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of the equation being a wave function. The value of the solution changes according 
to the potential energy being used, such that the wave function can be used to 
predict the various behaviors of waves. The Schrodinger equation can be divided into 
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Schrodinger equation. In this project, we are interested in studying the solution of the 
time-independent Schrodinger equation by using the WKB approximation method. We 
will show the methods of calculating the probability of transmission and reflections 
from formulas, while also showing how the transmission probability can be found 
from the solution of Schrodinger equation using the WKB approximation method. This 
will lead to the condition of the quasi-normal mode frequencies for various 
potentials. 
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ïททĊęǰ1 

ïทนĞć 

1.1 คüćöđðŨนöćĒúąđĀตčñúĔนกćøüĉจĆ÷ǰǰ 

ǰǰǰǰǰǰüĉชćฟŗÿĉกÿŤĒบบดĆĚงđดĉมǰ(classical physics) ǰทĊęนĆกüĉทยćýćÿตรŤĕดšคšนคüšćýċกþćĒúąพĆฒนćตŠĂยĂด
ตĆĚงĒตŠĂดĊตđปŨนđüúćนĆบÿĀĆÿüรรþǰครĂบคúčมปรćกฏกćรณŤธรรมชćตĉพČĚนฐćนǰ (üĉรčāĀŤ, 2552) ทĊęĂยĎŠรĂบตĆü
đรćǰđชŠนǰüĆตถčĕถúúงบนพČĚนทĊęúćดชĆนǰกćรขüšćงĀรČĂปćüĆตถčตŠćงǰėǰĂĂกĕปĔนĂćกćýǰǰกćรđกĉดคúČęนบนผĉüนĚĞćǰ

ĒúąกćรนĞćมćปรąยčกตŤĔชšđพČęĂÿรšćงคüćมÿąดüกĔนชĊüĉตปรąจĞćüĆนตĆĚงĒตŠกćรปรąดĉþฐŤรĂกđพČęĂชŠüยĔนกćร

ผŠĂนĒรงĀรČĂđปúĊęยนทĉýทćงǰกćรĂĂกĒบบÿĉęงกŠĂÿรšćงตŠćงǰėǰจนĕปถċงกćรÿรšćงยćนĂüกćýđพČęĂĕปÿĞćรüจÿĉęง

ตŠćงǰėǰนĂกēúกǰ(ทĊปćนĊÿ, 2553)ǰēดยÿĉęงทĊęĕดšกúŠćüมćĔนขšćงตšนนĆĚนúšüนđปŨนผúจćกกćรýċกþćĒúąพĆฒนć
ĂยŠćงĕมŠĀยčดยĆĚงขĂงฟŗÿĉกÿŤĒบบดĆĚงđดĉมǰǰĕมŠพบüŠćมĊปรćกฏกćรณŤทćงธรรมชćตĉĔดทĊęĕมŠÿćมćรถĂธĉบćยĕดšดšüย

ฟŗÿĉกÿŤĒบบฉบĆบĕดšǰ(üĉรčāĀŤ, 2552)ǰüĉüĆฒนćกćรขĂงฟŗÿĉกÿŤĒบบดĆĚงđดĉมนĆĚนรčดĀนšćđรČęĂยมćจนกรąทĆęงถċง
ตĂนตšนขĂงครĉÿตŤýตüรรþทĊęǰ19 ผúกćรทดúĂงตŠćงǰėǰทĊęĕมŠÿćมćรถĂธĉบćยĒúąทĞćคüćมđขšćĔจĕดšดšüย

ฟŗÿĉกÿŤĒบบฉบĆบĕดšđรĉęมปรćกฏขċĚนǰกúŠćüคČĂǰđมČęĂĔชšฟŗÿĉกÿŤĒบบฉบĆบมćĂธĉบćยจąđกĉดขšĂขĆดĒยšงบćงปรąกćร

ĂยŠćงรčนĒรงǰēดยđฉพćąปรćกฏกćรณŤทĊęđกĉดขċĚนĔนรąดĆบĂąตĂมǰ(ธĉตĉǰĒúąนคร, 2557) ปรćกฏกćรณŤทĊęถČĂüŠć
đปŨนปฐมบททĊęÿĞćคĆญĔนกćรýċกþćฟŗÿĉกÿŤ ĔนยčคนĊĚคČĂǰกćรýċกþćđกĊęยüกĆบกćรĒผŠรĆงÿĊขĂงüĆตถčดĞćǰ                  
(black body)ǰÿĞćĀรĆบคüćมĀมćยขĂงüĆตถčดĞćĔนทĊęนĊĚคČĂüĆตถčทĊęÿćมćรถดĎดรĆบรĆงÿĊđขšćÿĎŠตĆüมĆนđĂงĕดšĀมดǰ
จćกกćรýċกþćÿđปกตรĆมขĂงกćรกรąจćยคüćมđขšมขĂงรĆงÿĊทĊęĒผŠĂĂกจćกüĆตถčดĞćพบüŠćđกĉดกćรขĆดĒยšง

บćงĂยŠćงĀćกĔชšฟŗÿĉกÿŤĒบบฉบĆบĂธĉบćยǰ(üĉรčāĀŤ, 2552)ǰĔนđüúćตŠĂมćǰมĆกซŤǰพúĆงคŤǰนĆกฟŗÿĉกÿŤชćüđยĂรมĆน
ĕดšđÿนĂĒนüคĉดคüĂนตĆมขĂงพúĆงงćนมĊĔจคüćมüŠćǰกćรĒúกđปúĊęยนพúĆงงćนรąĀüŠćงคúČęนĒมŠđĀúĘกĕฟฟŜćกĆบ

ÿÿćรจąđกĉดขċĚนĕดšđมČęĂพúĆงงćนทĊęĒúกđปúĊęยนมĊคŠćđปŨนđúขจĞćนüนđตĘมคĎณกĆบǰhf ǰđมČęĂǰh ǰǰđรĊยกüŠćคŠćคงตĆü

ขĂงพúĆงคŤĒúąǰ f ǰคČĂคüćมถĊęขĂงคúČęนǰđรĊยกพúĆงงćนทĊęĕมŠตŠĂđนČęĂงนĊĚüŠćǰคüĂนตĆมǰ (Quantum)  ĂĆนđปŨน
กćรĒกšปŦญĀćคüćมขĆดĒยšงขĂงฟŗÿĉกÿŤĒบบฉบĆบทĊęมĊตŠĂผúกćรทดúĂงนĊĚĕดšÿĞćđรĘจĔนปŘǰค .ý. 1905 (ĕตรทýǰ
ĒúąđพชรĂćภć, 2558) นĂกจćกนĊĚยĆงมĊกćรทดúĂงทĊęมĊคüćมÿĞćคĆญตŠĂกćรđกĉดฟŗÿĉกÿŤคüĂนตĆมǰđชŠนǰ

ปรćกฏกćรณŤēฟēตĂĉđúĘกทรĉกǰทĊęถĎกđÿนĂēดยǰĂĆúđบĉรŤตǰĕĂนŤÿĕตนŤǰĔนปŘđดĊยüกĆนǰēดยนĞćĒนüคĉดขĂงǰมĆกซŤǰ

พúĆงคŤมćĂธĉบćยǰกúŠćüคČĂǰคúČęนĒมŠđĀúĘกĕฟฟŜćÿćมćรถปรąพùตĉตĆüđปŨนĂนčภćคĕดšภćยĔตšÿภćüąบćงĂยŠćงǰ

đรĊยกĂนčภćคทĊęđกĉดขċĚนนĆĚนüŠćǰēฟตĂนǰ 
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(ธĉตĉǰĒúąนคร, 2557) ตŠĂมćĔนปŘǰค.ý. 1913 นĊúÿŤǰบĂรŤǰĕดšđÿนĂĒบบจĞćúĂงĂąตĂมขĂงĕăēดรđจนĒúą
ĂธĉบćยüŠćกćรĒúกđปúĊęยนพúĆงงćนรąĀüŠćงĂąตĂมกĆบคúČęนĒมŠđĀúĘกĕฟฟŜćจąđกĉดขċĚนĕดšđมČęĂพúĆงงćนทĊę

ĒúกđปúĊęยนนĆĚนมĊคŠćđปŨนđúขจĞćนüนđตĘมคĎณกĆบǰ hf ǰđทŠćนĆĚนǰđปŨนกćรยČนยĆนüŠćĒนüคĉดทĊęǰมĆกซŤǰพúĆงคŤǰĕดš

đÿนĂĕüšกŠĂนĀนšćนĊĚมĊคüćมถĎกตšĂงĒúąĔนปŘǰค.ý. 1923 ĀúčยÿŤǰđดĂǰบรĂยǰนĆกüĉทยćýćÿตรŤชćüฝรĆęงđýÿĕดš
đÿนĂĒนüคĉดüŠćǰĕมŠđพĊยงĒตŠคúČęนĒมŠđĀúĘกĕฟฟŜćทĊęÿćมćรถปรąพùตĉตĆüđปŨนĂนčภćคĕดšđทŠćนĆĚนĒตŠĂนčภćคกĘ

