CHAPTER 1V
NUMERICAL TECHNIQUES

1 Introduction

In the previous chapter, ve obtained the expression for the
monomer self energy 11
CA{1+¢AGo S (4.1.15
$1 {r - (1- 2¢)a
The pole or singularity is determined by the zero of {1 - (I - 2¢c) A Q)
or
1 = (I-2¢) AGO
G

(1- 2)--A AT
f pOEE_)E(jE (4.1.2)

which corresponds to Hong and Kopelman's® result when ¢y o .

In this chapter we will evaluate the relation, between the monomer
energies (E) and the reciprocal trap depth (/A ) at the concentrations
c=00,02,0.,0.6, 0.8 and 1.0. In determining the value of the
diagonal density of states function PO(E'), we will take the exciton

dispersion relation to he given hy”?
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E (k*) = 2Ma cos (it."a.) + 2" cos (k.b) + 2MC cos (k.c)
+2Ma + ¢ {°os (k.a) cos (k.c) - sin (k.a) sin (k.c)}
- N M12 cos {k.(]0} cos {k.(~)} + ML2" 0015 (k*°)
X 00s{k.(]-)} cos {k.(*)} - sin (k.c) sin fk.(-~)}
X cos {k.(")}]
(4.1.3)

where M, M, Ma+0» m2 8111 are Pairwise interaction constants.
.2 Determination of the Density of States

The interaction constants to be used in the energy dispersion
relation can be found in reference 9 (in this research we use set 1
constants). We can obtain the density of states from the dispersion
relation. Atotal of 512,000 points in the Brillouin zone were
included in the calculation. We considered only the plus branch (E(k+)}
'3ae numerical calculation was performed on a IBM s7os138 computer at
the Computer Service Center , Chulalongkom University® . From

P (E) = ML L6 {E - E(k)] " (4.2.1)

and by using with a 1 cm- mesh, we get the result of Table 2.1, as
shown in Fig. .2.1 .To eliminate the fluctuation we smooth the curve
before integration.



Table 4.2.1 The density of states

No.

O O —g OO Ol B~ W N

10
11
12
13
14
15
16
1
18
19
20
21
22

E' (interval)
o
less than  -84.0
-84.0 - 83.0
-83.0------82.0
-82.0---81.0
-81,0 — -80.0
-80.0 - 79.0
-79.0 = 78.0
-78.0 - 1.0
17,0 - 76.0
-76.0 - 5.0
-75.0 - 74.0
7140 — -73.0
1 %30 -——72.0
PO, L T
EO, . T O
-70.0 - 69.0
-69.0 - 68.0
-68.0 -~ 67.0
67.0 - 66.0
-66.0 -~ 65.0
-65.0 - 64.0

-64.0 -----63.0

E* (mean)

m *
-84.5
-83.5
-82.5

=

-80.5
-19.5
-18.5
-T'E5
-16.5
-15.5
-14.5
-13.5
-12.5
-71.5
-10.5
-69.5
-68.5
-67.5
-66.5
-65.5
-64.5
-63.5

R CE)

real
X 512.000™"1

296

824
1072
1280
1240
1384
1784
1744
1888
2048
1752
1872
2208
1808
2032
1888
2152
1976
2112
1968
2048
2392

87

P(E-)

approximate
X 512,000”1

135.304355

859.454173

977.130246
1088.520239
1193.811761
1293,192451
1366.849933
1474971855
1557.745842
1635.359525
1708.000536
1775.856492
1839,115056
1897.963836
1952.590473
2003.182599
2049.927838
2093.013836
2132628219
2168.958611
2202.192659
2232.511974



No,

23
24
25
26
21
28
29
30
3l
32
33
34
35
36
31
38
39
40
41
42
43
44

E' (interval)
cm *
-63.0_ -62.0
-62.0 e 61.0
-61.0 - 60.0
-60.0 - 59.0
-59.0 - 58.0
-58,0 -~ 57.0
-57.0— -56.0
-56.0 - 55.0
-55.0 - 54.0
-54.0 - 53.0
-53.0 - 52.0
-52.0 - 51.0
-51.0 - 50.0
-50.0 - 49.0
-49.0 - 48.0
-48,0 - 47.0
47,0 e 46.0
-46.0 -~ 45.0
-45.0 — -44.0
440 — -43.0
-43.0 — -42.0
42,0410

