HQ i s  th e  tim e  in d e p e n d e n t  H a m il to n ia n  o p e r a t o r ,  a r e  th e
e i g e n s t a t e s  o f  HQ and  e | 0  ̂ a r e  th e  e ig e n v a lu e s .  We c a n  d e f in e  a n
o p e r a t o r  G (E) = ---------  . T h is  o p e r a to r  i s  c a l l e d  th e  G re e n 's

1 2 ,1 3  E ■  Hof u n c t i o n .  ’ The e x p e c ta t io n  v a lu e  o f  th e  G reen * ร f u n c t io n  i s  c a l c u l a t e d  
a s  f o l lo w s .

0 0 4 Kl O oi (พ f-~j

. . . }  I ^ i >  (2 ,1 ,1 )

S in c e < v

<Ho>n
(o)

Ei

-  1 (o)
Ei  

ท -  1
H Io

( o ) 1
(2 .1 .2 )
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So ( 2 .1 .1 )  becom es

<̂  ^1  เ1  ะะ""ï ï j  * 1 ^  " <̂  Ë ^  + ËT + ^2 + , , *+ + “ ^ l  ไ>

<  ♦ 1 l | < — L - ( 0 ))  I *1 .>

<  * i l  —E -  E (o)

c  * i |  ^ ^
,(o)E  -  E

E -  E (๐) ( 2 .1 .3 )

w here  j a r e  t h e  e ig e n v e c to r s  o f  HQ w i th  th e  e ig e n v a lu e s  E ^ ° ^ .
L e t  u s now c o n s id e r  a  sy s te m  w h ich  i s  d e s c r ib e d  by th e  H a m il to n ia n  

H = Hq+ XV , w here  V i s  a t im e  in d e p e n d e n t  p e r t u r b a t i o n  o p e r a t o r ,  U s  a  
r e a l  p a ra m e te r  to  b e  s e t  e q u a l  to  one a t  a  l a t e r  t im e ,  and  HQ i s  t h e  t im e  
in d e p e n d e n t  H a m il to n ia n  o p e r a t o r  f o r  a  sy s te m  w i th o u t  p e r t u r b a t i o n .  The 
e ig e n v e c to r s  a r e  no lo n g e r  I > and th e  e ig e n v a lu e s  a r e  no lo n g e r  E^0  ̂

b u t  Ej .
(ท '\ . . _ \ ร ' i \ II l ^ ( 2 .1 .4 )Ei  = Ei 0 ) +  < 1 !y l 1 >  + i  ■^ ^ -! 2 + • • •i  m

Of i n t e r e s t  t o  U S n o w  a r e  t h e  t w o  r e s o l v e n t s  ะ

<  i l - r b r l  i > Go (E)

E  -  E
To) ( 2 .1 .5 )
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x ' i l E -  แ0 -  AV I1 / *  <̂  i l E -  H I i >̂

G(E)

(2 .1 .6 )

w h ere  E^ i s  th e  new e n e rg y  o f  t h e  sy s te m  i n  th e  p r e s e n c e  o f  th e  
p e r t u r b a t i o n  V.

E ^ '  + a l l  p e r t u r b a t i v e  c o r r e c t i o n s  to  t h e  e n e rg y:<o) +

: f o) + E ( 2 .1 .7 )

w here  E i s  t h e  s e l f  e n e rg y  c o r r e c t i o n .  From ( 2 . 1 . 5 ) ,  ( 2 .1 .6 )  and ( 2 . 1 . 7 ) ,
we g e t

G(E)
E " Ei

1
E -  E*0 -* -  E

G"1 (E) = E -  e ![o) -  E

G- 1 (E) -  G ^C E ) -  ะ

E q u a tio n  ( 2 .1 .8 )  i s  c a l l e d  D y so n 'ร e q u a t i o n . T h u s  th e  s e l f  e n e rg y  £■
i s  th e  d i f f e r e n c e  i n  th e  r e c i p r o c a l  o f  th e  two G re e n ’s  f u n c t i o n s .  From
D y so n 'ร e q u a t io n  G \ e ) = G ~ \ e ) -  E , m u l t i p ly  from  th e  r i g h t  by  G(E) and
th e  l e f t  by  G ( E ) , we g e t  o
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Gq(E) -  G(E) -  G0 (E) ะ G(E)
or

G (E) -  Go (E) + Go (E) E G(E) (2 .1 .9 )

and substitutingG (E) by (2 .1 .9 )  in to G(E) of the r igh t in  (2 .1 .9 )
G(E) = G0 (E) + G0 (E) E Gq(E) + Go (E) e Gq(E) E G(E)

By ite r a t io n , we get
G(E) = Gq(E) + G0 (E) E Gq(E) + GQ(E) E GQ(E) E G0 (E)

+ G0 (E) EGq(E)E Gq(E) E G0 (E) + . . .  (2 .1 .1 0 )

which i s  the development of G(E) in  terms of the s e l f  energy E

We sh a ll now develop G(E) in  terms of the perturbation V.

G<E> -  <

-  <  l l A (7 1' T T ) l  * >

-  f 1 l r h ? J i >  I'’1 1 Jj- l O i

( sin ce   ̂ I j >  < j I = 1 )

Because of
< i E -  H j > E -  E) 

1 3

(o) < i

E -  E (o) 6 i j

(2 .1 .1 1 )
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(2 .1 .1 1 ) becomes
G(E) -  ะ <  i  IË - X ïT |J><J l1— T V -1  o

= E
E - E(o)

E -  Et o )  ' 1 1 -

/  il 1 1\  Jl 1 - J t°L ___ _E -  Ho
1 1 4 \TV ! 1 . /

i >

E -  H

<  < * 1  7 7 7 3 \
E -  H

G0 (E) <  i XV i >
E -  H

I f  X i s  small and E 4  ILwe can  expand

(2 .1 .1 2 )

1 - XV in  geom etrical se r ie s ,
E -  H

G(E) G0 (E) <  1 I < 1 +
E -  Ho (E -  h/

x'n V11
(E -  Ho)

+ . . .  } I i >  I (2 .1 .13a)

the f i r s t  term = G (E) < i  1 i >
ร (2 .1 .13b)

the second term S3 G0 (E) X < i  1 v ! i  >  1 1 E -  Ho 1 1 -
S3 Go (E) X z  . <  i  1V ! j >  < j| 1- 7 - 1-  ! i >

32 Go (E) X ร <  i  1 V 1 j >  G0 (E) « 1J

Go (E) x < i | v |  i >  Go(E) (2 .1 .1 3c)
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the third term Oo (E) X2 < 1  I y2 I
(E -  «0)'

With th is  term, we have to be carefu l how we arrange terms. Let US look
„ . ..2at the third term in  the expansion <c i  1 9

2 <E -  HJ
< i  1— T— ■ ,-l 1 >  -(E -  Ho>'

pans ion <  ̂i  I ---- ------- J I i  >

f < i \  v | j>  < j |  v | J '>  <  j'l j" >

X <  j !E -  H
It  makes no d ifferen ce  how we rearrange the operators V, V
r h r

* E -  9

ร ุ
(E -  «0 )' -  v | i X i

< ช, I V V x j

E -  H ■I j'.N

X o ' I  V b  > < j "  I ■1.- * ,,11 I 1;>

Because of o l  5- ะ- j r l  j ' >  -  E 2 (o) «31' aod < j " | 5 - è - 5- 1 i  ไ

E -  ET o T  V i

< i
(E -  Ho) ‘ 1 ■  J j X 1 v l J >  ̂

■  1 . . . . .

ฯH 
cd'-l

7 (๐) วํ วํ 
j

0 < j ' l  V |j " >

X  |V| * « '< ฟ ้ v! x p
- Î <i| v| J> ..1 ■(0) < j l  v! i>  — i

E -  E E -  E (o)
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r -u v u y  v >

< :, l7 7 ÿ J —

I f  we replace ? by E. <5. . + I  , we w il l  get J J Lj J *

(E -  V 1 “ 1 l v I 1 > 2  G>  t ( i f i  * *;YFf o r L > ‘=0 (E)
j

therefore,
. the third term -  GQ(E) \ 2 < i  |v  I i> 2 GQ2(E) + GQ(E) X

, ^ 1 ± ^ L i > | 2 G0 (E) (2.1.13d)
E -  Ej

th e fo u r th  term = GQ(E) x  ̂ \  i | (E -  «0)-
i  ;>

L et’ s look at

< i

(E -  Ho)-

(E -  «0)- u >  ■  พ 3v 5 < 1 | V | J l > < J i l i r h r l J 2

X < 3 2 1 VI  i 3X j 3 1 1j - i - j r 1  h > < h \ v I i 5>  '  i f  I r r r j 1 >

1 ะ 1 <- ฝ  V ! j  1:-- (0'Ji • * *Jc T? _ TT '■u' 1 2 < J 2 1 v lj 3:

i (ฬ ิ 534 < j J  vE -  E 5' e - e <°> 5 1
X
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th e re fo re  , 
th e  four t h  term Go (E) A3<  i  I V I i > 3 G3 (E)

+ Go (E) x < i  |v  | i > G o (E) 75 1ร l < i  ! v I j ’O
E -  s (o)

+ Go (E) A3< i  |v |  i> G 0 (E) \ i  I V I i '
1 E -  E<0)

+ G (E) A

+ Go(E) a

3 E < i  I V I 3,> 1  2

G0 (E)

G0 (E)

h  * 1 (E -  E^” ' )(S K 2 < h l v l h >  Go (E)

3 lะ' < M  ฯ  h X + l  V| ะเ3> < 3 3 ] V! i >
J 1J 3 * 1 (E  -  £3๐ b (E -  e] o ) )

G0 (E)

(2.1.13©)

I f   ̂ i s  equal to one and keeping only the f i r s t  four terms,  we have 
the p e r t u r b a t i v e  s e r i e s  expansion from ( 2 . ๆ. 1 3 a~e)

\  i  1 1 1 i >  ■E - H 1

+ Ci 1 V ! i> 3 Go

+ 2 <• i  1V 1 i  > <

j
Z l< i l  V
ï  i (E -

Z < i \

z l < i  I v l  3>l 2 (. 
jj  * 1 E -  E<0)

<■  i  i V I ,i
0 3 + 1 E -  E<°>

j  V J>G _(E)

G0 (E)