ÿćมćรถปรąพùตĉตĆüđปŨนคúČęนĕดšđชŠนđดĊยüกĆนǰǰจนกรąทĆęงĔนปŘǰ1925 ĒนüคĉดขĂงบĂรŤĒúąทùþฎĊตŠćงǰėǰĕดš
ถĎกผนüกรüมกĆนĒúąถČĂกĞćđนĉดขċĚนđรĊยกทùþฎĊนĊĚüŠćǰกúýćÿตรŤคüĂนตĆมǰ (ĕตรทýǰĒúąđพชรĂćภć, 2558)ǰǰ
ĂนċęงǰตćมปรąüĆตĉýćÿตรŤทĊęĕดšมĊกćรบĆนทċกĕüšมĊผĎšüćงรćกฐćนขĂงกúýćÿตรŤคüĂนตĆมĕüšÿĂงĒนüทćงǰĒนüทćง

ĒรกผĎšทĊęปรąÿบคüćมÿĞćđรĘจđปŨนบčคคúĒรกคČĂǰĒüรŤđนĂรŤǰĕăđซĉนĒบรŤกǰนĆกฟŗÿĉกÿŤทùþฎĊชćüđยĂรมĆนǰēดยĔชš

กćรดĞćđนĉนกćรทćงคณĉตýćÿตรŤทĊęđรĊยกüŠćǰđมทรĉกซŤǰ(Matrix) đขšćมćชŠüยĒกšปŦญĀćǰǰđรĊยกกúýćÿตรŤĒขนงนĊĚ
üŠćǰกúýćÿตรŤđมตรĉกซŤǰ(Matrix Mechanics) ĒนüทćงทĊęÿĂงถĎกüćงรćกฐćนēดยǰĒĂรŤüĉนǰชđรĂดĉงđงĂรŤǰ

นĆกüĉทยćýćÿตรŤชćüĂĂÿđตรĊยǰชđรĂดĉงđงĂรŤĕดšนĞćĒนüคĉดขĂงĀúčยÿŤǰđดĂǰบรĂยǰĕปđขĊยนĔĀมŠĔĀšđปŨนÿมกćร

คúČęนǰđรćจċงđรĊยกกúýćÿตรŤĒขนงนĊĚüŠćǰกúýćÿตรŤคúČęนǰ(Wave mechanics) กúýćÿตรŤทĆĚงÿĂงĒนüทćง

ถċงĒมšจąมĊคüćมĒตกตŠćงǰĒตŠผúúĆพธŤขĂงกćรคĞćนüณĔนทćงฟŗÿĉกÿŤǰปรćกฏผúตรงกĆนđกČĂบทčกกรณĊǰ            
(üĉรčāĀŤ, 2552) 

      ēดยÿรčปǰกúýćÿตรŤĒบบดĆĚงđดĉมǰ(classical mechanics) นĆĚนǰมĊขšĂจĞćกĆดบćงปรąกćรทĊęÿćมćรถ

ĂธĉบćยĕดšđพĊยงĒคŠปรćกฏกćรณŤทćงธรรมชćตĉขĂงĂนčภćคทĊęมĊขนćดĔĀญŠกüŠćĂąตĂมĀรČĂēมđúกčúĒúąตšĂง

đคúČęĂนทĊęดšüยคüćมđรĘüตęĞćĀรČĂĔกúšđคĊยงกĆบĒÿงđทŠćนĆĚนǰนĂกจćกนĊĚĔนกúýćÿตรŤĒบบดĆĚงđดĉมđรćยĆงÿćมćรถ

รąบčตĞćĒĀนŠงขĂงĂนčภćคĂĂกมćĕดšĂยŠćงชĆดđจนĒตŠĔนทćงกúýćÿตรŤคüĂนตĆมǰ (quantum mechanics) 
đรćÿćมćรถĂธĉบćยครĂบคúčมĕปถċงปรćกฏกćรณŤธรรมชćตĉทĊęมĊขนćดđúĘกกüŠćĂąตĂมĀรČĂēมđúกčúĕดšĒúą

ĔĀšผúúĆพธŤทĊęมĊคüćมĒมŠนยĞćÿĎงđมČęĂĂนčภćคđคúČęĂนทĊęดšüยคüćมđรĘüĔกúšđคĊยงกĆบĒÿงǰถċงĒมšกćรรąบčตĞćĒĀนŠง

ขĂงĂนčภćคจąรąบčĕดšđพĊยงคüćมนŠćจąđปŨนĔนกćรพบĂนčภćคĔนรĎปขĂงกúčŠมคúČęนđทŠćนĆĚนǰ ǰǰǰ 

đนČęĂงจćกÿมกćรชđรĂดĉงđงĂรŤđปŨนÿมกćรđชĉงĂนčพĆนธŤยŠĂยĀรČĂÿมกćรคúČęนǰÿćมćรถĀćผúđฉúยĂĂกมć

đปŨนฟŦงกŤชĆนคúČęนǰĒúąฟŦงกŤชĆนคúČęนÿćมćรถĂธĉบćยพùตĉกรรมขĂงคúČęนĕดšดĆงนĆĚนđรćจċงÿนĔจüĉธĊทĊęจąĀćผú

đฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤĒúąกćรคĞćนüณคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนĕดšจćกผú

đฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤ 
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1.2 üĆตถčðøąÿงคŤ 
ýċกþćÿมกćรชđรĂดĉงđงĂรŤǰĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤǰĒúąĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćน

ĒúąกćรÿąทšĂนขĂงคúČęนĒúąĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบ

ตŠćงǰėǰ 
 

1.3 ขĂïđขตขĂงēคøงงćน 
ĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนǰ1 ǰมĉตĉǰĒúąคĞćนüณคŠćคüćมนŠćจąđปŨนĔนกćร

ÿŠงผŠćนĒúąกćรÿąทšĂนขĂงคúČęนĒúąĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดÿĞćĀรĆบพúĆงงćนýĆกยŤ

ĒบบตŠćงǰė 
 

1.4 ขĆĚนตĂนกćøüĉจĆ÷ 
 

1.4.1 ýċกþćทĊęมćขĂงกúýćÿตรŤคüĂนตĆม 
1.4.2ǰýċกþćÿมกćรชđรĂดĉงđงĂรŤ 
1.4.3 ĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤดšüยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊĒúąĀć
คüćมÿĆมพĆนธŤรąĀüŠćงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂน 
1.4.4 ĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđค
บĊÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบตŠćงǰėǰđชŠนǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉป

đปŗúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพง

พćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊ

ทĆęüĕป 
1.4.5 ĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบตŠćงǰė 
1.4.6 จĆดทĞćÿรčป 
1.4.7 จĆดทĞćđĂกÿćรđพČęĂนĞćđÿนĂēครงงćนđปŨนรĎปđúŠม 
1.4.8 đตรĊยมÿŠงēครงงćนฉบĆบÿมบĎรณŤ 
ǰ 
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1.5 ðøąē÷ชนŤทĊęคćดüŠćจąĕดšøĆï 
 
1.5.1 ปรąēยชนŤตŠĂตĆüนĉÿĉตทĊęทĞćēครงงćน 
- ÿćมćรถĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤดšüยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคüćมนŠćจą

đปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊÿĞćĀรĆบพúĆงงćน

ýĆกยŤทĊęมĊคüćมซĆบซšĂนđชŠนǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗú

ÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพง

พćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔน

กรณĊทĆęüĕป 
 
1.5.2 ปรąēยชนŤทĊęĕดšจćกēครงงćนทĊęพĆฒนćขċĚน 
-  ÿćมćรถนĞćđทคนĉคกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยüĉธĊกćรปรąมćณคŠć

ĒบบดĆบđบĉúยĎđคบĊđพČęĂนĞćĕปÿĎŠกćรĀćđงČęĂนĕขทĊęทĞćĔĀšđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมด 
 

1.6 ēคøงÿøšćงขĂงøć÷งćน 
          1.6.1 บททĊęǰ2 จąกúŠćüถċงคüćมรĎšพČĚนฐćนทĊęĔชšĔนกćรทĞćēครงงćน 
          1.6.2 บททĊęǰ3 จąกúŠćüถċงüĉธĊกćรทćงคณĉตýćÿตรŤÿĞćĀรĆบÿมกćรชđรĂดĉงđงĂรŤ 
          1.6.3 บททĊęǰ4 จąกúŠćüถċงคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂงคúČęนดšüยÿĎตรüĉธĊกćรǰ 

ปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบตŠćงǰė 
1.6.4 บททĊęǰ5 จąกúŠćüถċงคüćมรĎšพČĚนฐćนđกĊęยüกĆบคüĂซĊนĂรŤมĂúēĀมดĒúąĀćđงČęĂนĕขทĊęทĞćĔĀšđกĉด

คŠćคüćมถĊęขĂงēĀมดกċęงปกตĉ 
          1.6.5 บททĊęǰ6 จąกúŠćüถċงขšĂÿรčปจćกกćรทĞćēครงงćนĒúąขšĂđÿนĂĒนą 
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ïททĊęǰ2 