E' (mean)

Cm” b

-62.5
-61.5
-60,5
-59.5
-58.5
-57.5

-56.5

-55.5
-54.5

=530

~5-2-5
BB

-50.5

-49.5
-48.5
-47.5
-46.5
-45.5
-44.5
-43.5
-42.5
-41.5

V e’>
real

X 512,000"

1992
1936
2104
2288
2288
2272
2064
2168
2368
2312
2368
2208
2288
2400
2536
2384
2416
2296
2430
2536
2648
2568

*

88

approximate
X 512,000 *

2260.122208
2285.192987
2207.917943
2328.484707
2347.080906
2363.894183
2379.112160
2392.922479
2405.512755
2417.070643
2427.783159
2437.839734
2447.426211
2456.730312
2465941179
2475.244934
2484.829719
2494883155
2505.592377
2517.146526
2529.731724
2543.536109
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E* (interval) E’ (mean) PO(E") PO(E")
real approximate
cm ¥ cm ¥ X 512,000"1 X 512,000-1
-41.0— -40.0 -40.5 2504 2558.747307
-40.0 ---mmv 39.0 -39.5 2496 2575.552954
-39.0 - 38.0 -38.5 2120 2594.140686
-38.0— -37.0 -37.5 2936 2614.698127
-37.0 v 36.0 -36.5 2576 2637.412914
-36.0 -~ 35.0 -39.5 2648 2662.472678
-35.0— -34.0 -34.5 2600 2690.065051
-34.0— -33.0 e 3008 2720.377661
-33.0— -32.0 . 3040 2753.598149
-32.0 _ -31.0 94 2832 2789,914142
-31.0 e 30.0 -30.5 2192 2829.513269
-30.0— -29.0 ST 2952 2872.583165
-29.0— -28.0 -28.5 2912 2919.311462
-28.0— -27.0 -21.5 3256 2969.885793
-27.0 e 26.0 -26.5 3264 3024.493790
-26.0 e 25.0 -25.5 2840 3083.323084
-25.0— -24.0 -24.5 3296 3146.561305
-24.0 e 23.0 -23.5 2912 3214.396089
-23.0 e 22.0 -22.5 3464 3287.015065
-22.0 e 21.0 -21.5 3680 3364.605869
-21.0— -20.0 -20.5 3216 344 7.356128

-20.0 e 19.0 -19.5 3376 3535.453476



No.

67
68
69
10
1
12
13
14
15
16
1
18
9
80
81
82
83
84
85
86
87
88

E 1

(interval)

1
cm
19.0 — -18.0
—Bo w2 o
17 .0 -eren16.0
16,0 -erre15.0
150 eerer1 4.0
14,0130
13,0 rmr12.0
12,0 =110
HEoe T O
- —2°
9.0 8.0
8.0 7.0
7.0 rer6.0
6*0— - 5.0
50— - 4.0
10— - 3.0
3.0— - 2.0
20— - 1.0
10— 0.0
0.0— 1.0
10— 2.0
20— 3.0

E 1

(mean)

cm

*

-18.5
-17.5
-16.5
<1b/5
-14.5
-13.5
-12.5
:L1(5
-10.5
& ma
VY
- 1.3
- 6.5
- 55
- 45
- 3.5
- 2.5
- 15
- 0.5

0.5
1.5
2.5

Po <E")
real

X 512,000 1

3672
3656
3384
4032
4072
4208
4016
4096
4348
4808
5216
4576
4944
4608
4656
5104
4912
4736
4768
5040
4920
4856

