
CHAPTER III
COMPLETE CONVERGENCE FOR RANDOM

VECTORS IN HILBERT SPACES

Let H be a real separable Hilbert space with the norm ll'll generated by an  
inner product (•1 ■ ) and let X be an / / —valued random vector. The inner product 
(X,ej) will be denoted by X k') where {ej,j  > 1} is an orthonormal basis in H.

First, we introduce a new dependence concept for a sequence of random vectors 
taking values in real separable Hilbert spaces called coordinatewise widely orthant 
dependent random vectors as the following.

Definition 3.1. A sequence {Xn, ท > 1} of //-valued random vectors is said to 
be coordinatewise widely orthant dependent (CWOD) with dominating coefficient 
g (ท) if for each j  > 1, the sequence ^ X n \ ท > 1 j  of random variables is W O D  
with dominating coefficient g (ท).

Wang et al. [21] showed that NA random variables must be WOD but WOD 
random variables are not necessarily NA. Therefore, by Definition 3.1, we can see 
that if a sequence {X„, ท > 1} of / / —valued random vectors is CNA, then it is 
CWOD but the converse is not true.

The concept of coordinatewise weakly upper bound will be used in this work 
stated as follows.

Definition 3.2. ([11]) A sequence {Xn,ท > 1} of / / —valued random vectors is 
said to be coordinatewise weakly upper bounded by a random vector X if there 
exists a positive constant c  such that

> x) < C P ( \X {j)\ > X)
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for all X > 0 , j  >  1 and ท > 1 .

In 2014, Huan et al. [11] obtained the complete convergence for a sequence of 
C N A  random vectors. In this chapter, we extend the result of Huan N .v .  et al. 
[11] to the complete convergence for a sequence of C W O D  random vectors.

Throughout this work, let {Xn, ท > 1} be a sequence of / / —valued C W O D  
random vectors with dominating coefficients gu(n) and gi(n) for all ท > 1. Let 
g(ท) = max [gu(ท),.97(ท ) } ,  logX  = 111 (max { x ,  e}) and let I  (•) be the indicator 
function and c represents positive constant not depending on ท which may be 
different at different places. Our result is stated as follows.

T heorem  3.3. Let {Xn, ท > 1} be a sequence of H-valued CWOD random vectors
with mean zero and dominating coefficients g (ท), with g (ท) =  O ^ท0̂(1_ ะ) log” 2 ทj
where a and r are positive real numbers such that ar > 1 and 0 < r  < 2. Assume
that {Xn, ท > 1} is coordinatewise weakly upper bounded by a random vector X
with ^ 2  E |X (j)|2 log2 (1 +  | x w |) < oo. Then for all e > 0, 

j =1

E ทaT~2p
ท=1

max
1 <k<ท <  OO.

3.1 Auxiliary Results
In this section, we give the following lemmas which will be used to prove our 

main result.

Lem m a 3.4. ([8]) Assume that {Yn, ท > 1} is a sequence of random variables 
which are coordinatewise weakly upper bounded by a random variable Y . Then for 
all ท € N , a > 0 and b > 0, there exist positive constants Cl and Cl such that

1
ท E E IY i\a II (\Yi\ < b )< C i [e  | r r  l ( \Y \< b )  + baP  ( |y | >  b) '

^ Y f E \Y i \a l( \Y i \ > b ) < C 2E \Y \a l ( \ Y \ > b ) .and
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Lem m a 3.5. Let a  > ^  and let {Xn, ท > 1 } be a sequence of H-valued CWOD
random vectors with mean zero which is coordinatewise weakly upper bounded by a

๐๐ ๐๐
random vector X with ^ 2  E  |X ^ | < 0๐. For ท, i , j  > 1 , define Y  n i  =  222 ^n?ej

where = -naI ( x p ] <
i=i

■ ท +  x (j)r X น) < ท 01) + ท' x \ j) > ทa . Then

lim —-  max
ท —voo ท a  1  < k < ท

=  0.