งćนüĉจĆ÷ทĊęđกĊę÷üขšĂง 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰĔนบทนĊĚจąกúŠćüถċงงćนüĉจĆยทĊę đกĊęยüขšĂงซċęงĕดšĒกŠǰÿมกćรชđรĂดĉงđงĂรŤทĊę ĕมŠขċĚนกĆบđüúćǰĒúąǰǰǰǰǰǰǰǰǰǰǰǰǰ

ÿมกćรชđรĂดĉงđงĂรŤทĊęขċĚนกĆบđüúćǰ 

             ĀćกกฎกćรđคúČęĂนทĊęขĂงนĉüตĆนทĆĚงÿćมขšĂđปŨนพČĚนฐćนĔนกćรทĞćคüćมđขšćĔจĒúąพĆฒนćกúýćÿตรŤ
ĒบบดĆĚงđดĉมđรćĂćจกúŠćüĕดšüŠćÿมกćรชđรĂดĉงđงĂรŤนĆĚนมĊคüćมÿĞćคĆญĒúąบทบćทĔนกćรýċกþćทĞćคüćมđขšćĔจĒúą

พĆฒนćกúýćÿตรŤĒบบคüĂนตĆมđปŨนĂยŠćงมćกǰÿมกćรชđรĂดĉงđงĂรŤถĎกคšนพบēดยǰĒĂรŤüĉนǰชđรĂดĉงđงĂรŤǰ (Erwin- 
Schrödinger)ǰนĆกฟŗÿĉกÿŤชćüĂĂÿđตรĊยǰĔนปŘǰค.ý. 1925ǰซċęงđปŨนÿมกćรทćงคณĉตýćÿตรŤปรąđภทÿมกćรđชĉง
ĂนčพĆนธŤยŠĂยǰĂยĎŠĔนรĎปพúĆงงćนรüมขĂงĂนčภćคǰ(total energy)ǰรąĀüŠćงพúĆงงćนýĆกยŤǰ(potential energy ) 
ĒúąǰพúĆงงćนจúนŤǰ(kinetic Energy) (นรć, 2553) 

             1.ǰพúĆงงćนýĆกยŤ (potential energy) คČĂǰพúĆงงćนทĊęมĊĂยĎŠĔนüĆตถčĂĆนđนČęĂงมćจćกตĞćĒĀนŠงขĂงüĆตถčǰ
ตĆüĂยŠćงđชŠนǰüĆตถčĀรČĂÿĉęงขĂงทĊęüćงĂยĎŠบนทĊęÿĎงǰณǰตĞćĒĀนŠงตŠćงǰėǰ (ÿถćบĆนÿŠงđÿรĉมกćรÿĂนüĉทยćýćÿตรŤĒúą
đทคēนēúยĊ, 2551)ǰēดยđรćÿćมćรถจĞćĒนกพúĆงงćนýĆกยŤĂĂกđปŨน 2 ปรąđภทǰĕดšĒกŠǰพúĆงงćนýĆกยŤēนšมถŠüงĒúą
พúĆงงćนýĆกยŤĒบบยČดĀยčŠน 

ǰǰǰǰǰǰǰǰǰǰǰǰ1.1 พúĆงงćนýĆกยŤēนšมถŠüงǰ(gravitational potential energy) คČĂǰพúĆงงćนýĆกยŤขĂงüĆตถčđมČęĂüĆตถčĂยĎŠ
ÿĎงจćกรąดĆบĂšćงĂĉงǰพúĆงงćนมĊคüćมÿĆมพĆนธŤกĆบมüúขĂงüĆตถčĒúąคüćมÿĎงจćกรąดĆบĂšćงĂĉงขĂงüĆตถčซċęงđกĊęยüขšĂง

กĆบคüćมđรŠงđนČęĂงจćกĒรงēนšมถŠüงขĂงēúก (đฉúĉมชĆย, 2562) 

ǰǰǰǰǰǰǰǰǰǰǰǰ1.2 พúĆงงćนýĆกยŤยČดĀยčŠนǰ(elastic potential energy) คČĂǰพúĆงงćนýĆกยŤขĂงÿปรĉงทĊęถĎกĒรงĂĆดĀรČĂ
ดċงĂĂกจćกĒนüÿมดčúǰ(ÿถćบĆนÿŠงđÿรĉมกćรÿĂนüĉทยćýćÿตรŤĒúąđทคēนēúยĊ, 2551) 

             2. พúĆงงćนจúนŤǰ(kinetic energy) คČĂพúĆงงćนขĂงüĆตถčทĊęđกĉดขċĚนขณąüĆตถčกĞćúĆงđคúČęĂนทĊęĂĆน

đนČęĂงจćกมĊĒรงมćกรąทĞćตŠĂüĆตถčǰพúĆงงćนĒปรผĆนตรงกĆบมüúĒúąคüćมđรĘüขĂงüĆตถčǰตĆüĂยŠćงđชŠนǰพúĆงงćนคúČęนǰ

พúĆงงćนđÿĊยงǰพúĆงงćนúมǰđปŨนตšนǰ(ÿถćบĆนÿŠงđÿรĉมกćรÿĂนüĉทยćýćÿตรŤĒúąđทคēนēúยĊ, 2551)ǰǰ 
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ǰǰǰǰǰǰǰǰǰǰǰพúĆงงćนýĆกยŤĒúąพúĆงงćนจúนŤนĆĚนมĆกจąมĊคüćมÿĆมพĆนธŤđกĊęยüขšĂงกĆนđชŠนǰđมČęĂđรćปúŠĂยüĆตถčจćกทĊęÿĎงǰณǰ

đüúćกŠĂนปúŠĂยüĆตถčจąมĊพúĆงงćนÿąÿมĂยĎŠĔนüĆตถčคČĂพúĆงงćนýĆกยŤēนšมถŠüงĒúąđมČęĂđรĉęมปúŠĂยĔĀšüĆตถčđคúČęĂนทĊęมĊ

คüćมđรĘüคŠćĀนċęงจนถċงรąดĆบĂšćงĂĉงüĆตถčจąมĊพúĆงงćนÿąÿมคČĂพúĆงงćนจúนŤǰǰ 

2.1 ÿöกćøชđøĂดĉงđงĂøŤทĊęĕöŠขċĚนกĆïđüúć (time-independent Schrödinger equation) 

ǰǰǰǰǰǰđนČęĂงจćกÿมกćรชđรĂดĉงđงĂรŤđปŨนÿมกćรคúČęนชนĉดĀนċęงดĆงทĊęĕดšกúŠćüมćขšćงตšนĒúšüǰดĆงนĆĚนđพČęĂĔĀšđขšćĔจ

ÿมกćรชđรĂดĉงđงĂรŤมćกยĉęงขċĚนǰđรćจċงมĊคüćมจĞćđปŨนทĊęจąตšĂงýċกþćทĊęมćขĂงÿมกćรคúČęนđปŨนĂĆนดĆบĒรกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

พĉจćรณćĒบบจĞćúĂงกćรÿĆęนĔนđÿšนúüดǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĔĀšđÿšนúüดยćüǰL ǰđคúČęĂนทĊęĔนĒนüดĉęงทĊęĒตŠúąจčดมĊกćรđคúČęĂนทĊęĔนĒนüตรงนšĂยมćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĔĀšǰ ( , )u x t ǰǰคČĂǰรąยąĔนĒนüดĉęง 

ǰǰǰǰ ( )xU ǰ   คČĂǰคüćมĀนćĒนŠนขĂงđÿšนúüด 

ǰǰǰǰ ( )T x ǰ   คČĂǰคüćมตċงทĊęĒตŠúąจčดǰ x ǰทĊęÿĆมผĆÿกĆบđÿšนúüด 

ǰǰǰǰ ,D E     ǰคČĂǰมčมทĊęกรąทĞćกĆบĒกนนĂนĔนชŠüงǰ x ǰถċงǰ x x� '  

 

õćóทĊęǰ2.1 ĒรงกรąทĞćบนÿŠüนกċęงกúćงขĂงđÿšนúüดǰ                                      
(http://www.met.rdg.ac.uk/pplato2/h-flap/math6_4.html#top) 
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พĉจćรณćĒรงกรąทĞćĔนĒนüĒกนนĂนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยกฎขšĂĀนċęงขĂงนĉüตĆนǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 2cos cosT TD E  (2.1.1) 

พĉจćรณćĒรงกรąทĞćĔนĒนüĒกนตĆĚงǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đนČęĂงจćกมĊĒรงúĆพธŤǰจćกกฎขšĂÿĂงขĂงนĉüตĆนǰǰǰǰǰǰǰǰǰǰǰǰǰF ma ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

đมČęĂǰF ǰคČĂĒรงúĆพธŤĒúąǰa ǰคČĂคüćมđรŠงขĂงกćรđคúČęĂนทĊęǰณǰจčดĔดจčดĀนċęงซċęงĂยĎŠรąĀüŠćงǰǰ x ǰถċงǰ x x� ' ǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 1 2sin sin uT T ma x
t