PO(E")
approximate

X 512,000-1

3629.085547
3728.4399 70
3333.704378
3945.066405
4062.713681
4186.833839
4317.614510
4455.243326
4599.907921
4751.795925

I 4911 094971
14876.101301

4868.916533
4862.874157
4857.967664
4864.190547

351,536298
4849.998408
4849.570371
4850.245677
4852.017819
4854.880287
4858.826579
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o E’ (interval) E’ (mean) p0« POCE)

real approximate

cm * cm * X 512,000 X 512,000

89 3.0 4.0 3.5 4848 4863.850181
90 40 — 5.0 4.5 4528 4869.944587
91 50 — 6.0 5.5 5464 4877.103290
92 6.0 — 7.0 6.5 4840 4885.319780
93 70 — 8.0 1.5 5000 4894.587551
94 8.0 — 9.0 8.5 4752 4904.900094
95 9.0 — 10.0 9.5 4840 4916.250902
96 100 — 11.0 10.5 5088 4928.633465
97 110 — 12.0 11.5 5048 4942.041278
98 120 — 13.0 12.5 4856 4956.467831
99 13.0 — 14.0 13.5 4896 4971.906616
100 140 — 15.0 145 4960 4988.351126
101 150 — 16.0 15.5 5208 5005.794852
102 16.0 — 17.0 16.5 5000 5024.231287
103 170 — 18.0 17.5 4944 5043.653923
104 18.0 — 19.0 18.5 5168 5064.056252
105 19.0 — 200 19.5 5036 5085.431765
106 20.0 — 21.0 20.5 5052 5107.773955
107 21.0 — 22.0 215 5392 5131.076314
108 220 — 23.0 22.5 4712 5155.332334
109 23.0 — 24.0 23.5 5072 5180.535507

W w0 B S 495§ 39883436



No.

1
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132

E' (interval)

25.0
26.0
21.0
28.0
29.0
30.0
31.0
32.0
33.0
34.0
35.0
36,0
31.0
38.0
39.0
40.0
41.0
42.0
43.0
44.0
45.0
46.0

cm- *

26.0
21,0
28.0
29.0
30.0
31.0
32.0
33.0
34.0
35.0
36.0
37.0
38.0
39.0
40.0
41.0
42.0
43.0
44.0
45.0
46.0
47.0

E* (mean)

cm-1

25.5
26.5
21.5
28.5
29.5
30.5
315
20
33.5
34.5
35.5
36.5
37.5
38.5
39.5
40.5
415
42.5
43.5
44.5
45.5
46.5

PO (E7)

real
X 512,000-1

5120
5088
5208
4960
4396
4824
4392
3980
4540
3936
4072
4528
3536
3752
4136
3920
3664
3320
3848
4032
3436
3444

»0 (E

approximate
X 512,000-1

5182.698796
5082.240821
4983.885027
4887,506004
4792.9 78344
4700.176635
4608.975466
4519.249428
4430.873109
4343.721103
4257.667997
4172.588381
4088.356843
4004.847979
3921936374
3839.496618
3757.403300
3675531011
3593.754345
3511.947882
3429.986222
3347.743950



E* (Interval) E* (mean) 0o (E") PO(E’)

No. :
real approximate
om™* tm * X 512,000 Xsn.000'l
133 47.0 — 48.0 47.5 3448 3265.095660
134 48.0 — 49.0 48.5 3808 3181.915938
135 49.0 — 50.0 49.5 3384 3098.079369
136 50.0 — 51.0 50,5 3096 3013.460556
137 51.0 — 52.0 51.5 2928 2927.934076
138 520 — 53.0 52.5 3152 2841,374523
139 53.0 — 54.0 53.5 2616 2753.656492
140 540 — 55.0 54.5 2336 2664.654567
141 55.0 — 56.0 55.5 3512 2574.243339
142 56.0 — 57.0 56.5 2448 2482.297398
143 57.0 — 58.0 57.5 2336 2388.691338
144 58.0 — 59.0 58.5 1888 2293.299744
145 59.0 — 60.0 59.5 2216 2195.997200
146 60.0 — 61.0 60.5 1976 2096.658314
147 61.0 — 62.0 61.5 1728 1995.157657
148 62.0 — 63.0 62.5 1920 1891.369832
149 63.0 — 64.0 63.5 1664 1785.169422
150 64.0 — 65.0 64.5 1584 1676.431011
151 65.0 — 66.0 65.5 1552 1565.029208
152 66.0 — 67.0 66.5 1344 1450.838583
153 67.0 — 68.0 67.5 1384 1333.733739