00 (E)

h h  *  1

(o )}2

•'ฯ v v แ3>^3 lv l1-
(E -  e| o ) ) (E -  E<o ) )

G (E) + . . .1 ( 2 .1 .1 4 )

From (2 .1 .10) 5 we have the  s e l f  energy expansion.
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<  i  I ë~ h ! * >  -  Go (E) { 1 + E Go(E) +E Go(E) E Gq(E)

+ E Gq(E) I Gq(E) E Gq(E) + . . .  }

= Go (E) { 1 + (E + z Go (E)Z + E Go (E) Z G0 (E) E

+ . . . )  G (E) } (2 .1 .1 5 )

Comparing the perturbative expansion (2 .1 ,1 4 )and the s e l f  energy,. expansion 
(2 .1 .1 5 ) ,we get the s e l f  energy

S elf energy -  E -  < i  I V I i >  +  3  t  1  1 ^ -! y l | - i

4. ะ I - i  I V I 1>l 2< 1 I V I i >  1  

ร * 1  ( E - E < ° > ) 2
z  IV I j -1>■  J x | v  l y o ,  | V \ i ' '

*  1 (E -  Ê o )) (E -  E*o) )

p lu s  term s coming from the higher order perturbative correction  (2 .1 .1 6 )  
In perturbative expansion, i f  we compared with s e l f  energy expansion, we 
w il l  find that

< i  I V I i > 2 G (E) comes from E G (E) E where
E Gq(E) e = (<  i  I V I i>  + . . . )  Go (E) ( <  i  I V I i >  + . . . )

< i |  V|  i > 3 G2 (E) comes from E GQ(E) E G (E) E where
E G0 (E) E G0 (E) E -  ( < i |  v |  i >  + . . . )  GQ(E) ( < i  j v  | i > + . . . )

X Gq(E) ( < i  I V I i >  + . . .  )

2 < i  I V I i >  G (E) , 1 ■ x ,i   ̂ "  "(ท'7"~~ comes from E G (E) I  byo J r 1 E -
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crossing terms which givesะ eo(E) Ï - «il v| i>+ J J ” 1 +...) 6o(E)
X ( <  i  I V I i >  +

2.2  Diagram Expansion

We w il l  represent perturbative expansion with diagram expansion. 
Let us adopt the follow ing convention.

± I V I i > ( 2 . 2 . 1 )

i  ’ไr'J ’ i
,  X „

/  I \
V 3 ^ 0 ̂  0 yj 3 21

//เ
i  ร '3 T T i

E < i |  v |  J > < J 1  v j  i :
j  ̂ i  E -  E ^ ( 2 . 2 . 2 )

Z < i  I V I j 1> < 3 j  V| j 2 > < j 2 | V |  i >
3 ^ 2   ̂ i (E -  E ô ) ) (E -  E.(o) )

(2 .2 .3 )

 ̂ j  i <i| v| 3> <J I vj jXj I V I «
(E -  E.jo ) ) 2

(2 .2 .4 )
e t c .

1
We w il l  represent the free  exciton  propagator „  „ ( c )  by a

E '  Eihorizonta l so lid  l in e  as was done by Chatuporn. 5 Each vertex  i s  
associated  with a polynomial Pn (c) (where ท equals to the number o f 
in teraction  lin e s  V which represented by a dash lin e )  connecting the 
impurity (represented by a cross) and the exciton  propagator l in e .
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A horizonta l so lid  l in e  can be in s id e  or p a r tia lly  in s id e . I f  i t  i s  
in s id e , i t  must be summed over.

We sh a ll now going to look at the diagrammatic in terp reta tion  
of the perturbative s e r ie s .  ̂ Perturbative se r ie s  beyond the f i r s t  term 
can be rew ritten as GQ(E) ร G0 (E). The f i r s t  term of £0 (E) E G (E) i s  
GQ(E) <̂ i  |v  |i^ >  Go (E). Perturbative se r ie s  beyond the f i r s t  term can 
be represented by the diagrams (or graphs)

*

G — 4 ï  o O
V *

G G G 0 0 0

Go (E) < i  IV I i >  G0 (E) (2 .2 .5 )

Go ( E ) < i  | v  j i >  G0 ( E ) < i  | v  | i >  Go (E)
( 2 . 2 . 6 )

G G
°  ^  °/ ' \t t \/ i '

* < y E)

__ i___ ร___ i__G GO O
> C0 CE)

G GO O

X ,* xt  '
G G  G0 0 O

{  ! <  i  I V I ,i> |2
E -  E(O) V E) ( 2 -2 -7)

i  ^  l v l 3l > < j l l v l j 2 >
*1^2 * 1 (E -  E^o )) (E -  Ejo ) ) 

x<j2! V I i >  G0 (E) (2 .2 .8 )

E< 1<± 1 V t i »  2vw 4 , . , V G (E)° j  ï  1  E _ E(°)  ๐-  G (E) .

x < i | V | i >  Go (E) (2 .2 .9 )

-  Go ( E ) < i  I V I 1 >  Go (E> J * 1

X Go ( E )
j

( 2 , 2 . 1 0 )
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G GO O

-  Go (E)
รุ < i l  y l i > < i !  vl  j X j l  y l i >

3 ^ 1 (E -  Ej0 ) ) 2
X Go (E) ( 2 . 2 . 11 )

» G0 ( E ) < i |  V | i >  G0 ( E ) < i  IV j ±> G 0 (E) 

x < i  IV j i >  G0 (E) (2 .2 .1 2 )

e t c .

We now attem pt to  g e n e ra lize  to  h igher o rd e rs . The n -  th  o rder c o rre c tio n
X

has ท in te ra c t io n  V ( ; ) l in e s  and i t  has ท + 1 p ropagators of th e  type
-----" ■■■ 7  V a t  l e a s t  two of th ese  a re  G (E) . The t o t a l  number of termsE -  E(o) ' 0
a r is in g  in  the n -  th  order p e r tu rb a tiv e  s e r ie s  i s  the  t o t a l  number of 
d i s t i n c t  p ic tu re s  having ท -  in te ra c t io n  l in e s  and th e  correspondence i s  
one -  to  -  one. We o b ta in  the  n -  th  o rder c o rre c tio n  when we w rite  down 
th e  a n a ly tic  expressions fo r  a l l  the  d i s t i n c t  graphs we can draw w ith  
ท -  in te ra c t io n  l in e s .

I f  we r e p r é s e n t a i  IE H j i^> by s im  ( f a t  l in e )  and

<^i  I E' ■ J  H I £> by -----  ( th in  l i n e ) ,  th e  p e r tu rb a tiv e  s e r ie s  i s  g ra p h ic a lly
o

rep re sen ted  as
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X

+ higher order terms

(2.2.13)

The graphs can be divided into two groups.

1. Reducible graphs ะ these are the graphs which can be
separated into two parts by cutting  
one propagation lin e  (horizontal l in e ) .

2. Irreducible graphs ะ these are the graphs which cannot be
separated into two parts by cutting one 
propagation lin e .

The s e lf  energy E are the sunmation of a l l  irreducible graphs in  (2.2.13) 
by cutting G0 at the f ir s t  and the end of graphs thus
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(2 .2 .1U)

The s e l f  energy = Monomer s e r ie s  + Dimer s e r ie s  + Trimer s e r ie s  + . . .
(2 .2 .1 5 a )

z \  + \  + E3 + *-* (2 .2 .1 5 b )

where E^ i s  th e monomer s e r ie s ,  ร2 i s  the dimer s e r i e s , . . .  which are  
the summation o f  a l l  ir r e d u c ib le  graphs have one v e r te x , two v e r t e x , . . .  
r e s p e c t iv e ly .

E1 (2 .2 .1 6 )

ะ 2 +

(2 .2 .1 7 )

We sh a ll discuss Eĵ  and E^ in the next section
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2 .3  Monomers

From the monomer a e r ie s  expansion by diagram approach of th e  
s e l f  -  energy in  p revious s e c t io n , th e a n a ly t ic a l  exp ressio n  can be 
expressed  as ( w h e r e  A i s  e q u i v a l e n t  t o  V )

z 1 = ( A/N)NP1 (c) + ( A/N)2NP2( c) £,GQ(k)

+ (A /N ) 3NP3 ( c) £,{*„ Go (k) Go (k) + . . .  (2 .3 .1 )

N i s  th e t o t a l  number o f m olecu les or s t a t e s ,  p^(c) i s  a polynom ial 
given  by the fo llo w in g  gen erating  fu n ctio n  ะ

® P (c ) a
l n ( l  -  c + c ea ) =  ̂ — ---------ท = 1 ท ! (2 .3 .2 )

Hong and Kopelman's r e s u lt  i s  obtained when c i s  su b s t itu te d  fo r  p^(c) 
in  ( 2 .3 .1 ) .  This s u b s t itu t io n  lea d s to

-  (A /N)Nc { 1 + A Go (E) + A 2 G2 (E) + ___  } (2 .3 .3 )

w h e re  GQ(E ) ~ N GqOO* N otice  th a t has no k dependence. Using 
th e g e o m e t r i c  p o w er s e r ie s  expansion ร

1 -  X = 1 + X + X + . . . (2 .3 .4 )

So (2 .3 .3 )  can be w r itten  as

c A
1 -  AGq (E) (2 .3 .5 )

I t  has been shown by Hong and R obinsion th a t , w ith in  the
r e s tr ic t e d  Frenkel l im i t ,  th e mixed c r y s t a l  G reen's fu n ctio n  can be
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< G (k ) >  = Go (k) + Go (k) E (k) < G ( k ) >  (2 .3 .6 )

or i t  can be w r itten  as

< G (k) >  = [G~0 1  (£) -  E (k) f 1

or < G ( k ) >  = (E -  fc'(£) -  E ô b f 1 (2 . 3 . 7 )

w ritten  in  Dyson's form as

By tak in g  the imaginary part o f each s id e  in  ( 2 .3 .7 )  . we g et

Im<G(k) >  3 ___________ Im E (1c)___________________
{ E -  E(k) -  Re E ( £ ) } 2 + {Im l i t ) }  2

( s in c e  i f  X = A -  iB =t>  Im X =
A2 + B2

(2 .3 .8 )

S in ce a t low con cen tra tion  I (k )  i s  very sm a ll, we can put

Im < G (k )>  = ----- ■ ( 2 .3 .9 )
{ E -  E ๙ )}

In other words, the p o les  o f < G (itj>  o u ts id e  the band are th e same as the  
p o les  o f E (2) and the res id u es  o f th ese  two fu n ctio n s a t  th e ir  common 
p o le s  are r e la te d  through (2 .3 .9 )