E D U
§ ·w

�   ' ¨ ¸w© ¹
ǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 1
2

2 1

sin sin
cos cos

T T x u
T T T t

E D U
E D

' w
�  

w
 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2tan tan x u
T t
UE D ' w

�  
w

                                    (2.1.1)                           

จćกรĎปภćพǰ(a)  จąĕดšüŠćǰ tan
x x

u
x

E
�'

w
 
w

ǰǰĒúąǰǰ tan
x

u
x

D w
 
w

ǰǰǰĒทนคŠćúงĔนǰ(2.1.2)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2  .
x x x

u u x u
x x T t

U
�'

w w ' w
�  

w w w
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                                          

                                    
2

2

1   .
x x x

u u u
x x x T t

U
�'

§ ·w w w
�  ¨ ¸' w w w© ¹

                       (2.1.3) 

พĉจćรณćǰ x' ǰมĊคŠćนšĂยมćกǰนĆęนคČĂǰ x' ǰđขšćĔกúšýĎนยŤĒúąกĞćĀนดĔĀšǰ
Tc
U

 ǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 20 0

1 1lim   lim .
x x xx x

u u u
x x x c t�'' o ' o

§ ·w w w
�  ¨ ¸' w w w© ¹

ǰǰ 

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2 2 2

1u u
x c t
w w

 
w w

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2
2 2

u uc
t x

w w
 

w w
ǰ                       (2.1.4) 
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đรĊยกÿมกćรǰ(2.1.4) üŠćǰÿöกćøคúČęนĔนĀนċęงöĉตĉǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกđงČęĂนĕขขĂบđขตกćรđคúČęĂนทĊęขĂงđÿšนúüดǰณǰจčดปúćยǰ 0x  ǰǰĒúąǰ x L ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ (0, ) ( , ) 0  ;  0u t u L t t  t ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ,0) ( )u x f x ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đมČęĂǰ ( )f x ǰคČĂฟŦงกŤชĆนกćรđคúČęĂนทĊęขĂงđÿšนúüดกŠĂนทĊęจąปúŠĂยĔĀšđกĉดกćรđคúČęĂนทĊęǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒúąĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ,0) ( )tu x g x ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đมČęĂǰ ( )g x ǰคČĂǰคüćมđรĘüǰณǰจčดตŠćงǰėǰบนđÿšนúüดǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยÿรčปđรćจąĕดšปŦญĀćคŠćđรĉęมตšนĒúąคŠćขĂบขĂงÿมกćรคúČęนĔนĀนċęงมĉตĉǰคČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

2 2
2

2 2    0   ,  0u uc x L t
t x
w w

 � � !
w w

ǰǰǰǰ           (2.1.5)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                                      ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ (0, ) ( , ) 0   , 0u t u L t t  t                      (2.1.6)ǰ                                                                         

                        ( ,0) ( )  ,  ( ,0) ( )   ,  0< u x f x u x g x x Lt  �                      (2.1.7)                                        

ตŠĂĕปจąพĉจćรณćกćรĀćผúđฉúยēดยĔชšđทคนĉคกćรĒยกตĆüĒปรǰ(พรชĆย, 2550) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ÿมมตĉĔĀšǰǰ ( , ) ( ) ( )u x t F x G t ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ  (2.1.8)  

ĒทนคŠćǰ ( , )u x t ǰúงĔนÿมกćรǰ(2.1.5) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) ( ) ( ) ( )F x G t c F x G tcc cc ǰǰ 

                                                   
 

2

( ) 1 ( )
( ) ( )

F x G t k
F x c G t
cc cc

              

กøณĊทĊęǰ1 ถšćǰ 0k � ǰǰĔĀšǰǰ 2 ,  0k q q � ! ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰ

( )
( )

F x k
F x
cc

 ǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) ( ) ( )F x kF x q F xcc   � ǰ ǰ 
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ดĆงนĆĚนǰǰǰǰǰ                                  2( ) ( ) 0F x q F xcc �                                     (2.1.9) 

 

ēดยÿมกćรชŠüยǰจąĕดšüŠćǰ 2 2 0m q�  ǰǰดĆงนĆĚนǰǰm qi r ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนÿมกćรǰ(2.1.9) ǰมĊผúđฉúยđปŨนǰǰ 1 2( ) cos sinF x c qx c qx � ǰǰǰ                        (2.1.10) 

จćก                                     2

1 ''( )
( )

G t k
c G t

   

                                 2 2 2( ) ( ) ( )G t kc G t q c G tcc   �   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 2( ) ( ) 0G t q c G tcc �  ǰ                                   (2.1.11) 

ēดยÿมกćรชŠüยǰจąĕดšüŠćǰ 2 2 2 0m q c�   ดĆงนĆĚนǰ
ǰ
m qci r ǰ 

ดĆงนĆĚนÿมกćรǰ(2.1.9) ǰมĊผúđฉúยđปŨนǰ 3 4( ) cos sinG t c qct c qct �                           (2.1.12)  

จćกđงČęĂนĕขคŠćขĂบǰ(2.1.6) (0, ) 0  ,  ( , ) 0  ,  0u t u L t t  t   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćǰ 1 0c  ǰĒúąǰ 2 0c  ǰǰĒทนคŠćúงĔนǰ(2.1.10)  จąĕดšüŠćǰ ( ) 0F x  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ ( , ) ( ) ( )u x t F x G t ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰ ( , ) 0u x t  ǰนĆęนคČĂđÿšนúüดĕมŠมĊกćรÿĆęนซċęงขĆดĒยšงกĆบปŦญĀćǰđพรćąฉąนĆĚนǰ 2 0c z ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒúąจćกđงČęĂนĕขคŠćขĂบǰ(2.1.6 )ǰǰǰจąĕดšüŠćǰǰsin 0qL  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰqL nS ǰĀรČĂǰ n
nq
L
S

 ǰǰǰǰđมČęĂǰǰ  1,2,3,...n  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยĕมŠđÿĊยนĆยทĆęüĕปǰÿมมตĉĔĀšǰ 2 1c  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćผúđฉúยทĊęÿมนĆยคČĂǰǰǰǰǰǰǰǰǰǰ ( ) sinn
nF x x
L
S

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰđมČęĂǰǰ  1,2,3,...n  ǰ       (2.1.13)               

Ēúąจćกÿมกćรǰ(2.1.11) ǰจąĕดšüŠćǰǰ 2 2( ) ( ) 0nG t q c G tcc �  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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ดĆงนĆĚนǰ(2.1.11) ǰมĊผúđฉúยđปŨนǰǰǰǰ ( ) cos sinn n n
cn cnG t A t B t
L L
S S

 � ǰǰǰ           (2.1.14)ǰǰǰǰǰ 

ēดยทĊęǰǰ ,n nA B ǰđปŨนคŠćคงตĆüĕมŠđจćąจงǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰ ( , ) cos sin sinn n n
cn cn nu x t A t B t x
L L L
S S S§ · �¨ ¸

© ¹
ǰ              (2.1.15)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

กøณĊทĊęǰ2  ถšćǰ 0k  ǰจąĕดšüŠćǰ ( ) 0F xcc  ǰĒúąǰǰ ( ) 0G tcc  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนผúđฉúยขĂงǰ 5 6( )F x c c x � ǰǰĒúąǰ 7 8( )G t c c t � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกđงČęĂนĕขคŠćขĂบǰ(2.1.6)  จąĕดšüŠćǰ 5 6 0c c  ǰดĆงนĆĚนǰ ( ) 0F x  ǰทĞćĔĀšǰǰ ( , ) 0u x t  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

นĆęนคČĂǰđÿšนúüดĕมŠมĊกćรÿĆęนซċęงขĆดĒยšงกĆบปŦญĀćǰ(พรชĆย, 2550)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

กøณĊทĊęǰ3ǰǰถšćǰ 0k ! ǰĔĀšǰ 2  ,  0k q q ! ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) ( ) 0F x q F xcc   ǰ   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

มĊผúđฉúยđปŨนǰǰǰǰǰǰǰǰ 9 10( ) cosh sinhF x c qx c qx � ǰ                                        (2.1.15)ǰǰǰǰ 

Ēúąǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 2( ) ( ) 0G t q c G tcc �  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

มĊผúđฉúยǰǰǰǰǰǰǰǰǰǰǰǰ 11 12( ) cosh sinG t c qct c qct � ǰǰ                                      (2.1.16) 

จćกđงČęĂนĕขคŠćขĂบǰ(2.1.6) จąĕดšüŠćǰ 9 10 0c c  ǰǰดĆงนĆĚนǰ ( ) 0F x  ǰทĞćĔĀšǰǰ ( , ) 0u x t  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

นĆęนคČĂđÿšนúüดĕมŠมĊกćรÿĆęนซċęงขĆดĒยšงกĆบปŦญĀćǰ(พรชĆย,ǰ2550)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ ( , ) cos sin sin  , 1,2,3,... n n n
cn cn nu x t A t B t x n
L L L
S S S§ · �  ¨ ¸

© ¹
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกđงČęĂนคŠćđรĉęมตšนǰ(2.1.7) ĔĀšǰ 0t  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćǰǰ ( ,0) sinn n
nu x A x
L
S