Proof. By the assumption E x 2  — 0 for i , j  > 1, Definition 3.2 and Lemma 3.4, 
we obtain that

—— maxTla 1 <k<ท J 2 E Y ni 

< ท- 0 m a x ^ f ^ l  EYr

= ท-0 max1 <k<ท

— ท~a maxl<fc<ท

< ท-0 maxl<fc<r

ท“P (X1๓ < - n a) + EXph X น) < ทa ) + ทQP ( XtU) > ท'

-  ทap  (x t(j) < - n j  -  EXph  ( x p } > ท0) + ท0P (xp) > ทa

> ท" + Eรุ, X E [ n°p (
< Cn~a Y 2  [ทa+lp { \ x u)\ > ท0) + n E \ X {j)\ l ( \ X U)\ > ท0)]

j=i
< c ท1- 0 ] f ^ £ | x ü)| i ( | x (i)| > ท0)

j= 1

< Cn1-2af 2 E \X(j)\2l { \ Xü)\ > ท0) .
3 =1

Hence —- max
T la  l < k < ท

By using Lemma 2.45 and the similar argument as the proof of Lemma 2.3 in 
Ko et al. [14], we can get the following lemma.

Et=i
E Y r, converges to 0 as ท goes to infinity.
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Lem m a 3.6. Let {Xn, ท > 1 }  be a sequence of H-valued CWOD random vectors 
with dominating coefficient g(ท) having mean zero and E||Xn||2 < ๐0 for each 
ท > 1. Then there exists a constant c  such that

E  max\  1  < k < ท
1 j  < C (1 + 5(ท)) log2 ท]^ £||Xt

Proof. From Theorem 2.34, we have

E  max\ ท E X ,
2 /

I = E max
l < k < n

(  ๐๐
-- E  max V

l < k < ท  ‘■ ■ -̂
\  ^

( ๐๐ 
max

I<fc<ท £-^
j =1

i \ ( i x " e ’)

'{ร1;')โ)
ร',"! )

ร P  (1»g1 I)
< C  (1 +  ฐ(ท)) log2 ท ^  ^ 2  E  

=  C ( l  + 2 (ท)) log2 ท 5 > | | X ,

X.๓

where we use Lemma 2.45 to obtain the last inequality. □

3.2 Proof of Main Result
Proof of Theorem. 3.3. Let e > 0, from the notation of Yni in Lemma 3.5, we have

f "  ทar- 2 p (  max V x\ 1 <k<ท 'ท=1 \  i=l๐๐
=  Eท=1

ท07’-2  p  [ max\ ท

; x t > £ท° J

E E E ’e, > en
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< y ' '  ท07'’ 2P  max—̂ \ l< k< ท

ทar~zP  max\ I<fc<ท

t  I > ™ " )+ £  ท” -’ g p (

è Ÿ -แ > 0.* )+ Ê Ê » — E P (

X,๓ >  ท

Al +  A 2

To prove the main result, we will show that A 1 and Ai are finite. 
First, we can show that A2 < CO as follows. By Definition 3.2,

^ = : f > “r-2£ | > (
< ท 0" - 201- 1 | x ü)

ท = 1  j =1
๐๐

< c £n=1

> ท

a r  — 2 a —1

<  CO.

j > Y n1To prove Al < ๐0 , we know from Lemma 3.5 that maxI< k<ท
ท is sufficiently large.
Moreover, from Proposition 2.46, we have {Ym.i > 1} is still CWOD. 
Hence, by Lemma 3.6, Definition 3.2 and Lemma 3.4,

m  1 ;ไ < ----  while
2

max
\ 1<k<ท Y  ( Y ni -  E Y  111)

max
\ 1<k<ท

ไ1Y (Yni -  E Y ni)