I t  fo llo w s im m ediately from (2 .3 .5 )  and ( 2 .3 .9 )  th a t the monomer 
energy, E ( l ) ,  must s a t i s f y  ( E E 1)

1 -  AGo (E)

or
( 0  0 (eW

J  E ( l)  -  E'

0

1
I ( 2 . ไ . 10)

which i s  the fa m ilia r  R oster and S la te r  eq u ation .
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The o p t i c a l  sp e c tru m  can  a l s o  b e  o b ta in e d  by u s in g  th e  fo l lo w in g  
r e l a t i o n s h i p

and

i £ (E ) -  I  Iffi <G& + = 0 ) >

1° (E) = 1 - 1 ®  < G (k "  = 0 ) > ( 2 .3 .1 1 )

w here  b and a c  r e f e r  to  t h e  b ra n c h e s  o f  th e  s p e c tru m s . F o r c o n v e n ie n c e ,
Hong and  Kopelman w orked  w i th  L  { E ( l ) }  and  I  { E ( l ) } ,  d e f in e d  a s  th eD cl c
t o t a l  i n t e n s i t y  a t t r i b u t a b l e  to  th e  monomer im p u r i ty  i n t e g r a t e d  o v e r  th e  
n e ig h b o rh o o d  e o f  E ( l )  d e f in e d  a s

I b { E ( l)> 1
E ( l )  + E

I b (E )d E ,
E ( l )  -  e 
,E (1 ) + e

and I  ( E ( l ) }  = f 1° (E)dEa c  J a c
E ( l )  -  e

By u s in g  ( 2 . 3 . 9 ) , ( 2 . 3 . 1 1 ) ,  and  ( 2 .3 .1 2 ) ,  we g e t

I b{ E U »  -  i  f1 +  e Im E 1 (k+ -  0 )d E /
{ e ' -  c  } 2

E ( l )  - e
r e s  Ex ( e '  = E ( l )  }

{ E ( l )  -  e b }

( 2 .3 .1 2 )

( 2 .3 .1 3 )

w here  e = e (k ^  = 0 ) .  S in c e  L i s  k  in d e p e n d e n t  (and  b ra n c h  b i
in d e p e n d e n t) ,  £■  (£ *  = 0) * £^ (k ” = 0 ) .  S im i l a r ly  we g e t

/
I  { E (l)}ac

r e s  £ ^  { E = E(l)  } 
{ E d )  -  ca 0 }

( 2 .3 .1 4 )
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w here  E = E (k  = 0 ) .  The p o l a r i z a t i o n  r a t i o  p ( b / a c ) ,  w h ich  i s  s im p lyac
e q u a l  to  *๖* 1

* ac* I ^acI

P ( b /a c )  =

, can  b e  r e w r i t t e n  as

! E (1 )  -  £a 0 >2 - l  u j 2

< « «  -  5  • !  “J 2
( 2 .3 .1 5 )

w here  and Pa c  a r e  th e  t r a n s i t i o n  moments to  th e  two Davydov 
com p o n en ts . T h is  r e s u l t  h a s  come to  b e  known a s  t h e  R ashba e f f e c t .  
F u r th e rm o re , th e  r e s i d u e  o f  a t  E ( l )  can  b e  e v a lu a te d  from  ( 2 .3 .5 )  and 
s u b s t i t u t e d  i n t o  ( 2 .3 .1 3 )  and ( 2 .3 ,1 4 ) .  We f in d  t h a t

I b ( E ( l ) }  =
{ E ( l )  -E b ) 2 • r

L £ 1dE E -  E ( l )
P (É) dÉ ~1

{ E ( l )  -  £ ๖ ? ฯ E ( l )  -  e '} 2

2 d E ( l )
( E ( l )  - e b> d A

c A 1. d E ( l )  J
2 * d A( E ( l )  -  e b }

( 2 .3 .1 6 )

S in c e
P (É) dE/ - 1

'  { E ( l )  -  É  } 2 -*
and s i m i l a r l y

I  { E (l)}  ■ •= c A d E ( l I
ac { E (1 )  -  c ac) 2 d A ( 2 .3 .1 7 )



T h ese  r e s u l t s  w ere  a l s o  d e r iv e d  by C ra ig  and  P h i l p o t t ,  b a s e d  on th e  
K o s te r  and S l a t e r  fo rm a lis m .

From th e s e  r e s u l t s  Hong and Kopelm an w ere  a b l e  t o  e x p la in  some o f  
th e  o b s e rv e d  p r o p e r t i e s  o f  m ixed n a p h th a le n e  c r y s t a l .

L a te r  C h a tu p o rn  and T an g ^ ^ ’ ^ b e x te n d  th e  th e o ry  to  c r y s t a l s  
c o n ta in in g  th e  h ig h e r  c o n c e n t r a t io n s  o f  i m p u r i t i e s .  The m o d i f i c a t io n  
c o n s i s t s  e s s e n t i a l l y  o f  r e p l a c i n g  th e  a p p ro x im a tio n  I*n (c )  = c f o r  a l l  n b y  
a f o r m o f  Pn (c )  u se d  by L e a th  and Goodman f o r  t r e a t i n g  l a t t i c e  v i b r a t i o n  
i n  d i s o r d e r e d  b in a r y  sy s te m .

L e a th  and Goodman p o in te d  o u t  t h a t  PR (c ) can  b e  w r i t t e n  a s

Pn (c )  = "  ( - l ) m '  1 (m -  1 ) !  ร (ท ,m) cm ( 2 .3 .1 8 )
n  m = 1

w h ere  ร (ท ,m) a r e  S t i r l i n g  num bers o f  th e  seco n d  k in d .  A c o m b in a to r i a l  
i n t e r p r e t a t i o n  i s  t h a t  ร (ท ,m) i s  th e  num ber o f  w ays t h a t  ท d i s t i n c t  
o b j e c t s  can  b e  p u t  i n t o  m i n d i s t i n g u i s h a b l e  b o x e s  w ith  no box  em p ty .
Or i t  i s  th e  num ber o f  w ays o f  p a r t i t i o n i n g  a  s e t  o f  ท e le m e n ts  i n t o  m 
non -  em pty s u b s e t .

S t i r l i n g  num bers o f  th e  seco n d  k in d  c a n  b e  d e f in e d  i n  te rm s  o f 
th e  b in o m ia l  c o e f f i c i e n t  a s ^

ร (ท ,m) = ร^11̂  ( n o t a t i o n  i n  t h e  H andbooks)

* ร  1 k  ร „  < - » m '  kC ) k”  <2 -3 -i 9 >

S u b s t i tu t io n  o f (2 .3 .1 9 )  in to  (2 .3 .1 8 )  g iv e s
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Pn (c )  = ? ( - ! ) m -  1 (เท
m = 1

-1 \ I m l  r  / 1 v m - k  m i  , ท
m! k “ 0 ' '  (m -  k ) Î k ’

( 2 .3 .2 0 )

The c o e f f i c i e n t s  o f  th e  Nth  pow er o f  c i n  t h e  ท f u n c t i o n  ? n (c )  can
b e  o b ta in e d  by  th e  r e l a t i o n s h i p

C o e f f i c i e n t  o f  CN i n  Pn (c )  = N ! ^ N  Pn (c )  lc -  0 ( 2 .3 .2 1 )

w h ere  ท>  N

S u b s t i t u t i n g  ( 2 .3 .2 0 )  i n t o  ( 2 .3 .2 1 ) ,  we g e t  th e  c o e f f i c i e n t  o f  C^ i n  
Pn (c )  e q u a l  to

1
N เท ■ ท

, . 1XIท -  1 , 1N m ! เท -  N I
( " D  <”  -  « t  V ^ I Ô T  c  1 0

X — r  ( - l ) m ~ k  ——SH-------เท! k = 0  ̂ (เท -  k)! k!

"  " ' « J  s  ( ' 1)m  ’  1 <m '  I  •1*

1 ,  1 , N ~ 1  ,  X . V, . 1  T / 1 \ N  -  k  KI  . ท= ^ ( - 1 )  (N -  1) I N! ± 1k  ะ 0 ( - 1 )  (H -  k ) 1 * 1 k

-  w  - x> ! 1 1 1 0 < -1 ) k  + 1 พ ิ- h ô T k ,  <2 - 3 - 2 2 >

A g a i n  i t  s h o u l d  b e  e m p h a s i z e d  t h a t  t h e  ท  a p p e a r i n g  i n  ( 2 . 3 . 2 2 )  i s  t h e  

s u b s c r i p t  o f  p ( c )  f u n c t i o n  w h i l e  N i s  t h e  p o w e r  o f  c i n  p  (c)

ท

We a r e  now in  a  p o s i t i o n  o f  b e in g  a b l e  to  รนท th e  s e l f  -  e n e rg y  
a r i s i n g  from  th e  monomer c o n t r i b u t i o n .  The summing o f  i s  a c c o m p lish e d

! 1 7 3 /1 7 0 0 2
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by summing those c o n tr ib u tio n  from each diagram which a re  p ro p o rtio n a l 
to  c , then summing those  p a r ts  which a re  p ro p o rtio n a l to  c ~, then those 
p ro p o rtio n a l to  c^ and so f o r th .  For example, the  c o n tr ib u tio n  of the 
Lfc diagram to  the  s e r ie s  which i s  p ro p o rtio n a l to  c^ i s

พ- 1 ) ! 4 J  0  < -1 ) k  + 1 ŵ ioTkf  -  ( 2 - 3 ' 23 )

Equation (2 .3 .2 3 ) i s  th e  product of (2 .3 .2 2 ) and the  G reen 'ร fu n c tio n  
eq u iv a len t of L in te ra c t io n s  connected to  the  im purity  w ith  the 
p ropagator G(E) w ithout the p ro b a b ili ty  fa c to r  £’11(c) p re se n t.

P u ttin g  every th ing  to g e th e r , we f in d  th a t  th e  se lf-e n e rg y  i s  

£1 -  cA (1 + i  Go + aV  + 1..+  A°g“  + . . 1) +  e (2) (2 .3 .2 4 )

where

(2 ) 4 J  2 <=N J n พ - » ' J o  (-1)
1 ท ท -  1 ท -  1 

k + 1 k A Go
(N -  k) ! k!