 ǰ                                                                     (2.1.17)  
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จćกĀúĆกกćรซšĂนทĆบǰ(The superposition principle) ǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

1 1
( , ) ( , ) cos sin sinn n n

n n

cn cn nu x t u x t A t B t x
L L L
S S Sf f

  

§ ·  �¨ ¸
© ¹

¦ ¦ ǰǰǰǰ   (2.1.18)ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đปŨนผúđฉúยขĂงǰ(2.1.8) ทĊęÿĂดคúšĂงกĆบđงČęĂนĕขǰ(2.1.6) ǰ(พรชĆย, 2550) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ (2.1.18) ǰĔĀšǰ 0t   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จąĕดšüŠćǰ

ǰǰǰǰǰǰǰǰǰ
1 1

( ,0) ( ,0) sinn n
n n

nu x u x A x
L
Sf

  

f
  ¦ ¦ ǰ                                       (2.1.19) ǰǰǰǰǰ 

จćกǰ(2.1.9) จąđĀĘนüŠćคČĂกćรกรąจćยครċęงชŠüงขĂงǰ ( )f x ǰǰĔนรĎปĂนčกรมฟĎđรĊยรŤĕซนŤบนชŠüงǰ0 x L� � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยทĊęǰǰǰǰǰǰǰǰǰǰ
ǰ 0

2 ( )sin
L

n
nA f x x dx

L L
S§ · ¨ ¸

© ¹³ ǰǰ ,  1,2,3,...n  ǰǰ 

พĉจćรณćĀćĂนčพĆนธŤยŠĂยđทĊยบǰ t ǰĔนÿมกćรǰ(2.1.18) จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰ 

1
( , ) sin cos sin  , 1,2,3,...n n

n

ncn cn cn cnu x t A t B t x nt LL L L L
SS S S Sf

 

§ · � �  ¦ ¨ ¸
© ¹

ǰǰǰǰǰǰǰǰ  (2.1.20) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĔĀšǰ 0t  ǰǰĒทนคŠćĔนǰ(2.1.20) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰ
1

( ,0) ( ) sin    , 1,2,3,...n
n

cn n xu x g x B nt L L
S Sf

 

§ · § ·   ¦ ¨ ¸ ¨ ¸
© ¹ © ¹

ǰ           (2.1.21)ǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ(2.1.21) จąđĀĘนüŠćคČĂกćรกรąจćยครċęงชŠüงขĂงǰǰ ( )g x ǰǰǰĔนรĎปĂนčกรมฟĎđรĊยรŤĕซนŤบนชŠüงǰ0 x L� � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ēดยทĊęǰǰ n
cn B
L
S

ǰǰǰ
đปŨนคŠćÿĆมปรąÿĉทธĉĝ

 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
0

2 ( ) sin   , 1,2,3,...
L

n
cn nB g x x dx n
L L L
S S§ ·  ¨ ¸

© ¹³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
0

2 ( ) sin   , 1,2,3,...
L

n
nB g x x dx n

cn L
S

S
§ ·  ¨ ¸
© ¹³ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰผúđฉúยทĊęÿĂดคúšĂงกĆบđงČęĂนĕขคŠćขĂบǰ(2.1.6) ĒúąđงČęĂนĕขคŠćđรĉęมตšนǰ(2.1.7)  คČĂ
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

( , ) cos sin sin    , 1,2,3,...
1

cn cn nu x t A t B t x nn nL L Ln

S S Sf § · �  ¦ ¨ ¸
© ¹ 

                        

ēดยทĊęǰ
0

2 ( ) sin
L

n
nA f x x dx

L L
S§ · ¨ ¸

© ¹³ ǰĒúąǰ
0

2 ( ) sin  , 1,2,3,...
L

n
nB g x x dx n

cn L
S

S
§ ·  ¨ ¸
© ¹³ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

 

จćกผúúĆพธŤขĂงคŠćǰ k ǰทĊęĒÿดงĕüšขšćงตšนǰจąđĀĘนüŠćĔนกรณĊทĊęǰǰǰ 0k � ǰĒúąǰ 0k ! ǰǰทĊęจąทĞćĔĀš

ÿมกćรคúČęนĔนĀนċęงมĉตĉมĊผúđฉúยทĊęÿĂดคúšĂงขšĂงกĆบคŠćขĂบĒúąúąปŦญĀćคŠćđรĉęมตšน 

จćกǰ (2.1.4) 

                                               
2 2

2
2 2    ;      u u Tc c

t x U
w w

  
w w

ǰǰ 

ซċęงมĊผúđฉúยĔนรĎปǰǰǰ ( , ) ( ) ( )u x t F x G t ǰ                                                              (2.1.22)  

ĒทนคŠćǰ(2.1.22) ǰĔนǰ(2.1.4)  จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2
2 2

( ( ) ( )) ( ( ) ( ))F x G t F x G tc
t x

w w
 

w w
ǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2
2 2

( ) ( )( ) ( )d G t d F xF x c G t
dt dx

                         (2.1.23) 

Āćรǰ(2.1.22) ดšüยǰ ( ) ( )F x G t ǰทĆĚงÿĂงขšćงขĂงÿมกćรǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2 2

2 2

1 ( ) ( )
( ) ( )

d G t c d F x
G t dt F x dx

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ÿมมตĉĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2 2

22
1 ( ) ( )
( ) ( )

d G t c d F x k
G t F x dxdt

  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ  (2.1.24)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĔĀšǰǰ 2k q � ǰēดยทĊęǰ 0q ! ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰǰǰ

2
2

2

1 ( )
( )

d G t q
G t dt

 � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ÿมมตĉĔĀšǰq Z ǰǰǰ                                                                                                                              

ēดยทĊęǰZ ǰǰคČĂǰĂĆตรćđรĘüđชĉงมčมǰกúŠćüคČĂǰมčมทĊęจčดýĎนยŤกúćงทĊęรĆýมĊกüćดĕปĕดšĔนĀนċęงĀนŠüยđüúć 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2
2

( ) ( )d G t G t
dt

Z � ǰǰǰǰǰǰǰǰǰǰ                        (2.1.25)  

จąĕดšüŠćǰ(2.1.25) มĊผúđฉúยđปŨนǰǰ 13 14( ) cos sinG t c t c tZ Z � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ   (2.1.26) ǰǰǰǰǰǰ 

ĒทนคŠćǰ(2.1.26) Ĕนǰ(2.1.23) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰ � �
2

2
13 14 13 14 2

( )
( ) sin cos ( cos sin )

d F xdF x c t c t c c t c t
dt dx

Z Z Z Z Z Z§ ·� �  �¨ ¸
© ¹

ǰǰǰǰǰ
ǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

2
2 2

13 14 13 14 2

( )( )( cos sin ) ( cos sin ) d F xF x c t c t c c t c t
dx

Z Z Z Z Z� �  � ǰ  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ    

                                               
2

2 2
2

( )( ) d F xF x c
dx

Z�      

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2 2

( ) ( )d F x F x
dx c

Z
 � ǰǰǰ                              (2.1.27)  

ĔĀšǰc v ǰēดยทĊęǰv ǰคČĂǰคüćมđรĘüขĂงĂนčภćคǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒทนคŠćúงĔนǰǰ(2.1.27)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2 2

( ) ( )d F x F x
dx v

Z
 � ǰǰ                               (2.1.28)ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đรćĔชšคŠćคงตĆüขĂงพúĆงคŤĔนกćรĂธĉบćยคüĂนĕทđซชĆนǰ (Quantization) ซċęงđปŨนปรćกฏกćรณŤทĊęđกĉดขċĚน
ĔนรąดĆบđúĘกมćกǰėǰđชŠนǰĂนčภćคĂĉđúĘกตรĂนĀรČĂĂนčภćคēปรตĂนǰēดยคčณÿมบĆตĉทćงฟŗÿĉกÿŤบćงĂยŠćงขĂงĂนčภćค

đĀúŠćนĊĚจąมĊคŠćđปŨนĕปĕดšđปŨนจĞćนüนđตĘมบüกđทŠćขĂงคŠćคงตĆüĀนċęงđทŠćนĆĚนǰตĆüĂยŠćงđชŠนǰคČĂพúĆงงćนĒÿง ǰ ( )E ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ทĊęมĊคüćมÿĆมพĆนธŤกĆบคüćมถĊęǰ ( )f ǰǰǰđปŨนǰE hf ǰǰǰēดยทĊęǰ h ǰคČĂคŠćคงตĆüขĂงพúĆงคŤǰ(PlankĴsǰ constant)ǰǰǰǰǰǰ

มĊคŠćปรąมćณǰ 346.626 10  .J s�u ǰคĞćนüณĕดšจćกǰĒúąจćกคüćมÿĆมพĆนธŤขĂงĂĆตรćđรĘüđชĉงมčมĒúąคüćมถĊęǰǰ

ทĊęüŠćǰ 2 fZ S ǰǰดĆงนĆĚนǰ
2
hE Z
S

 ǰǰĒúąนĉยćมคŠćคงตĆüǰ
2
h
S

ǰüŠćǰคŠćคงตĆüขĂงพúĆงคŤĒบบúดคŠć 

(Reduced Plank constant) ĀรČĂคŠćคงตĆüขĂงดĉĒรคǰ(DiracĴsǰ constant)ǰđขĊยนĒทนดšüยÿĆญúĆกþณŤǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

