CHAPTER III
COMPLETE CONVERGENCE FOR RANDOM
VECTORS IN HILBERT SPACES

Let H be a real separable Hilbert space with the norm I'll generated by an
inner product (-11) and let X be an //—valued random vector. The inner product
(X,ej) will be denoted by X K) where {e],j > 1} is an orthonormal basis in H.

First, we introduce a new dependence concept for a sequence of random vectors
taking values in real separable Hilbert spaces called coordinatewise widely orthant
dependent random vectors as the following.

Definition 3.1. A sequence {Xn, > 1} of //-valued random vectors is said to
be coordinatewise widely orthant dependent (CWOD) with dominating coefficient
g( ) if foreach j > 1, the sequence *Xn\ >1j of random variables is WoD
with dominating coefficient g ( ).

Wang et al. [21] showed that NA random variables must be WOD but WOD
random variables are not necessarily NA. Therefore, by Definition 3.1, we can see
that if a sequence {X,,, > 1} of //—valued random vectors is CNA, then it is
CWOD but the converse is not true.

The concept of coordinatewise weakly upper bound will be used in this work
stated as follows.

Definition 3.2. ([11]) A sequence {Xn, > 1} of //—valued random vectors is
said to be coordinatewise weakly upper bounded by a random vector X if there
exists a positive constant ¢ such that

}l‘liPOX‘m >x) <CP(\X{)\>X)
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forall X>o0,)>1and > 1.

In 2014, Huan et al. [11] obtained the complete convergence for a sequence of
CNA random vectors. In this chapter, we extend the result of Huan N.v. et al.
[11] to the complete convergence for a sequence of cw oD random vectors.

Throughout this work, let {Xn, > 1} be a sequence of //—valued cwoD
random vectors with dominating coefficients gu(n) and gi(n) for all > 1 Let
g( ) = max [qu( )97 )}, logx = 11 (max ¢« e}) and let 1 () be the indicator
function and C represents positive constant not depending on  which may he
different at different places. Our result is stated as follows.

Theorem 3.3. Let {Xn, > 1} be a sequence of H-valued CWOD random vectors
with mean zero and dominating coefficients g ( ), withg( )= O 0fi_ )log 2 |
where @ and r are positive real numbers such that ar > 1 and 0 <r < 2. Assume
that {Xn, > 1} is coordinatewise weakly upper bounded by a random vector X

with »2 E [X(])|2log2 (1 + |[xw/|) < 00. Then for all e> 0,

j=
> m“) < 00.

In this section, we give the following lemmas which will be used to prove our
main result.

E a2 o ]ix

3.1 Auxiliary Results

Lemma 3.4. ([s]) Assume that {Yn, > L} is a sequence of random variables
which are coordinatewise weakly upper bounded by a random variable Y . Then for
all €n,a>0andh>0, there exist positive constants Cl and CI such that

LE Evnationm <b)<Cife 1rr I(1Y\<b) +EaP (ly| > b’

and MY fEWilal(\Yi\>b)< C2E\Y\al(\Y\> D).
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Lemma 3.5. Leta >" and let {Xn, > 1} be a sequence of H-valued CWOD

random vectors with mean zero which is coordinatewise weakly upper bounded by a

random vector X with "2 E |X"| <o . For ,i,j > 1, define Y ni = 222°n?¢
_ =

where = -nal (xp]<o o+ OF x )< w+ o Xx\j)> a . Then

. k
lim — max S ey, =0
=1

—v00 a :<k<

Proof. By the assumption Ex2 —0 fori,j > 1, Definition 32 and Lemma 34,
We obtain that

aX J2EYn

Tla KK

< -0max” fALEYY

Qg Sy P(XL<-ng+EXph x ) < a)+ P XY>

j=1 i=1

— AR>Sy - @ (K <-nj - EXph(xp} > O+ OP(xp) > a

j=1 i=1

< '0|Qf8¥r,XE[n°p( > " +F
< Cn~an_2i [atp {xu)\> 0) +nEXGUAXUNS> 0]
<C 1-0]fi‘£|x[])|i(|x(i)|> 0)

J:

< Cnl-2af 2 EX()RI{\Xi)\> 0).
3=1

Hence — max EEYr, converges to 0.as  oes to infinity.