(2 .3 .2 5 a)

The f i r s t  summation in  z ^  re p re se n ts  summation over a l l  th e  
o rders of c , the second summation re p re se n ts  the  summing of a l l  the  
c o n tr ib u tio n s  which a re  p ro p o rtio n a l to c^, w hile the  l a s t  summation 
a r is e s  from the  d e f in i t io n  of ท,' c o n tr ib u tio n . By rea rran g in g  the 
terms in  th e  l a s t  two summations, we get

ระ A ?N = 2 ร ท ! » ( ~ l ) k  +  1 ท -  1 Gn  -  1

(2 .3 .2 5 b )
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w h e r e ^  J i s  t h e  b i n o m i a l  c o e f f i c i e n t .  I f  we now a d o p t  a  c o n v e n t io n  

t h a t  J =  0 f o r  k > N ,  t h e  su m m a tio n  o v e r  k  c a n  b e  e x te n d e d  t o  i n f i n i t y .

T h i s  a l l o w  US t o  i n t e r c h a n g e  t h e  tw o su m m a tio n  o v e r  ท a n d  k .  T he 

su m m a tio n  o v e r  ท c a n  now b e  c a r r i e d  o u t  a s  f o l l o w s .

E kn An -  1 G* ■  1 = A - 1 G"1 ? kn An g“
ท = N °  0 ท = N ๐

A- 1  g" 1 k N AN G^ ร ๊ k n  A n

k N A N -  1 GN -  1 
1 -  k  A G ( 2 .3 . 2 6 )

w h e re  k  AGQ<  1

T h u s  t h e  s e c o n d  p a r t  o f  t h e  s e l f - e n e r g y  b e c o m e s

k /  1 -  k  AG.

( 2 .3 . 2 7 a )
N A N 0 N /  N \1 “  c  A G ร  V . 1 f \  1 N= G- 1  E ——— ร- ร ิ ( _ i ) k  +  M ) --------- f —O „  _ .1 N , . „  '  V k /  1 -  k  A GN = 2 k  ® 0

(2 )  (2 )  (2 )  (2 )  +<
E 1 + E 2 + 3 +  4

( 2 .3 . 2 7 b )

( 2 . 3 . 2 8 )

w h e re

(2 )  1
E = G "1 E

1 °  N = 2

M N N _NN \ c  A G^
AG

1 / N \  c A 
N V 1 /  ~ (2 .3 .2 9 a )
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= - C 8! 2

Z (2 ) es G -10
COE

N=3

and w here  th e  g e n e r a l  e x p r e s s io n  i s
-า

=
GO Â

i f NN(2 c  A Go ) ( 2 .3 .2 9 b )
ï ï w -1- 2 a go

1 ^ ^  (3c  A Go ) ( 2 .3 .2 9 c )

( - l ÿ * 1 l f NY Lc A V  ( 2 .3 .2 9 d )*v X" L A Go

By w r i t t i n g  o u t  th e  b in o m ia l  c o e f f i c i e n t ,  ( 2 .3 .2 9 a )  to
(2 ) c 2 A2 G

1 -  AG. 1 -  c A G_

(2 )
r H i c .

00E
ท = 0

ท(2 c  A GQ)

(2 )
------M r -1 -  3 A G

00 ท(ท -  1 )
;  ก 2ท = 0

( 2 .3 .2 9 d )  become 

( 2 .3 .3 0 a )

n ( 2 .3 .3 0 b )

(3 c  ^ 0 ) n

( 2 .3 .3 0 c )

(2 )
= ( - 1 )  L+1 c A

1 -L A G o

£ ท(ท -  l )  (ท -  2) . . .  (ท -  L + 2) (Le AGQ) n 
x  ท -  0 CL -  1)1

(2 .3 .3 0 d )
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T h e  s u m m a t i o n  o v e r  ท  i n  ( 2 . 3 * 3 0 ๖ )  t o  ( 2 . 3 . 3 0 d )  c a n  b e  c a r r i e d  o u t  b y  

n o t i n g  t h a t

ร? k x  
k  =  0

( 2 . 3 . 3 1 )
(1 -  X)"

D i v i d i n g  b o t h  s i d e s  o f  e q .  ( 2 . 3 . 3 1 )  B y  X ,  w e  g e t

ริ lex* -  1 k  = 0 (2.3.32)
(1 -  X)"

B y  d i f f e r e n t i a t i n g  ( 2 . 3 . 3 2 )  w i t h  r e s p e c t  t o  X ,  w e  g e t

« k(k -  1) xk ~ 2 = -----—  ,  (2 .3 .33)k = 0 (1  -  x r
A g a i n  b y  d i f f e r e n t i a t i n g  ( 2 . 3 . 3 3 ) w i t h  r e s p e c t  t o  x , w e  g e t

ร? k(k -  1) (k -  2) x k ~ 3 = — —  -V (2 .3 .3 4 )
k = 0 ( 1  -  x r

Repeating, the d ifferen tia tion  N -  2 tim es , we get

ร? k(k -  1) (k -  2 ) . . . ( k  -  N + 2) Xk " (N * 1) f r  " vÏ n k -  0 น  -  X)
(2 .3 .3 5 )

M u ltip ly in g  (2 ,3 .35)  the both s id e s  by x̂ ~* ^  , we g et

« k(k -  1) (k -  2 ) . . . ( k  -  N + 2) xk = (N ~ ^  -------- )

(2 .3 .36)

P u t t i n g  t h e  g e n e r a l  r e s u l t  ( 2 . 3 . 3 6 )  i n  ( 2 . 3 . 3 0 d )  , w e  f i n d  t h a t

( 2 )  - . 1 . ( L c A  G ) k  “  1  , 0 „  , 7 .y / -  V L  "f 1  c  A o  ( 2 . 3 . 3 7 )
L  ^  '  1  -  L A  G — T T T T lo  ( 1  -  L c A  Gq )
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S u m m in g  o v e r  a l l  v a l u e s  o f  t h e  v a r i a b l e s  L  o f  ( 2 . 3 . 3 7 )  a n d  r e p l a c i n g  

1  + A G Q +  A '^G g +  . . . b y  i t s  s u m ,  w e  f i n d  t h a t  t h e  s e l f - e n e r g y  d u e  t o  t h e  

m o n o m e r  c o n t r i b u t i o n  i s

c  A ฟ  ° 0
1 “  1 -  A G  +  (1 -  Ag ) (1 -  c À G )

โ 0 :  V v 1
+ L - 2  ( _ 1 )  r ^ i c 0

+

1  -  A G q  ( 1  -  c A G q )

¥  ,  1 . L  +  1  c  A ( L c A  Go >
L  =  2  1  ■  L A G o  ( 1  -  L c A  Gq ) L

-  L  +  1  C A ( L c A G ) L _ 1
c  A z  ( -  1 ) L 1  — ร - ะ - ---------- ---------------—-----------

1 =  1 1  -  l a g  . 1 ,  . r  , LL  =  1  O ( 1  -  L e  A Gq )

( 2 . 3 . 3 8 )

I t  s h o u l d  b e  n o t e d  t h a t  a s  c  -»■  0 ,  ( 2 . 3 . 3 8 )  r e d u c e s  t o  t h e  s e l f - e n e r g y ,

( 2 . 3 . 5 ) ,  d e r i v e d  b y  H o n g  a n d  K o p e l m a n  o n  t h e  b a s i s  o f  t h e  s u b s t i t u t i o n

p  ( c )  ■  c  f o r  a l l  v a l u e s  o f  ท .ท
2 . 4  D i m e r s

I n  t h e  t w o - i m p u r i t y  p r o b l e m ,  w e  a r e  i n t e r e s t e d  i n  t h e  s o - c a l l e d  

t r a n s l a t i o n a l l y  e q u i v a l e n t  p a i r s  a n d  i n t e r c h a n g e  p a i r s . A s  w e  h a v e  

a l r e a d y  m e n t i o n e d ,  t h e  n a t u r e  o f  a  l a t t i c e  s t r u c t u r e  i m p l i e s  t h a t ,  

c o r r e s p o n d i n g  t o  a n y  a r b i t r a r y  m o l o c u l e ,  t h e r e  i s  a  m o l e c u l e  i n  e v e r y  

o t h e r  u n i t  c e l l  w i t h  e x a c t l y  t h e  s a m e  o r i e n t a t i o n  a n d  e x a c t l y  t h e  s a m e  

r e l a t i v e  p o s i t i o n  i n  t h e  u n i t  c e l l .  T h e s e  m o l e c u l e s  a r e  c a l l e d  

t r a n s l a t i o n a l l y  e q u i v a l e n t  p a i r s .  I n t e r c h a n g e  m o l e c u l e s  h a v e  d i f f e r e n t



h i

c r y s t a l  o r i e n t a t i o n s ,  t h a t  i s ,  d i f f e r e n t  t r a n s l a t i o n a l l y  e q u i v a l e n t  

p a i r s .

2 . 4 . 1  H o n g  a n d  K o p e l m a n ’ s  r e s u l t s 7

L e t  u s  n o w  c o n s i d e r  t h e  p a i r  p r o b l e m .  ร 2 i s  k  d e p e n d e n t  a n d  m u c h  

m o r e  c o m p l i c a t e d  t o  d e r i v e .  T h e  f o l l o w i n g  p r o c e d u r e  i s  a n  a d a p t a t i o n  o f
,1 8 .Y o n e z a w a  a n d  M a t s u b a r a * ร  m e t h o d  to  th e  m u ltip le  b r a n c h e d  e x c i t o n  b a n d .

W e f i r s t  d e f i n e  ะ

f .  ( R )  =  ex p (ik  .  R) G (k+ ) + £  ex p (ik  .  R )  G (k )
x k °  k °

( 2 . 4 . 1 a )

f 2 (R) = £+  exp(ik .  R )  Go (k+) -  exp(ik .  R )  G (k~)

( 2 . 4 . 1 b )

a n d  p_> ( E )  =  N_ 1 r  £  e x p ( i k + .  R )  6 { r  -  E ( k * >

+  £  e x p ( i k " .  R )  <5 ( e ' -  E ( k ) >  
k

( 2 . 4 . 2 )

w h e r e  p_^ ( E )  i s  t h e  o f f - d i a g o n a l  d e n s i t y  o f  s t a t e s  f u n c t i o n .  T h e  
R

u p p e r  s i g n  m u s t  b e  u s e d  f o r  t h e  t r a n s l a t i o n a l l y  e q u i v a l e n t  p a i r  a n d  t h e  

l o w e r  s i g n  m u s t  b e  u s e d  f o r  t h e  i n t e r c h a n g e  e q u i v a l e n t  p a i r .