มĊคŠćปรąมćณǰ 341.054 10  .J s�u  
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ǰǰ ĂนċęงǰđรćÿćมćรถđขĊยนพúĆงงćนรüมขĂงĂนčภćคĔนรĎปขĂงพúĆงงćนจúนŤǰ (kinetic energy) Ēúąǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

พúĆงงćนýĆกยŤǰ(potential energy)ǰ  

E K V �  

 

õćóทĊęǰ2.2 พúĆงงćนรüมขĂงĂนčภćค (กčúภĆทร, 2562) 

ēดยทĊęǰK ǰคČĂพúĆงงćนงćนจúนŤǰĒúąǰV ǰคČĂพúĆงงćนýĆกยŤǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
21

( )
2

E mv V x � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ  (2.1.29)  

ĒúąจćกคüćมÿĆมพĆนธŤขĂงēมđมนตĆมđชĉงđÿšนǰ ( )p ǰทĊęทรćบüŠćǰ    

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ p mv ǰǰǰ                                                 (2.1.30)   

ēดยทĊęǰm ǰคČĂǰมüúขĂงĂนčภćคĒúąǰ v ǰคČĂǰคüćมđรĘüขĂงĂนčภćคǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ(2.1.29)ǰĒúąǰ(2.1.30) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

( )
2
pE V x
m

 � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 ( ( ))p m E V x � ǰǰ                             (2.1.31)   
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ĀúčยÿŤǰđดĂǰบรĂยǰ(Louis de Broglie) นĆกฟŗÿĉกÿŤชćüฝรĆęงđýÿǰĕดšđÿนĂÿมมตĉฐćนĕüšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

คúČęนĒมŠđĀúĘกĕฟฟŜćĀรČĂคúČęนĒÿงÿćมćรถปรąพùตĉตĆüĕดšđปŨนทĆĚงĂนčภćคĒúąคúČęนǰภćยĀúĆงÿมมตĉฐćนดĆงกúŠćüĕดš

ถĎกพĉÿĎจนŤĒúąรĆบรĂงüŠćđปŨนจรĉง 

จćกทùþฎĊขĂงĕĂนŤÿĕตนŤǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2E mc ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                      (2.1.32)ǰ 

ēดยทĊęǰm ǰคČĂǰมüúขĂงĂนčภćคǰǰc ǰคČĂǰĂĆตรćđรĘüขĂงĒÿงĔนÿčญญćกćýǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกÿĎตรขĂงพúĆงคŤǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ E hf ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ (2.1.33)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยทĊęǰh  ǰคČĂǰมüúขĂงĂนčภćคǰǰ f ǰǰคČĂǰคüćมถĊęขĂงĂนčภćคǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ(2.1.32) Ēúąǰ(2.1.33)ǰจąĕดšüŠć 

2hc mc        (2.1.34) ǰ 

จćกǰ(2.1.30) ĒทนคŠćǰv c ǰǰđมČęĂǰc ǰคČĂǰĂĆตรćđรĘüขĂงĒÿงĔนÿčญญćกćýǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰ     p mc ǰǰǰǰǰǰǰǰǰǰǰǰ     (2.1.35)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                                               

จćกǰ(2.1.32) Ēúąǰ(2.1.35) จąĕดšüŠćǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
Ep
c

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰE pc ǰ                                                      (2.1.36)ǰǰǰ 

จćกǰ(2.1.32) Ēúąǰ(2.1.36) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ pc hf ǰǰ                                                      (2.1.37) 

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰv f O ǰ                                                      (2.1.38) 

ēดยทĊęǰO ǰคČĂǰคüćมยćüคúČęน ǰ 
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ĒทนคŠćǰv c ǰĔนǰ(2.1.38) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰc f O ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
cf
O

 ǰ                                                       (2.1.39)  

จćกǰ(2.1.39) Ēúąǰ(2.1.37) จąĕดšüŠć  

h
p

O   

đรĊยกÿมกćรดĆงกúŠćüüŠćǰคüćมยćüคúČęนđดĂบรĂยǰ                                               ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰ                                         
hp
O

                                                          (2.1.40)  

จćกǰ(2.1.31) Ēúąǰ(2.1.40) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 ( ( ))m E V x
h
O

� ǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 ( ( ))

h
m E V x

O  
�

ǰ                              (2.1.41) 

จąĕดšüŠćǰǰǰǰǰǰǰ
� � � �2 22 2 2

2 2 2 2 2 2

4 2 ( ) 4 2 ( )(2 ) 4
( ) 4

m E V x m E V xf
v f h

S SZ S S
O O S

� �
    ǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
> @2

2 2

2 ( )m E V x
v
Z �

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ (2.1.42) 

จćกǰ(2.1.28) Ēúąǰ(2.1.42) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
> @2

2 2

2 ( )( ) ( )
m E V xd F x F x

dx
� �

 ǰ 

                                
2 2

2

( ) ( ) ( ) ( )
2

d F x EF x V x F x
m dx

�  �   

                                
2 2

2

( ) ( ) ( ) ( )
2

d F x V x F x EF x
m dx

� �                           (2.1.43) 
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đรĊยกǰÿมกćรǰ(2.1.43) üŠćǰÿöกćøชđøĂดĉงđงĂøŤĔนĀนċęงöĉตĉǰ(One-dimensional Schrödinger equation) 

จćกÿมกćรǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2
2 2   ;  u u Tc c

t x U
w w

  
w w

ǰǰ 

ซċęงđปŨนÿมกćรคúČęนĔน 1 มĉตĉđรćÿćมćรถขยćยđปŨนǰ3 มĉตĉĒúąพĉจćรณćกćรĀćผúđฉúยĕดšดĆงนĊĚ 

                                          
2 2 2 2

2 2 2 2 2

1u u u u
x y z c t
w w w w

� �  
w w w w

                              (2.1.44) 

ĒทนคŠćǰc v ǰĔนǰ(2.1.44) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2 2 2

2 2 2 2 2

1u u u u
x y z v t
w w w w

� �  
w w w w

                             (2.1.45)  

ēดยทĊęǰǰ
2 2 2

2
2 2 2

u u u
x y z
w w w

�  � �
w w w

ǰǰđรĊยกüŠćǰตĆüดĞćđนĉนกćรúćปúćซ (Laplacian operator) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ซċęงǰ
2 2 2

2 2 2, ,u u u
x y z
w w w
w w w

ǰǰđปŨนĂนčพĆนธŤยŠĂยĂĆนดĆบÿĂงĔนรąบบพĉกĆดฉćกǰ(กčúภĆทร, 2561)  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนđรćÿćมćรถđขĊยนÿมกćรǰ(2.1.45) ĔนรĎปตĆüดĞćđนĉนกćรúćปúćซǰĕดšđปŨนǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2
2 2

1 u
v t

w
�  

w
                                              (2.1.46)                                                                  

ēดยđทคนĉคกćรĒยกตĆüĒปรĔĀšǰǰ ( , , , ) ( , , ) ( )u x y z t F x y z G t ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĀรČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( , ) ( ) ( )u r t F r G t ǰǰ                                        (2.1.47) 

ĂนċęงǰพĂÿซĎđúตǰ(postulates )ǰขšĂทĊęǰ4 ĔนกúýćÿตรŤคüĂนตĆมมĊĔจคüćมÿĞćคĆญüŠćǰตĆüดĞćđนĉนกćรขĂง
กćรüĆดปรĉมćณฟŗÿĉกÿŤĔดĀćĕดšจćกกćรคĞćนüณปรĉมćณฟŗÿĉกÿŤนĆĚนēดยĂćýĆยฟŗÿĉกÿŤคúćÿÿĉกǰĒúšüจċงđปúĊęยนตĆüĒปร

ตŠćงǰėǰĔĀšđปŨนตĆüดĞćđนĉนกćรǰ(นรć, 2553)  

พúĆงงćนรüมขĂงĂนčภćคĔนกúýćÿตรŤĒăมĉúตĆนซċę งđปŨนกúýćÿตรŤĒบบดĆĚ งđดĉมปรąđภทĀนċę งđรĊยกüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĒăมĉúēทđนĊยนǰ(Hamiltonian) đขĊยนĂยĎŠĔนรĎปขĂงตĞćĒĀนŠงกĆบēมđมนตĆมǰนĆęนคČĂ 

                                                    H T V �                                               (2.1.48)                            
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đมČęĂǰT ǰคČĂพúĆงงćนจúนŤĒúąǰV ǰคČĂพúĆงงćนýĆกยŤǰ(นรć, 2553)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
จćกคüćมÿĆมพĆนธŤขĂงพúĆงงćนจúนŤĒúąēมđมนตĆมđชĉงđÿšนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
21

2
T mv ǰǰ  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

Ēúąǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ p mv ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2
pT
m

 ǰ                                                     (2.1.49)                                     