By using Lemma 2.45 and the similar argument as the proof of Lemma 2.3 in
Ko et al. [14], we can get the following lemma,
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Lemma 3.6. Let {Xn, >1} he asequence of H-valued CWOD random vectors

with dominating coefficient g( ) having mean zero and E|[Xnj2 < o for each
> 1. Then there exists a constant ¢ such that

Eomax 1j <C{L+5()lo@ ][It

Proof. From Theorem 2.34, we have

Pm

Dlogz A "2 E X
=C(I+2())logz 5>]|X,

where we use Lemma 2.45 to obtain the last inequality.

3.2 Proof of Main Result

Proof of Theorem. 3.3. Let e > 0, from the notation of Yni in Lemma 3.5, we have

f* ar- ax Vit >£°)
o TR

= By o-2p [max E E E e >en
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GRTPygect DML g (X

=3P g g - >0*)+E E»— EP(

n=1

Al + A2

To prove the main result, we will show that A1 and Ai are finite.
First, we can show that A2< co as follows. By Definition 3.2,

>R > (0

< 0- a1 X U)
=1 i=1

< C£ ar—2a—1
n=1

< CO.

To prove Al < o, we know from Lemma 35 that max j>Y < o while

Is sufficiently large.
Moreover, from Proposition 2.46, we have {Ym.i > 1} is still CWOD.
Hence, by Lemma 3.6, Definition 3.2 and Lemma 3.4,

oY (Yoi- EYI) 4 gy £ ey, >en
<vo—2 (¥ Y(Yni- E Y ni
<cg — *Elmax (Y- £Y») 1

<cfy 1+9( ) *#2-2*logz » FI¥m- EYn
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=cJ2(1+5(n) ar-2~2alogz E f> ()

(14 () m2wlog2 ELE. b
=L j- 1

=¢  A+3() a2 51 T XX <
A (k) < 0)+ "X > 0) 2
<CL (L+0() OF22log2 ﬁiA- (2P (Xj)) > ")

tpixt 21M 1 < ()
<¢ %_]l (L+9()) or-2-0logz y 1f 201P (XM > ')
= A

Fop e 21X U< D)

¢y 0-1-20log2 y " 2P (k<> 1> 1)+ px R21(x ()l < D)

tcy tf() Or'L20log2 y ( 21P (|xU)I> )+ p|x Q2! (|x i) < 0))
=] j:]_V 2

Al + Ai2- (31)

Next, we will show that All < 0o,

/111-ny M092yyp( ¢ <[x@)<(k+1)’)
j=1f=
foy, 02 o BRI 1P <X <kl
j=i =i

=€ € F(u< *» I<a+)) y o7-1l0g2

j=1 k=g

+ Cy ,ME\X@M((/C- 1)° < [*w < f“)y  0-1-201log2
)= =h
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-c@ & 102kp (fQ< Wij) I< (fet1)

3= fC:|

soft A logkENX Ul ({k- Na< [x () < ka)

.. fo.

SAEE karloghEl (K <|x( < (it+1)Q

3= fC:|

+ ¢ E E karlogakEl [(k —1)Q< |x (j)| < ka)

3=1«k=1

<CEE™ logltel (ka<\XU\< (k+ 1)Q

3=1 fe=l

+CE E f2'log2/cEl ({it- 1)Q< \XU)I< fta)

=i fesi

<CMEc (leiog2(i + x )

3=1
< . (3.2)

Next, we will show that A2 is finite. Since g ( ) = O “na(i- 2) log-2 ) 1 we obtain

that
x> zr(]>( -
]:

AosiC

<oME X (Rrant ")

j= | n=|

<c]p 0(z-1)-1
< (33)

From (3.1)—3.3) 1 we have A\ is finite. Therefore, by the proof is completed. =
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