T h e  d i a g o n a l  d e n s i t y  o f  s t a t e s  f u n c t i o n  P ( E )  f o r  n a p h t h a l e n e

c r y s t a l  i n  i t s  แ 2,ป้ s t a t e  c a n  b e  w r i t t e n  a s
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p 0 (É) = n”1 [ r 6{E/ -  E(k)> 
L V

+ 5_6{E -  E ( 6 jr  J
(2 .4 .3 )

a n d  t h e  d e n s i t y  o f  s t a t e s  P Q ( E )  i s  c o n n e c t e d  t o  t h e  G r e e n ' s  f u n c t i o n  f o r  

t h e  p u r e  c r y s t a l

Go (E) x ' 1 ' ! * .  Go(î> + 1 -  Go («  > (2 .4 .4 )

by the r e la tio n sh ip

G„<E> f t >  ( É )
1 E -  E' dE (2 .4 .5 )

From ( 2 .4 .1 a ) ,  (2 .4 .1 b ) ,  ( 2 .4 .2 ) , ( 2 .4 .3 ) ,  (2 .4 .4 ) and ( 2 .4 .5 )  we
have

f x (0)/N Go (E)

■ J
- <‘ 0 พ ่

E - E ^ dE (2 .4 .6 a )

£A )/N = j E  -e" dE (2 .4 .6 b )

f 2 (R .)/N r PEi (E)
1 e - e" dE (2 .4 .6 c )

where i s  the p air  d is ta n c e  between two tr a n s la t io n a l ly  eq u iv a len t  
m olecules and i s  the p a ir  d is ta n c e  between two in terch an ge eq u iv a len t  
m o lecu les .

We must d e f in e  a new type o f d e lta  fu n ctio n  รี  which i s  p ecu lia r  
to  the problem o f • m ultip le-branched  ex c ito n  bands. As
was s tr e sse d  by Hong and RobinsonJ th e " s e le c t io n  ru les"  fo r  ex c ito n
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sca tter in g  by im parities in  multiple-branched exciton  bands contain not 
only the conservation of quasimomentum (associated  with tra n sla tio n a l 
symmetry) but a lso  the reten tion  of interchange symmetry (associated  
with factor group symmetry). M athematically, we have

ริ (P1 + P2 + p"3 + . . . +  Pg) = 6 ( V 1  +  p 2 + P3 + . . .+  p<5) H { ( - l ) m }

(2 .4 .7 )

where p  ̂ = k -  ky, ?2 = k ' -  k , e t c . ,  are the momentum transfers between 
the im purities and the "exciton” in  each encounter. H { ( - l ) m} i s  the 
Heaviside step function and m i s  the number of times an exciton  is  
scattered  from one branch of the band to the other; so

H { ( - l ) m } = 0 , i f  m = odd, 
H { ( - l ) ra } = 1 , i f  m = even

I t  i s  noted that only those sca tter in g  routes included in  F ig . 2 .4 .1a  
are to be summed over a l l  the routes would be leg itim a te  from a simple
momentum consideration .K K! I— 1 1J K K, K. K K- K

ร 3 K _ 1 3 2
3 2 i 1 j . L. .... ...■ 1 ! Î 7 NkL K- K_ K. k’ k.3 2 2 1 3 1

K.
K • • V 2 ( x

— : K
x ]

Ks" X

K.
ร K.2

(a)

(b)
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_ •+ -y -*■
Fig. 2 .4 .1  P ossib le  sca tter in g  routes given by <5 (k -  k  ̂ + k2 -  k3>

X <5 ( ^  -  &2 + &3 -  according to our d e fin it io n  of the 
d elta  functions. Terms to be summed are those in  (a) and 
terms not to be summed are those in  (b)

We w i l l  now examine the diagrams in  F ig . 2 .4 ,2

F ig .2 .4 .2  Diagrams included in  the second-order se lf-en erg y  part
->

ะ2 (k) which y ie ld s  the resonance pair le v e ls .

The f i r s t  diagram in  F ig . 2 .4 .2  can be rew ritten  in  terms of 
^1 an  ̂ ^2 { putting p (c ) = c for small c }

( a / N ) V c2 I I I  ร ิ(k -  k ±  + k2 -  k3) .  ร ิ(k1 -  k2 + k 3 -k )  
kl  k2 k3

X G ^ )  Go (k2) G0 (k3) = ( A/ N) 4Nc2 { 5 . ^  ( -  ik " .  Re )
R

X f 1 (Re) | f x (Re) !2

± 1  ( -  ik" , R ) £2 (R ) If 2 (R±> |2 > (2 Î4 .8 )

The upper sign  should be used i f  the i n i t i a l  s ta te s  are in the plus 
branch ( |k+^>'ร) and the lower sign  should be used i f  they are in  the 
minus branch ( |k > ' s ) .  In deriving th is ,  we have used the follow ing  
equality  ะ
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I  exp { -  i(k  -  k + k -  k ) . R }
Re 1 1 ■* e

+ ( -  l ) m £  -exp { -  i (k  - £ 1 + £2 -  £3) . R1}
Ri

= N 6 ( £ - £ 1 + £2 -  £3) 5 ( 2 . 4 . 9 )

where 5 and m have been defined in  (2 .4 .7 )

Next we consider the third diagram in  F ig . 2 .4 .2  (the second and 
forth  diagrams are actu a lly  varia tion s of the same type, gen eta lized  
from the f i r s t  diagram). This term can a lso  be rew ritten  in  terms of f  1 (R ) 
and ' f 2 (Ri ) { again Pn (c) = c }

E E E £ <5 (k -  k- + k0 -  k- + k. -  k)
it. It, 1*- 1 2 3 4

1 2 3
—y -V
k3 “ V พ  พ  Go (k3) Go (k4)

a  1R พ  14 + £ | f 2 (R1) เ 4 } (2 .4 .1 0 )
e Ri

easy to see that terms represented by diagrams of the
type in  F ig . 2 .4 .3  (these would include, for example, the second and fourth 
diagrams of F ig . 2 .4 .2 ) can be w ritten  as { u n til  p (c) = c }
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F i g . 2 .4 .3  T y p ic a l  d ia g ra m s  in c lu d e d  i n  £ 2 (fc )• F o r c o n v e n ie n c e ,
d ia g ra m s  o f  t h i s  ty p e  w ere  summed up to  fo rm  th e  p a r t i a l  
sum t h a t  i s  r e p r e s e n te d  by th e  f i r s t  d ia g ra m  i n  F i g . 2 .4 .2

( A /N )4 tfc2 { E exp . ( -  i k “  . Re) f  1 (£ 6 ) I f 1 (£ 6 ) I 2 
Re

-  I  exo ( -  i k "  . $ 1) f 2 ($ 1) I f 2 ($ 1 )!  2 H (  A/N) f 1 (อ )} s  ■  2 
Ri

x{ ( A/N) f 1 (๐)> t  '  2 ( 2 .4 .1 1 )

w h ere  ร ■ ร1 + ร2 , t  = t 1 +  t 2 ( i n  r e f e r e n c e  to  F i g . 2 .4 .3 )  a r e  t h e  t o t a l  
num bers o f  i n t e r a c t i o n  l i n e s  a s s o c i a t e d  w i th  e a c h  g u e s t .  S i m i l a r l y ,  f o r  
d ia g ra m s  o f  th e  ty p e  g iv e n  i n  F i g . 2 .4 . 4 ,  we h av e

F i g . 2 .4 .4  T y p ic a l  d ia g ra m s  in c lu d e d  i n  £2 ( k ) . F o r c o n v e n ie n c e ,
d ia g ra m s  o f  t h i s  ty p e  w e re  summed up to  fo rm  th e  p a r t i a l  
sum t h a t  i s  r e p r e s e n te d  by th e  t h i r d  d ia g ra m  i n  F i g , 2 .4 .2

( A / N ) 5 N c 2  { I  I £1 ( R 6) I 4 + $ J  f 2 ($ 1 ) I 4} { (  A/N) f  1 ( อ )>® ■  3 
Re Ri

X { ( A / N )  £ 1  ( 0 ) }  c  ~  2 » ( 2 .4 .1 2 )
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w here  ร = ร1 + ร2 + ร3 , and  t  = fci  + t 2 ‘ ’r ^ e s e  e x p r e s s io n s  can  b e
d e r iv e d  from  ( 2 . 4 . 1 ) ,  ( 2 .4 .6 )  and ( 2 .4 .9 ) *

I t  i s  a p p e a r e n t  t h a t  d ia g ra m s w i th  th e  sam e v a lu e s  o f  ร and t
b u t  d i f f e r e n t  v a lu e s  o f  ร1 , ร 2 , ร 3 , t 1 , t 2 » e t c . ,  a r e  a c t u a l l y  e q u a l
and c a n  b e  lum ped t o g e t h e r .  The p ro b lem  i s ,  th e n  to  c a l c u l a t e  t h e  num ber
p o s s i b l e  p a r t i t i o n s  o f  ร and t ,  i n t e r a c t i o n  l i n e s  i n t o  two o r  . t h r e e
g ro u p s . T h is  g e n e r a l  p ro b lem  was t r e a t e d  by Yonezawa and  M a ts u b a ra .
We w i l l  u s e  t h e i r  r e s u l t s  h e r e .  I f  we d e n o te  t h e  num ber o f  a l l  p o s s i b l e
p a r t i t i o n s  o f  ร i n t e r a c t i o n  l i n e s  i n t o  r  g ro u p s  a s  B , we h av eร , r

Bร ,r  = ( ร - 1) 1 /  ( ร -  r >! ( r  -  1)1 (2 .4 .1 3 )

o r  a l t e r n a t i v e l y ,  B can  b e  g iv e n  by a  g e n e r a t in g  f u n c t i o ns , r

( 2 .4 .1 4 )