đมČęĂǰ p ǰคČĂǰēมđมนตĆมđชĉงđÿšนǰǰm   คČĂǰมüúขĂงĂนčภćคǰĒúąǰv ǰคČĂคüćมđรĘüขĂงĂนčภćคǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĒทนคŠćÿมกćร (2.1.49)  úงĔนǰÿมกćรǰ(2.1.48) จąĕดšüŠć 

                                                  
2

2
pH V
m

 �   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

( , , )
2
pH V x y z
m

 � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ (2.1.50) 

ตĆüดĞćđนĉนĒăมĉúēทđนĊยนĀćĕดšจćกจćกÿมกćรǰ(2.1.50) ēดยกćรđปúĊęยนตĆüĒปรǰ p ǰĒúąǰ , ,x y z ǰĔĀšđปŨนตĆü

ดĞćđนĉนกćรตćมพĂÿซĎđúตขšĂทĊęǰ4 ดĆงทĊęกúŠćüมćĔนขšćงตšนĒúšüǰดĆงนĆĚนđรćÿćมćรถđขĊยนÿมกćรǰ(2.1.46)ǰĕดšđปŨน 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

2

( , , )
2
pH V x y z
m

 � ǰ 

                                           1 2 ˆ ˆ ˆ( ) ( , , )
2

H i V x y z
m

 � � �   

                                           

                                       
2

2 ˆ ˆ ˆ( , , )
2

H V x y z
m

 � � �                        

                                               
2

2 ( )
2

H V r
m

 � � � ǰǰǰǰ                              (2.1.51)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนĀćกđรćขยćยÿมกćรǰ(2.1.43) ĔĀšđปŨนǰ3 มĉตĉǰจąĕดšüŠć 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 ˆ ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ( , , ) ( , , ) ( , , )
2

V x y z F x y z EF x y z
m

ª º
� � �  « »
¬ ¼

    (2.1.52) 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 ( ) ( ) ( )
2

V r F r EF r
m

ª º
� � �  « »
¬ ¼

                                  (2.1.53) 

đรĊยกÿมกćรǰ(2.1.53) üŠćǰÿöกćøชđøĂดĉงđงĂøŤĔนǰ3 öĉตĉǰ(Three-dimensional Schrödinger equation) 

จćกÿมกćรǰ(2.1.52) Ēúąǰÿมกćรǰ(2.1.53) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) ( )HF r EF r ǰ                                   (2.1.54) ǰ 

ซċęงÿมกćรĔนúĆกþณąǰ(2.1.54) ǰมĊúĆกþณąđฉพćąกúŠćüคČĂđมČęĂนĞćตĆüดĞćđนĉนกćรǰกรąทĞćกĆบฟŦงกŤชĆนĒúšüĕดšคŠćคง
ตĆüคĎณกĆบฟŦงกŤชĆนนĆĚนǰđรćจąđรĊยกÿมกćรúĆกþณąนĊĚüŠćǰÿมกćรคŠćĕĂđกนǰ(eigenvalue equation) ēดยทĊęคŠćคงตĆü
ทĊęปรćกฏĔนÿมกćรจąđรĊยกüŠćǰคŠćĕĂđกนǰ (Eigen value)ǰĒúąǰฟŦงกŤชĆนทĊęปรćกฏĔนÿมกćรจąđรĊยกüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ฟŦงกŤชĆนĕĂđกนǰ(Eigen function) ดĆงนĆĚนĔนÿมกćรǰ (2.1.53) คŠćฟŦงกŤชĆนĕĂđกนĒúąคŠćĕĂđกนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

คČĂǰǰ
2

2 ( )
2

H V r
m

 � � � ǰĒúąǰE ǰตćมúĞćดĆบǰ(ธĉตĉĒúąนคร, 2557) 

จćกÿมกćรชđรĂดĉงđงĂรŤĔนĀนċęงมĉตĉǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

 ( ) ( )HF x EF x  

จąĕดšüŠćคŠćฟŦงกŤชĆนĕĂđกนĒúąคŠćĕĂđกนǰคČĂǰǰ
2 2

2 ( )
2

dH V x
m dx

 � � ǰǰĒúąǰE ǰตćมúĞćดĆบ 

 

ĔนúĞćดĆบตŠĂĕปจąĒกšÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนÿćมมĉตĉนĆĚนĔชšüĉธĊĒยกตĆüĒปรǰ(กčúภĆทร, 2561) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยüĉธĊĒยกตĆüĒปรǰĔĀšǰǰǰǰǰ ( , , ) ( ) ( ) ( )F x y z x y zD E J ǰ                                         (2.1.55) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกÿมกćรชđรĂดĉงđงĂรŤĔนÿćมมĉตĉ   



20 
 

 

2
2 ( , , ) ( , , ) ( , , )

2
V x y z F x y z EF x y z

m
ª º
� � �  « »
¬ ¼

  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
   

2 2 2 2

2 2 2( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2

y z x x z y x y z
m x y z

E J D D J E D E J
ª ºw w w

� � �« »w w w¬ ¼
 

                                                          ( , , ) ( , , ) ( , , )V x y z F x y z EF x y z�       (2.1.56) 

นĞćǰ ( , , )F x y z ǰĀćรตúĂดÿมกćรǰ(2.1.57) จąĕดšüŠć 

             

2 2 2 2

2 2 2

1 1 1( ) ( ) ( ) ( , , )
2 ( ) ( ) ( )

x y z V x y z E
m x x y y z z

D E J
D E J
§ ·w w w

� � � �  ¨ ¸w w w© ¹
 

ÿĞćĀรĆบปรĉภĎมĉÿćมมĉตĉǰđขĊยนพúĆงงćนýĆกยŤขĂงĂนčภćคĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( , , ) ( ) ( ) ( )V x y z V x V y V z � �     (2.1.57)   

ēดยทĊęǰ ,x y  Ēúąǰ z ǰđปŨนตĆüĒปรทĊęĂĉÿรąตŠĂกĆนǰ(ธĉตĉĒúąนคร, 2557)                                                                  

จćกÿมกćรǰ(2.1.56) จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰ
2 2 2 2

2 2 2

1 1 1( ) ( ) ( ) ( ) ( ) ( )
2 ( ) ( ) ( )

x y z V x V y V z E
m x x y y z z

D E J
D E J
§ ·w w w

� � � � � �  ¨ ¸w w w© ¹
 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                      (2.1.58)  

ĔĀšǰǰǰǰǰ x y zE E E E � � ǰǰĒúąđนČęĂงจćกตĆüĒปรǰ ,x y ǰĒúąǰ z ǰǰǰđปŨนตĆüĒปรทĊęĂĉÿรąตŠĂกĆนǰดĆงนĆĚน 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2

1 ( ) ( )
2 ( ) xx V x E
m x x

D
D
§ ·w

� �  ¨ ¸w© ¹
ǰǰ 

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2 ( ) ( ) ( )
2 xx V x E x
m x

D D
§ ·w

� �  ¨ ¸w© ¹
ǰǰǰǰǰǰǰǰǰ (2.1.59)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĔนทĞćนĂงđดĊยüกĆนจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰǰǰ

2 2

2 ( ) ( ) ( )
2 yy V y E y
m y

E E
§ ·w

� �  ¨ ¸w© ¹
         (2.1.60) 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰǰ

2 2

2 ( ) ( ) ( )
2 zz V z E z
m z

J J
§ ·w

� �  ¨ ¸w© ¹
ǰǰǰ            (2.1.61) 

พĉจćรณćบŠĂýĆกยŤĂนĆนตŤǰนĉยćมēดย 

                                    
0          ;    0    

( )
         ;   otherwise

x L
V x

d d­
 ®f¯

  

ēดยทĊęǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
1

2

( )    ;    0    
( )

( )    ;   otherwise
x x L

x
x

D
D

D
d d­

 ®
¯

ǰǰǰ ǰǰ 

 

กøณĊทĊęǰ1  0x � ǰĀรČĂǰ x L! ǰดĆงนĆĚนǰ ( )V x  f   นĆęนคČĂǰǰđนČęĂงจćกǰV ǰมĊขนćดĔĀญŠมćกǰดĆงนĆĚนจċง

ÿćมćรถตĆดđทĂมĂČęนǰėǰĔนÿมกćรǰ(2.1.56) ทĉĚงĕดšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚน                                      2( ) ( ) 0V x xD   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đนČęĂงจćกǰ 0V z ǰǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 ( ) 0xD  ǰ                                                (2.1.62)   

กøณĊทĊęǰ2  0    x Ld d   ดĆงนĆĚนǰ ( ) 0V x  ǰ จćกÿมกćรǰ(2.1.59) ǰǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

1 12 ( ) ( )
2 xx E x
m x

D Dw
�  

w
ǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

1 12 2

2( ) ( )x
mx E x

x
D Dw

 �
w

ǰ 

ĔĀšǰ 2

2 xmEP  ǰǰǰǰǰ ǰ    ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จąĕดšüŠć                                   
2

1 12 ( ) ( )x x
x
D PDw

 �
w

                                      (2.1.63)  