+ maxl</c<n £ e y . > en

< Y  ท— 2 p (

< c  g  ท— '*E I max (Y". -  £ Y ».) 1

< c  f y  1 +  9 (ท))ท*7- 2- 2* log2 ท ^  F  IIY m -  E Y n
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y (j)  _  C'yd) 1 ni ท' 1 ni

ท'1! X X  < - r i

=  C J 2 ( 1 +  5(n)) ท a r~2~2a log2 ท E f >

<  °  (! +  ร,(ท)) ท 011' - 2- 20 log2 ท E È bท=1 j = 1 i=i
= c  ^ + 3(ท)) ท07'-2' 2a log2 ท 5 1 E

+ ^ ๓ ! (  x } j )  < ท0) + ท'1! (X ๓ > ท0) 12
< C1 ^  (1 +  g( ท ) ) ท07- 2- 20 log2 ท ^ ^  (ท2'1 P  (  x j j) > ท'1)

71=1 1; = 1 i = 1
+ p | x t๓ 2! ^ 1๓ < ท0) )

< c  y ]  (1 +  g(ท)) ท07' - 2- 20 log2 ท y  f ท2'1',"1 P ( |x ^ lI  > ท'1)
n=l j = 1

+  ท p | x ๓ | 2 I ( | X Ü )| <  ท '1) )

=  c y  ท07- 1- 20 lo g 2 ท y  ^ ท20 P  ( |x < j>  I >  ท '1) + p | x (2)|2 l ( | x ( j ) | <  ท '1) )

+  c  y  t f (ท )ท 07' ' 1' 2 0 lo g 2 ท y ( ท 2'1P  ( | x ü ) I > ท '1) +  p | x (2)|2 ! ( | x ü ) | < ท0 ) )
ท--=1 j = 1 v 2

=  : All + Ai2- (3.1)

Next, we will show that All <  oo,

/111 = c f y - M o g 2 ทy y p ( f c °  < | x (2)| < (k + 1 )°)
ท=1 j = 1 fc=ท

+ c  y  ท0’'-1-2'1 log2 |xW I2 I ((jfc -  1)° < \ X ^ \  < ka)
ท=1 j=i i=i

= c  ê  ë  F (fca < เ^ ๓ I < (A: + 1 )°) y  ท07- 1 log2 ท
j = l  k =  1  ท= 1

+  C  y  y  E \x ®  | 2 1 ((/c -  1 ) °  <  | * w  I <  fc“ ) y  ท07- ! - 20 lo g 2 ท
j=i fc=i ท=h



25

- c  ê  ê 10ร2 kp (fcQ < \xi j )  I < (fc+1)ๆ
3 =  1  fc=l

+ c f ± ^  log2 k E \X U)\2 l ( { k -  l)a < | x (j)| < ka)
3 = 1  fc= 1

S ^ Ê E  kar log2 h E l (k° < | x (ๆ  < (it +  l ) Q)
3 = 1  fc=i

+ c E Ê  kar log2 kEÏ [(k — 1 )Q < | x (j)| < ka)
3 =  1 k = 1

< C E Ë ^  log2 lt£I (ka < \X U)\ < (k+  1)Q)
3 =  1 fc=l

+  C E E  fc2“ log2 /cEI ((it -  1)Q < \X U) I < fta)
j = i  fc=i

< c ^ £ | ; c (j)|2 iog2 (i +  | x {j)|)
3 =  1

< ๐0 . (3.2)

Next, we will show that A 12 is finite. Since g (ท) =  O ^na(1 - 2) log-2 ท) 1 we obtain 
that

A12 5ï c ^ | X Ü)|2 I ( |X (J)| > ทๆ + £ | x (ๆ 2 n(|x(ๆ  < ท ๆ )
ท= 1  j  =  l

< c ^ £ | x (j)|2 Y ^ n '“น"1)"1
j = l  n = l

< c ] p  ท0(z-1)-1

< ๐๐. (3.3)

From (3.1)—(3.3) 1 we have A\ is finite. Therefore, by the proof is completed. □
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