I n f i n i t e  sums o v e r  a l l  d ia g ra m s  o f  th e  ty p e  r e p r e s e n te d  i n  F i g . 2 .4 .3  
o r  F i g . 2 .4 .4  can  now b e  p e rfo rm e d  w ith  th e  a id  o f  ( 2 .4 .1 3 )  and ( 2 .4 .1 4 ) .  
D e n o tin g  th e s e  sums a s  ร 2 2 o r  ร3 2 ( s u b s c r i p t s  r e f e r r i n g  to  th e  num ber 
o f g ro u p s  o f  i n t e r a c t i o n  l i n e s  a s s o c i a t e d  w i th  th e  f i r s t  and  th e  seco n d  
g u e s t ,  r e p e c t i v e l y ) , we h a v e , from  ( 2 .4 .1 1 )

s 2 ,2  = ( A/ n >4nc2 {!  exn  ( -  i k "  • V  v v '  f l ( V *  2

-  I  exp  ( -  i k "  . Rt ) f 2 ( R . ) |  f 2 (R1 ) !  2 }
* i



X โ ? 2BSt2 f < A/N) f 1(อ)) ร -  2

( t |  2Bt> 2 ( ( , / , )  f  1 (อ)} t  -  2

=Nc2{ E e x p ( -  iïT ” , ? e ) f  1 ( ? e ) I f  1 (it6 ) | 2 
^e

-  E e x p ( -  lit*  . ^ 1 ) £ 2 (it1 ) I f  2 ^ ?  ! *f  1

( A /ร )  /  ( 1  -  (A  /N) £ 1 (อ)}

S i m i l a r l y ,  from  ( 2 .4 .1 2 )

ร 3 2 -  ( A / N ) 5 Ne2 { Z  (£1 ๙ 6)I 4 + E (£2(£1) I* }

( 2 .4 .1 5 a )

*■  น 4
3 ,2

ริ :bs>3 {< A/N) £1 (อ)} ร - ใ
t l  2 Bt s2 { ( A/N) f l (0 )}

t  -  2

Hc 2 { I  \ f  1 $ j t  + 1  ( £ 2 ( R 1 ) | 4 }  (  A / N ) / ( 1  - (  a / N )  £ 1 ( อ ) }

(2 .4 .15b)

T h ese  two p a r t i a l  sums a r e  r e p r e s e n te d  by th e  f i r s t  two d ia g ra m s  in  
F i g . 2 .4 .5  w here  th e  s e c o n d -o rd e r  s e l f - e n e r g y ,  2 2 , i s  w r i t t e n  a s  a sum 
o f  th e s e  p a r t i a l  sums (e a c h  one o f  them , i n  t u r n ,  i s  an  i n f i n i t e  sum) .



น9

F ig .2 .4 .5  Diagrams representing the expansion of in  ternis of
p a r tia l sums.

From the above d iscu ssion , a gen eraliza tion  can now be made concerning 
other p a r tia l sums in  F ig .2 .4 .5 . In general, the odd -  numbered 
p a r tia l sums ( i . e . , t h e  (2r-3) th diagram in  F ig .2 .4 .5 , for r > 2 } 
contain terms of the type ะ

( A/N)2r Nc2f I  exp (-ik * . R£) f  1 (Rg) I f 1 Ô y | 2(r " 1)
Re

-  £ exp(-  ik~. R±) f 2 (Ri ) | f 2 (R;L)| 2(r -  1 ) }
X

X I f  Bg r {( a/N) f 1 (อ)} s ■  r ร Bf 11 น A/?T) f  1(อ))1'-1' t  = r1 ร = r
(2 .4 .16a)

which are summed to give

sr ,r  3 Nc2( l  “ P*- ^  • f l (Re} 1£1 (^  I 2<r ~ 1}Re

■  § 1 exp(-  V  f 2 (V ! v v 1 2<r ’ 1 > H  1 -  ( 'น ) <1 (0 )

(2 .4 .16b)

S im ilarly , the even-numbered p a r tia l sums{ corresponding to the (2r-2) 
th diagram in F ig .2 .4 .5  } contain terms of the type;

»



50

( A/N)2r + 1 Nc2{£  I£1 (R6) | 2r + I  ! f 2(R1) pr }

3 :  r + 1Bs ,r  +1 «  A ™  V 0»
3 -  r -  1

Bt>r{( A/N) £1 (อ)}

which are summed, again, to give

t -  r (2 .4 .17a)

s r + l . t  -  Hc2{|  1 พ 12r+ £1 1 พ 121 >(1—
2r + 1A /N

(A/N) f 1 (0)

(2.4 .17b)

We are now in  a p o sitio n  to perform the summation in  
F ig .2 .4 .5 . So, f in a lly ,  we have

£ 2 d o (ร + ร . 1 )r ,r  r + l , r

(A/N)4 Ne2
' { 1 -  (A/N) f 1 (O)}3

X  (- O  R,) f  1 « 1,) | f  1 (รe )|2{ l  -  ( 4 / N)  £1พ  t Q i M i i O
!ê e (1 -  ( 4 /K) £1 (บ)} 2 -  I ( 4 /N) £1 (ร ,)  I2

exp(- i t" .  R1) f  2 (P 1) |f  2 (R 1) f  { 1 -(A/N) £1 (อ)}+ (i/N ) I f  2 (R1) เ4, 
{ 1 -  (A/N) f 1 (0 )}2 -  1 (A/N) f 2(R1) I2

(2 .4 .1 8 )



51

I t  can be seen that for general k+ and k ร, the second-order 
se lf-en erg y  contains poles which correspond to the energy s ta te s  of 
resonance pairs with varying separations (Rg and R^). Furthermore, 
these pairs are equally probable (c 2 dependence).

At the p o le s , the follow ing equations are s a t is f ie d  ะ 
For tra n s la tio n a lly  equivalent p a irs,

( l  -  ( A/N) y o ) } 2 -  1 ( A /N) f  1 (■ £6) I

and for interchange equivalent p a ir s ,

{ 1 -  (A/N) f 1 (อ )}2 -  I(A/N) f 2 («1)

= 0 (2 .4 .19a)

= 0 (2.4.19b)

As we noted e a r l ie r , f  (R£) and f 2 (it1 ) are u sually  r e a l . The 
so lu tion s to (2 .4 .19a) and (2.4 .19b) are then

{£1 (อ) /N ไ -  { f 2(R6) / N }

and

{ f 1 (0 ) m  } Ï  ( f  2 <£1 ) / N }

1
A

1
โ

(2 .4 .20a)

(2 .4 .20b)

As for the o p t i c a l  spectrum, we simply put k~ = 0 .  Thus for  
tra n s la tio n a lly  equivalent p a irs, we have from (2 .4 .1 8 )

1 2 (k+ = 0) V *  -  0)
( A/N)4 Nc2f 1 (R6) | f 1 (R6) | :

■ 1 -  (V N )fx (0 )}3 [ { l  -  ( A/N)fx (0 )} -  {(A/N)f 1 («6)}]
(2 .4 .21a)



90 th a t on ly  one s t a t e  E+ i s  o p t ic a l ly  a llow ed . Again i s  r e a l  and 
a t  the p o le , we have

->+ A c 2
ะ 2 (k = 0 )  = z 2 (k * 0) -  { 1 _ (A/N)f  1 (0 )} -  { (A/N)f  1 (R6) }

(2 .4 .2 1 b )

The sp e c tr a l fu n ctio n s and Iac which have been d iscu ssed  b efore  in  
con nection  w ith  the o p t ic a l  p ro p er tie s  o f the monomer can a lso  be 
found.

พ  = (E+ -  V '  
2

—  (—  )dE y
-1

E *« E

where
, ’ s{ P0 ( É ) Î P * ( É )  )dE

O (É) + pg- (E) d E .- l

-1

พ  -

S im ila r ly ,

Ja C< V

/ 2 -  E)z * A

2 A2 c A dE.
< 5 I +  >

<=+ -  V 2

c 2 a2 ( ) d A
(E+ -  Eac>2

dE.
dA

(2 .4 .2 2 a )

(2 .4 .2 2 b )

For in terchange eq u iva len t p a ir s ,  the s i tu a t io n  i s  s l i g h t l y  
d if f e r e n t .  £2 (k+ = o) and £2 (k = 0) a re , in  t h is  c a s e , no longer  
the same. From (2 .4 ,1 8 )  we n ote  th at £2 (k+ * 0) has a p o le  a t E+ , 
whereas ร2 (k “ 0) has a p ole  a t E . In o th er words, both E+ and E
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are o p t ic a l ly  allow ed and uniquely  and o p p o s ite ly  p o la r iz e d . We have

+ ’ 2<: 0) { 1 -  (A /N )f 1 ( อ ) } -  (A /N )f2 (R1)

(2 .4 .2 3 a )

2< ) { 1 -  (A /N )f1(อ) + (A /N )f2 (R1)

(2 .4 .2 3 b )

พ { c2/(E +-  Eb ) 2 }

c2A2 /  (E+ -  Eb) 2 > (-5— - )  (2 .4 .2 4 a )

c 2/(E _ -  Eb ) 2 }

t c 2 A2 / ( E  - E  ) 2 } ( t 7  ) ( 2 ,4 .24b)— ac ' a A '

X



2 .4 .2  Suporn*ร R e su lts . 19

In her resea rch , she rep la ces  c in  (2 .4 .1 6 a ) by 
Pg (c) p 1. ( c ) ,  and she g ets

r .r (A/N)2r N pg (c ) Pt (c)

X { £ exp (-ik7R e > f  1 (R6) I f  1 (R6)+ \ , 2 (r  -  1)

± E exp (-ikTR;1) f  2 (R1) I f 2 (R1) I 2(r " 0  }

ร Bg 1. { (A/N) £ 1(0) } ร -  r

E Bt#r { (A/N) f 1 (๐) } t  -  r (2 .4 .2 5 a )

pร (c ) Bs , r  { (A/N) f l (0) }S
-  r

ร = r

I  Pt (c ) Bt j r  { (A/N) £ 1(อ) " r (4 /N )2r N

X { I  exp (-ik 7R e ) f 1(R0) I f 1(R£) J 2 r̂ ^

± E exp (- i£ jfc ±) f  2(R1) I f  2(R1) I 2(r “ 0  
Rj

(2 .4 .2 5 b )
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Now E Bร ,r ps (c ) { (A /N jf^O ) } 8 “ r E Pt< c >Bt>

■ y' 2r ' , . ' 1 1 ! ,  Ba , r V c )y ‘  Bt , t pt (c )y t  >•

where y = (A /N )fj(0 )

and P8 (c) Pt (c) ={ E ( - l ) m " l (m -  1 )! cm i Jk I  0

X { E 
ท = 1

( - l ) n “ 1 (ท -  1 ) !cn E 0 (-1  ) n " q

ร
* E 

m =
t
E \ - l ) 2 n  ■ 1 m ท ■ c c m ท

X

and B = ______( ร ; : ง !______ร ,r (s  -  r ) ! (r -  1) !