154 66.0 — 69.0 68.5 1320 1213.589260



No,

155
156
157
158
159
160
161

E' (interval)

cm 1

69.0
700 —
710 —
720 —
730 —
740 —

greater than 75.0

0.0
1.0
2.0
73.0
4.0
5.0

ELl (mean)

cm_l

69.5
10.5
1.5
12.5
13.5
745
15.5

PO (E -)

real
X 512,000"1

1112
1064
912
856
688
496
264

PO (E*)

approximate
X 512,000"1

1090.279728
963.679754
833.663914
700,106790
562.862988
421.867089
276.933691



%612 ,000)
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.3 The Method of Lenst Squares for Cur've Fitting*'*’

This method says that the best representative curve is that
for which the m of the squares of the residuals is a minimum,
Since the squares of the residuals are positive quantities, the
requirement that their sumbe as small as possible ensures that the
numerical values of the residuals will be small.

Let us consider the formula
y = a+thx+ox2+ dx? (.3.1)

the task is then to find the values of a, b, ¢, and d which will make
the graph of ( .s.1) pass as near  possible to each of the points
(x™ yg) Lo o y2) .., (xno,y ) or in other words, we must find

an equation of the form ( .s.1) which will be satisfied  nearly as
possible by each of the pairs of observed values (x* ,y ) , (x2 ,Yy2),
LX(xn 1y”). The equation will not, in general, be satisfied exactly
by any of the pairs. Substituting in ( .s.1) each of the paire of
values in turn, we get the following residual equations

VI =a+ bxM+ o2+ dx*-yl ot

V2 =a+ bxet ox2+ d-y2

V. o=a+t bx,t ox2+ de’-y.
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The principle of least squares says that the best values of
the unknown constants a, , ¢, and d are those which make the sum of
the squares of the residuals a minimum, or

VW= v a2y Ay2 (4.3.3)
must be a minimum. Hence
E(@+hx+cx2 +dx™-y )2=(a+hbx™+cx+ax*-yl)
+Ha +bx2 + cx2 + dx| - y2)°
R
Ha +bx, tox2+adxf-y)
=f(a b,c 0 (4.3.4)
IS to be a minimum

ihe condition that f(a, b, c, d) be a maximum or minimum is
that its partial derivatives with respect to a, b, ¢, and dwill each
be zero. W therefore have

= 2(at  bxLtox2+ dx® -y1) +2( a +bxr +ox2 + dxj - y2)+...

=0

== 2(a+  bxLtex2+ o - y1)*1+ 2(a+bx2+ ox2+ dx2- y2%2+' ' =0

“ = 2@tbxlt o2+ dxM-yl)XR+ 2(athx2+ ox2+ dx|- yg)x2+. .

0

nmA=2@+bxl +ox2+dx®-yl) + 2(a+bx0+ cx2+ dx- y2)x2+..=0

(4.3.5)



98
Dividing through (4.3.5) by2 , we get the follovring four normal,
gquations
(atbxl+exM+dxM-y 1)+ (athXg+exM+dxM-y2 )+, +(atbxn+cx+dx3-yn) =0
xM(athx-AexM+dxA-y D)+ Xp(athx2+cx2+dx|-y2)+. ., +xn(atbxn+tcexM+dx3-yn)=0
xMatbhx.jroxM+dxM-y 1)+ Xg(a+thx2+eXy+dxn-y2 )+ .. +x*A(atbxn+exM+dx™-yn)=0