Bt , r  = ( t  -  r ) f  ( i * -  1 )!

{ (A /N jf^O ) } t "r 

(2 .4 .2 5 c )

( 2 . 4 . 25d)

( 2 . 4 . 25e)

( 2 . 4 . 25f)

S u b stitu tin g  ( 2 . 4 . 25d ), ( 2 . 4 . 25e) and ( 2 . 4 . 25f) in to  (2 .4 .2 5 c ) ,  we get
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= y

; B P (c) y8 _  y . 00Z B p„(<; r ร ,r 3 J t  -  r t , r t

—2r r 00■ { Z CO

? I(  ร -  l \ / t  -  l ' ) ใร = r t  = r \ r -  l / \ r  -  1 /m =

t -  r

iรุ่ ( -  I ) 2m - 1 c - 1 ) 2- 1

1 _ _ ท ท1 ran V f   ๆ \- f  c c Z Z (-  1)
k = 0 q = 0

- (,+  k) ๆ / ๆ  11»,t ysyt
k / \ q /

2r 03 y Z ?  f - Y '  ฯ  ? ? 1 » ns = r t ” r \ r -  l / \ r  -  l / m = l n » l m n c c

ะ ะ ( -  i r < , n ) r  ไ / ,, 1รk =■ 0 q = 0 k / \ q (ky)9 (qy )fc (2.4.25g)

The summations over ร and t  in  (2 .4 .2 5  g) can be summed by using the 
20

rfa c t  that
ร -  1' 8 ÜL

9 = r \  r -  1/ 
(2 .4 .2 5g) becomes

(ky) -<- 1 - kÿy “ 1 t ! . C - ! ) V>t (ï^

00
V Bร ,r Ps (c) y 8  -  r วอZ

ร * r ’ t =

•2r r ï CO= y" { Z Z 1 m1m “ 1  ท *  1  m ท น  1

I _Bt . r  Vc> yt -  r

?  f  ( -  1 ) - U + พ / “ พ 0 ,
k = 0 จุ» 0 ' \k  ' ' q 1( jg — 1) ( . . . . ^ -  xr } ' 1- ky' - A y  )

Z  B _  Po (c) y8 " r ร = r s ,r  8 t  = rV  Bt , r  ps (c) y
t  -  r
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00 «O
Z 1 cmcQ Em = 1 ท = 1 m n k =» 0 !  ท ( - + k) ( ”  ) ( °q « 0 k q

(1 -  k y ) (1 -  qy) ( 2 . 4 . 25h)

I รr * 2 r ,r
00 CO 00
Ê ะ E - i - c mcnv _ Q ฯ « ni « ทr * Z m * 1 ท *  1

” È ( - i r (q + k) 1 _____ J ak = 0 q “ 0
r A 2r} ( à  )k ' y  <1 -  ky) น  -  qy) N

X I  exp( -  ik~ . Re ) f  1 (Re ) | f  1 (R6) | 2 (r  '  1}
Re

-  I  ex p (- ik7 R 1 )  £2 (R1 )  j f2 (R1) I 2 (r  " 1} } < 2 .4 .2 51 )
R1

We a ls o  have

- y  1 m n m ท
f  1 , r ï c c  ( ' ) ( )m = 1 ท = 1 k q

E E 1 c» cท / n» ' 
m = 1 ท = 1 B n  \ k 1 (ท. -  q) ! q l

00
E nu m ๚ /  ท -  1 \  nE k ( “ \  c™ 1l ( : :  yq V q -  1 /1 1 m \ , /  q \ q -  1m = 1 ท = 1 ' k 7

E k ( m \  0*  i  L - i - y »

i ' ^ / î  t r ‘ )q 1 c m = l K ' ' k - l '
m

)q A C^L.  )kq l - c  k 1 - c
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- M 1- ร ุ- )q k 1 -  c
q + k

( 2 . 4 . 25j)

S u b stitu tin g  ( 2 .4 .25j) in to  ( 2 . 4 . 2 5 i) , (2 .4 .2 5 1 )  becomes

1- (q +  k)E ร,. . = N
r = 2 r ,r J J o  , น (- “ - — r  ( — - — )q k ' 1 -  c

q + k

{_______ —-M ---------  } r ( £  )2r(1 -  k y ) ( l  -  q y  ) N

x{ 5. exp ( -  ik" . Rc ) f  1 (Re ) |f  1 (R6 )!
Re

i  I  exp( -  ik " . Rt ) f 2 (R1)! f 2 (R1) | 2 (r " x) } (2 .4 .25k)

Also

1  9 *77----- r V n --------- { ะ exp( -  ik" . R ) f  (R )r = 2 (1 -  k y ) ( l  -  qy) N ๅเ r e ' 1 e

'  »  -  „
I v v l

+ J  exp ( -  ik " . Rx) £2 (R1) I f2 (R1) I 2 (r  ■  l ) }

= l  ” 2 ex p (- i ?  . Re )£ 1 (R6) i f  1 (Re ) | 2<r = 1}

{ (1 -  k y ) (1 - q y ) }
2r)
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+
f i

ร็ exp( -  ik - . R )£ ,(R  ) jf2 CR > ! ( 
r = 2 1 1

kq r A 2r
* N

I
R

expe­ r tik  ,lîy V ;  ^  I f i  (V  I2 , r
r = 2 (1 -  k y ) (1 -qy)N 2

exp( -  ik - . Rj) " kq $  |f2 CR̂ ) î 2
£1 % .' Z l ‘- 

r = 2 (1 *- k y ; ( l  -  qy)N

exp ( -  ik  . R ) ,  k q 4 2| f  1 ๙ 6) I2 2
พ (1 -  k y ) (1 -  qy)N2

r

r kg A 2 jf 1 (K6) i2 
r = °  (1 -  k y ) (1 -  qy)N2

+ y exp( -  ik - . R ) kq A2 I ^ 2 I 2
Ri  พ  (1 -  ky) (1 -  qy)N2

» A2 I £2 ๙ 1) I 2 r '
r = O (1 -  k y ) (1 -  qy)N2

Z
R

exp ( -  ik  . R )
พ ^

t f  1 ( \ )  [ 2 ^
(1 -  k y )(1 -  qy)N2

kq A 2 I f  2 (R .) î " 
(1 -  k y ) (1 -qy)N 2
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+
โ.
**>*
R,

_ÿt- _y.
exp (-. ik  . R )̂

f 2 (R±)
kq A2 If2 ( £ 1 )  I 2 2
(1 -  k y )(1 -qy)N2

kqA2 | f 2 (Ri ) |  2 
(1 -  k y ) (1 -  qy)N2

I  e x p  ( -  l î 1 . Re )  l £ l ( Re )  I3  < v » > * <  ( 1 .  k y &  น

{ 1 kg A ^ g o t , ) ! 2
(1 -  k y )(1 -qy)N 2

-  E exp( -  ik " . R ) i j „ (R ~ . ) |3 ( A /N)^ r kq_________ 1
R i  ( 1  -  k y )  ( 1  -  q y ) J

{ ---------- — L _ ------- ^—  }
k q A  I f  2  ( R 1 )  j

(1 -  k y )(1 -  qy)N2

(2 .4 .2 5  l )

S u b stitu tin g  (2 .4 .2 5  &) in to  (2 .4 .2 5 k ) ,  (2 .4 .2 5 k ) becomes

CO

Z
r = 2

N(A/n) 4 โ ( -  l ) " ^ q +  k  ̂
q = 1

1 c  q +  k 
qk ( 1 -  c*

{------ J & -  . --------}2(1  -  k y )(1 -  qy)
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ร exp( -  ik ”. Re) If 1 (R6) I' 
R® kqA2 If 1 (Re ) I2

{ 1  -
( 1  -  k y )  ( 1  -  q y ) r

+  5- e x p ( -  i k “ .  R i ) | f  2 ( R 1 )  | 3

^ 1  k q / j f 2 ( R A ) P  ~ 3

( 1  -  k y ) ( 1  -  q y ) N

N ( A / N ) 4 { l  z  ( -  l ) " ( q  +  q k (  1  J  ■- )
q + k

( 1  -  k y ) 2 ( l  -  q y ) 2

e x p ( r -  i k " .  R e > I f  1 CP-e > I 3  £  e x p ( -  i k " .  R ^ l f  2 ( R  1 )  | 3

’ Zl '  ' *  °  2  "  1  k q A 2  (£2 ( R 1 )  I2e 1  k q  i |  f 1 ( R e ) |

N(A/N)

( 1  -  k y ) ( 1  -  q y ) N

P-1

.2 { 1 -
( 1  -  k y )  ( 1  -  q y ) i'J2

p  =  2  q  -  1
1 ( -  l ) “ p  q ( p  -  q ) f  c  ?  __________________ 1 __________________
" 1  1 _ c { l - ( p -  q ) y ^ ( l  -  q y ) 2

x  j E e x p ( -  i £ ” . R ) i f  (R ) | 3 + +  -y , - > . 1 ชุ
Î  ---------------------  e  î  I  e x p  ( -  i k .  R . ) l f , ( R . ) l 3

L e - (p -  q ) 4 2 | f  ( 1  ) | 2 1 V — -------- '  ; } 1  ■■
1 -  -------------------- i - S - -------------2 V  <e -  1 )  6  M Î , >  I

{1 -  (p -  q ) y } ( l  -  q y )N  1 -   ------------- — — ------------
( 1  - ( p  -  q ) y  }(1 -  qy)N*

( 2 . 4 . 2 6 )

N e x t  b y  r e p l a c i n g  c 2  b y  P g ( c )  P t ( c )  i n  ( 2 . 4 . 1 7 ^ ) ,  w e  g e t

s r  + l . r  = (A /N)2r + 1 N pร (c ) p t (c){ J- l f i (V ! Zr + I  lf 2(V | 2r  }
Re Ri
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s  = r  +  1Bร , r  +  l « A/N> f l ( 0 ) }
s  -  r  +  1

Z Bt > r { ( A / ï ï ) f 1 ( 0 ) } t  -  r

r  +  l , r l  r  +  1 Bs , r  +  l Ps ( c > { ( 4 / « £ l ( 0 ) } ï

t  Bt 1r  P t ( c ) ( ( A / » ) f 1 < 0 ) ) t  -  r

X ( A / N ) 2 r  +  1 N %  l f  1 (Re ) ! 2 r  +  l  ! f 2 ( V l 2 r  }

S i n c e h 1Bs , r  +  1 p s ( c ) {  (A/N) f l ( 0 ) }
s  -  r  -  1

1  Bt , r  F t ( c ) {  (A/N) f l ( 0 ) }
t  -  r

-  r  -  1

( 2 . 4 . 2 7 a )

= y“2r ~ 1 {  z  +  1  E Bs , r  +  i  p ร ( c )  p t ( c )  y S y t  } <2 - 4 * 27b) 

w h e r e  y  = (A/N)  f 1 CO)

a n d Bs , r  +  1 ■ ( s  -  r  -  1)  ! ( r  +  1 -  1)  ! 

( t  -  1 )1
( t  -  r ) î  ( r  -  1 ) ! sr.

ร -  1

r  +  1 -

t  -  1 

r  -  1  /

( 2 . 4 . 2 7 c )

( 2 . 4 . 2 7 d )

We g e t  a f t e r  s u b s t i t u t i n g  ( 2 . 4 . 2 5 d ) ,  ( 2 . 4 . 2 7 c )  a n d  ( 2 . 4 . 2 7 d )  i n t o  

( 2 . 4 . 2 7 b )
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ร

tX

00
E
= r
00
E
*= r

+  1 "‘ร , r  +  1 V c > , ( A / «  f l < ° ^ " C 

Bt ,r  pt <c) !(4/s> £1 ( 0 ) ) '  ■  r

1

(2 ,4 .2 7 s) becomes

E
ร =* r + 1 Bร , r  +  1 P a ( c )  y 3 -  r -  1

Bt ,r  V c > y t -  r

E
m = 1

E -J-—-f in oQ ’ท = 1
cm ท

X
q

CO

E (. 1) - (q + k> k1 -  ky )
r +

. 27e)

(2 .4 .2 7 f)
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00 00
ะ Ï  ( -  ! ) - < «  +  x>  1  /  c  ■1'» +  k  /  t  y  r  +  1  0______ Vk = 1 q *= 1 q k  1 1 -  c / \1  -  ky /  \ 1 -  qy/

( 2 . 4 . 2 7 g )

I รr = 1 r + l , r

X

CO CO 0 0

-  N I £ ï  ( -  1)II H* .k  = 1 q = 1

r + 1 .
f  k  ■ ) f  q \ ̂ 1 -  ky ) \ 1 -  qy )

Ct 4 t

Since

1 ( l ) 2 t  ' 1{|  lf l « /  + |  l f 2 < v l 2 r>

. I  , ( r H ) r  :  ^ )  < v  » > 2 r  + 1

(2.4.27h)

X { I  If 1 (R6 ) |2r +  i  i f 2(R1) l2 r >

-  i  r - ” i ( r r j  \ ^ พ *  +  1 พ

+ 11 r î  1 + 4 /S ,2r  + 1 < พ 1
2r

/ k
1 -  ky•J (A/N) I  r ; ,  < ( r h F > < r ? V <  ฟ ! f 1 < v | 2 >2 1 r

+  I .  , * 1 { ( r h r y > ‘ - r V  ( ฟ  เ พ เ 2 ^
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( _ 1 _ )  ( ร / ร )  " 1  ( teqa2  I f 1 CRe )ja  1 „  fctA2 ! ^ ( y  [2  r
1 -  k y  _ R e  ( l  -  k y ) ( l  - q y ) N 2 r  = o' ( 1 -  k y )  ( l  -  q y )ïï2

+ J  ;  1 ! ! ! ! i l S l L _ x r "
p  ( l  -  k y  ) ( 1 -  q y )N 2 r  = 0 ( l  -  k y  A 1 a_y ) N2 

i

■y* 00
’. 1 ฬ , พ ' * *

2 r + l

* 0 :  f l ( ^ e ) + E f 2 ( \ )  r >
Hi

{■ k 2 q
( l  -  k y ; ( 1  -  qy )

■ X A /H) E เ พ ! 2---------- ร ; ', 4- . i g
L 5 e , 1 -  พ พ ,1

+
! 1.  k ^ g l V 8 i > [ g ^ J .  

( 1  -  k y ) ( l  - q y ) N 2

( l  -  k y ) ( 1  -  q y ) N c

( 2 . น . 2 7 1 )

( 2 . น . 2 7 h )  b e c o m e s ,

E ร ^  151. = N(A / N ) 3 { ■ ไ I  ( - l ) ~ ( q + k ) ( i  c ) + k  

k
( l  -  k y )  ( l  -  q y )

J  เ พ 1 12

y  1.
+ z พ 1 12

kqA2 | f 2 ( K . )  j :} \ {  1 .  ' ไ:.: 1 ๚ .ะ ! :_______ -  }
( l  -  k y ) ( l  -  q y ) i : 2 ( l  -  k y ) ( l  -  qy )N
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= N( A / N ) 3
-  2 -  1 ( ‘  i r P ( P  ■  q ) ( r ^  )]

lV- ' e

+ E
R

(p -  q )y d (  1  .  q y )
เ ฬ ’ | 2

(p -  q)qA2 | f 1(^e ) 2 ,
{1 - (p -  q ) y }( 1 -
1 fA > ! 2

q y) พ2

 ̂ (p -  q)qA 2 | f 2 ( £ 1 ) 2
( 2 .  น . 28)

Summing ( 2 A . 2 6 ) a n d  (2.1+.2-3), พฮ get
p -  1

ะ2 (k“ ) = N( A/n ) 3 EL p = E { -  l ) “p(p -  q) ( -1-' “ "-0)

{1 -  (p -  q ) y r ( l  -  qy)

l*A>la
R

“  e ( l
ะ* X .2( p  -  q)qA |f 1 (Re ) I

+ E
R.

'f A > i 2

-  (p -  q)y } ( l  -  qy)N£
} t l  -

(p -  q)q.A |f  2(£1) I

i e r
exn(- ih A  รุB) )f 1(ร ุ6 ) 1

(p -  q)q.A.2 If, ( ร )

{ 1 - (p -  q )y } ( l “ qy)î 
3

N2

(p -  q)qA | f  1 (£6 )
■ fl -  (p -  q )y K l -qy)N2

± ร. 
R.

exp(-ik" . K1 ) f  2( r1 )

า - (p -  q)qA^ |f2( î t )
(1 -  (p ~ q)y} ( 1  -  qy)jf
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- “  p -  1
3 Z ZN(A/E)J s Ï ( -  l ) - p (p -  (1) ( - Z - j  ------------ -------------

p = 2 q = 1 {1 - (p -q )y } (l-qy)

$6 ) | 2 ( !  + -  qy) exp (-  iit” .j$6) f 1 n$6)}
-V ' 1 _ (p -  q)qA2 !f 1(R3) I 2

(1 -  (p -  q )y } ( l  -  qy)N'tt2

+ Z
1

f^R^ j 2 g  - (  A/N)( q / l  -  q y )  e x p ( -  ik~ .R^ fg ( ร ุ1 ) } 

( p  -  q ) q A 2  l f „ ( ï t  ) |2( p  -  q.)q.Â |f2(ร1 ) f  
{ 1 -  (p -  q)y Xl -  qy)N̂"

= A3 ^ z  2 v  Z l ) - p (p -  q ) (_ J 5_ j

| M R 6 )|2 { l  + ( a/ n ) ( q / l  -  qy) e x p ( -  ik~ ,Rg ) f ^ R ^  }

^ e { l  - ( p  -  q ) y } 2 ( l  -  q y )N 2 1 - (p  -  q )y }  ( p -q )q  ^ | f ^ R e ) | 2

jf2 (R1 )p a  -  ( A/n ) ( q / l  -qy) ex p (- ik" . R.) f  2(ร ุ1) }  
i  ( l  -  (p - q ) y } 2 ( l  -  qy)N2 -  {1 “ (p -  q)y Kp -  q)qA2 |f 2 (R1 ' |2

( 2 . น . 2 9 )

-V+
Z2 ( k ~ )  i s  t h e  s e c o n d  -  o r d e r  s e l f  e n e r g y  p a r t .

T h e  p o l e s  o f  ( 2 . น . 2 9 ) a r e  d e t e m i n e d  b y  t h e  f o l l o w i n g  

e q u a t i o n s  ะ F o r  t r a n s l a t i o n  a l l y  e q u i v a l e n t  p a i r s ,
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{  1  -  ( p  -  q ) y j p ( l  -  q y ) N 2  - { 1  -  ( p  -  q ) y } ( p  -  q ) q A 2 | f  1 (R e ) | 2  =  0

For interchange equivalent p a irs,

{ 1  -  ( p  -  q ) y } 2 ( l  -  q y ) N 2  - {  1  - ( p  -  q ) y }  ( p  -  q ) q A 2 | f 2 ( R i ) |2 =  0

F r o m  ( 2 . U . J ) a )

{ 1 -  (p -  q)y}2( l  -  qy)N2 ={ 1 -  (p -  q)y }(p -  a)lqA2 |f-, ( ^ )  j2

{ 1 -  (p -  q)y} ( l  -  qy)N = (p -  q)qAc' jf^( £6) j2

1 -  py + q(p -  q)y2 = (p -  q)q(A/N)2 | f  1 (£6 ) | 2

q(p -  q)y2 -  py -  (p -  q)q(A/N)2 } f"1 (£6) | 2+ 1 = 0

( 2 . น . 3 0 a )

( 2 . น . 3 0 ๖ )

{q(p -  q) v ° ! | 2 -  q ( p  -  q )

f 1 (อ) A 
s i n c e  y  =  ---------- ----------N

q(p -  q){ f i ( 0 ) l 2

( 2 . น . 3 1 a )

I
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S i m i l a r l y ,  from  ( 2 . 1 * .  3 0 ๖ ) ,  w e  g e t

q ( p  -  q.) t f l < 0 ) l f 2 ( B i)
N 1 ใ'! = 0

(2.1*.31๖)
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