x3(athxrexM+dxM-y 1)+ XM (a+hx2+exM+dx2-y2)+. . +x*(atbxn+cx +dx3-yn)=0

Sinclify (4.3.6) , we will get the system of linear algebraic equations,

.Ele” oV

E P+b  E ¥ 2
a xf) _1)§ c.E1)<,+AI

Im
SN
11
Innm

aiE )§(+b glf CiE1XX+di—1

a E§rn Eofrc Eofrd B E

(4.3.7)
Hie system ot linear equations of (4.3.7) is often written in matrix

form as
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~ *

"EY E E2  Ext'  a ;
Exi Ext Ex¢ £ 4 ) | 2 Xy
EX B B4 A ¢ P
I X.3 7 XA ? x? r X6 d ? Xi'3¥i
(4.3.8)

We must divided the domain E* of PAE*) into three parts, shown in

Fig. .2.1, since the density of states appears to have a different
functional (dependence in the three domains. So we will have three formula
like (4.3.1) but different a, , ¢, and din each domains. In calculation
a, , ¢, and din three domains and familiar curve fitting calculation,
we performed on a Hewlett - Packard 9T Programmable Printing Calculator

of Department of Physics, Chulalongkom University. The result as shown
in Table 4.2.1 and plot graph shown in Fig.4.3.1 (solid curve). The
values of a, , ¢, and d shown in Table 4.3.1

We must  evaluate the curve intersection points ; p*, Pg, p°
and P* as shown in Fig.4.3.1. This calculation was performed on a
Hewlett - Packard 9T Programmable Calculator. The results are shown in
Table 4.3.2

Table 4.3.1 The values of a, , ¢, and din three domains

domains C d
1 6590.872421 234.43404480 45967730250 0.031272005790
2 4350995050  1.7724132500 0.5467909725 -.001084658973

3 (3843070426  -199.1284256 2.7127750440 -.020901689390
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Table h.3.2 The curve intersection points

by - - 89.566617220
o2 = 8 70561%7*09
03 25.105279050

17.337*09820

=]
1
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Determination of I"{po(E")/(E - E*) } dE*

In OUr calculation, we have used ¢Ce’) from section .3
and proceed by parts. We begin with E equal to -150, increasing E by 1
at each iteration until the value of E equal to 150. For each E we check

tc see whether E is inside the energy interval spanned by the density

of states. If it is, we separate the integral follows
right edge E- 6
f{ C(EYIE - E) } <& = ; {NE"I(E - E*)} dE
left edge left edge
right edge
+ f (p(E")/(E - E!) }dE’
E+5

- (4.4.1)

and calculate each of them by the Newton - Cotes open type 5 points
method™. If E is not within the density of states energy band we

proceed to evaluate the integral directly

The integration formulas are obtained by dividing the interval
(a, ) into equal parts by inserting -1 equally spaced interior
abscissas, then approximating f(x){ in our calculation f(x) = f(E")
= PO(E")/(E - ,) } Dby the polynomial of degree -2 which coincides
with f(x) at the -Linterior points, and approximating the relevant
integral by integrating the resultant polynomial over (a,b). These

formulas thus do not involve the ordinates at the ends of the interval and
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said to te of open type. For the cesse =6, the formula may he
expressed as follows

X6
i f(x) dx = ~ (111 - Ifcfg + 26f3 - IUFj* + 11£5)

FAL BT Vi (Q

where  XQ< C< Xg (4.4.2)

After integration is successful, we can evaluate the relation
between 1/A and E at various concentration range from (It,1,2).
The results shown as in Table . .1 and in Fig.4.4.1 a-f This calculation

was performed cn a IBM 370/130 Computer at the Computer Service Ctenter .
Chulalongk.om University.
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Table 4,4.1 The monomer energies and the reciprocal trap depth
(x512,000 “cm) at c¢=0.0, 0.2, 04,006,038, 0
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Fig. Graphical represention of the results listed
in Table [ /a have the dimension (s:*2) "
om in the scales on graphs!
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