ดĆงนĆĚนผúđฉúยขĂงÿมกćรǰ(2.1.63) คČĂǰǰǰ 1 1 2( ) cos sinx A x A xD P P � ǰ               (2.1.64)  ǰǰ 

พĉจćรณćđงČęĂนĕขขĂบđขตคŠćǰ 0x  ǰĒúąǰ x L ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

กรณĊǰ 0x  ǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 2(0) (0) 0D D  ǰǰǰǰ   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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ดĆงนĆĚน                                                      1 0A                                                                                     

ดĆงนĆĚนผúđฉúยขĂงÿมกćรǰ(2.1.64) คČĂǰǰ 1 2( ) sinx A xD P ǰǰ                                    (2.1.65)  

กรณĊǰ x L ǰǰǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 2( ) ( ) 0L LD D  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนผúđฉúยขĂงÿมกćรǰ(2.1.64) คČĂǰǰǰǰǰǰ 2 sin 0A LP  ǰ  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

đนČęĂงจćกǰ 2 0A z ǰดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ xn
L
S

P  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ēดยทĊęǰ 1,2,3,...xn  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2

2 x
x

nm E
L
S

 ǰǰ 

                                               
22

2
x

x
nE

m L
S§ · ¨ ¸

© ¹
                                (2.1.66) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) sin x
xn

nx A x
L
SD § · ¨ ¸

© ¹
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ÿćมćรถĀćคŠćǰ , ,y zE E ǰ ( ), ( )
y zn ny zE J ǰĕดšĔนทĞćนĂงđดĊยüกĆนกĆบกćรĀćǰ xE ǰĒúą ( )

x
xnD ǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰǰǰǰǰǰǰǰ

22

2
y

y

n
E

m L
S§ ·

 ¨ ¸
© ¹

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ēดยทĊęǰ 1,2,3,...yn   

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) sin y

yn
n

y A y
L
S

E
§ ·

c ¨ ¸
© ¹

 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰ

22

2
z

z
nE

m L
S§ · ¨ ¸

© ¹
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ đมČęĂǰ 1,2,3,...zn   

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) sin z
zn

nz A z
L
SJ § ·cc ¨ ¸

© ¹
 

จćกǰǰ x y zE E E E � � ǰǰจąĕดšüŠćǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

22 22 2 2

2 2 2
yx znn nE

m L m L m L
SS S§ ·§ · § · � �¨ ¸ ¨ ¸¨ ¸

© ¹© ¹ © ¹
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �
2

2 2 21
2 x y zE n n n
m L

S§ · � �¨ ¸
© ¹

ǰǰ                        (2.1.67) 

ดĆงนĆĚนǰผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนÿćมมĉตĉǰ(2.1.55)  คČĂǰ ( , , ) ( ) ( ) ( )F x y z x y zD E J ǰǰ 

                    2 2 2( , , ) sin sin sinyx znn nF x y z A A A x y z
L L L

SS S§ ·§ · § ·c cc ¨ ¸ ¨ ¸¨ ¸
© ¹© ¹ © ¹

                (2.1.68)  

ēดยทĊęǰǰ , , 1, 2,3,...x y zn n n   

úĞćดĆบถĆดĕปđรćจąพĉจćรณćĀćคŠćǰ 2 ,A Ac ǰĒúąǰ 2Acc ǰǰǰซċęงđปŨนคŠćคงทĊęĔนÿมกćรǰ(2.1.68) จćกĀúĆกกćร
ขĂงมĆกซŤǰบĂรŤนǰ(Max Born) นĆกฟŗÿĉกÿŤชćüđยĂรมĆนǰทĊęĕดšนĞćฟŦงกŤชĆนคüćมนŠćจąđปŨนมćĂธĉบćยÿมกćรชđรĂดĉง

đงĂรŤǰมĊĔจคüćมēดยÿĆงđขปüŠćǰēĂกćÿทĊęจąพบĂนčภćคขณąทĊęǰ
2( )x dxD ǰขĂงฟŦงกŤชĆนคúČęนĔนชŠüงǰ x ǰǰǰǰǰǰǰǰǰǰǰǰǰ

ถċงǰ x dx� ǰǰมĊคüćมĀมćยĔนทćงฟŗÿĉกÿŤคČĂǰĒĂมปúĉจĎดขĂงēĂกćÿǰ(probability amplitude) นĆęนđĂงǰดĆงนĆĚน
ĔนกćรคĞćนüณēĂกćÿทĊęจąพบĂนčภćคĔนปรĉภĎมĉǰ(space) จċงตšĂงทĞćกćรนĂรŤมĂúĕúซŤđซชĆนǰ(normalization)ǰ
đพČęĂĔĀšผúรüมขĂงēĂกćÿมĊคŠćđปŨนǰ1  (ธĉตĉĒúąนคร, 2557)  

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2( ) 1x dxD

f

�f
 ³ ǰ 

ดĆงนĆĚนǰจąĀćคŠćคงทĊęǰǰ 2 ,A Ac ǰĒúąǰ 2Acc ǰǰǰǰēดยđงČęĂนĕขกćรนĂรŤมĂúĕúซŤđซชĆนขšćงตšนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จćกÿมกćรǰǰǰǰǰǰǰǰǰ 2( ) sin xnx A x
L
SD § · ¨ ¸

© ¹
ǰǰǰđมČęĂǰ0    x Ld d ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จąĕดšüŠćǰ     2

0
( ) 1

L

x dxD  ³ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰ
 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2
0

sin 1
L

xnA x dx
L
S§ ·  ¨ ¸

© ¹³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 2
2

0
sin 1

L
xnA x dx
L
S§ ·  ¨ ¸

© ¹³ ǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 2

0
1 cos 1

2

L
xA n x dx
L
S§ ·�  ¨ ¸

© ¹³ ǰ 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

2
2

0 0

2 2cos 1
2 2

L L
x x

x

A n x n xLdx d
n L L

S S
S

§ ·§ · § ·�  ¨ ¸¨ ¸ ¨ ¸
© ¹© ¹© ¹³ ³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰǰǰǰǰǰǰǰ

2
2

0

2sin 1
2 2

x L

x

x x

A n xLx
n L

S
S

 

 

ª º
�  « »

¬ ¼
 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰ

2
2 1
2

A
L  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ     
        

2
2A
L

  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ฉąนĆĚนǰđรćÿćมćรถĀćคŠćǰ 2Ac ǰĒúąǰ 2Acc ǰǰǰǰĕดšĔนทĞćนĂงđดĊยüกĆนกĆบกćรĀćคŠćǰ 2A ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จąĕดšüŠćǰ 2 2 2
2A A A
L

c cc   ǰǰĒทนคŠćĔนÿมกćรǰǰ(2.1.68) ǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

3
2( , , ) sin sin sinyx znn nF x y z x y z
L L L L

SS S§ · § ·§ · § · ¨ ¸ ¨ ¸ ¨ ¸¨ ¸
© ¹© ¹ © ¹© ¹

ǰ

                
 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đปŨนñúđฉú÷ขĂงÿöกćøชđøĂดĉงđงĂøŤĔนÿćööĉตĉǰǰēดยทĊęǰ
ǰ

, , 1,2,3,...x y zn n n  ǰǰǰ                                                                                                                  
 

2.2 ÿöกćøชđøĂดĉงđงĂøŤทĊęขċĚนกĆïđüúćǰ(Time- independent Schrödinger equation)  

พĉจćรณćคúČęนĔนรąนćบǰ(Plane wave) ทĊęđคúČęĂนทĊęĕปทćงขüćดšüยĂĆตรćđรĘüทĊęĕปĔนทĉýđดĊยüกĆนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

มĊđฟÿตŠćงกĆนǰ
2
S
ǰǰđรđดĊยนǰĒúąมĊคüćมถĊęĒúąĒĂมพúĉจĎดđทŠćกĆนǰÿćมćรถđขĊยนฟŦงกŤชĆนคúČęนĕดšĔนรĎปǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ฟŦงกŤชĆนĕซนŤĕดšดĆงนĊĚǰ(กčúภĆทร, 2561) 

                
      

� � � �0 0
2 2( , ) sin , sin

2
x t x vt x vtS S S\ \ \

O O
­ ½ª º � � �® ¾« »¬ ¼¯ ¿

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚน               � � � �0 0
2 2( , ) cos , sinx t x vt x vtS S\ \ \
O O

­ ½ � �® ¾
¯ ¿

       ǰǰ        (2.2.1)ǰǰ 

ēดยทĊęǰ 0\ ǰǰคČĂĒĂมพúĉจĎดĒúąǰv ǰǰคČĂĂĆตรćđรĘüขĂงคúČęนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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đพรćąฉąนĆĚนǰÿćมćรถđขĊยนÿมกćร (2.2.1) ĔĀšĂยĎŠĔนรĎปขĂงจĞćนüนđชĉงซšĂนĕดšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � � � �0 0
2 2( , ) cos sinx t x vt i x vtS S\ \ \
O O

 � � � ǰ           

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � � � �0
2 2( , ) cos sinx t x vt i x vtS S\ \
O O

§ · � � �¨ ¸
© ¹

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 0
2( , ) exp ( )x t i x vtS\ \
O

­ ½ �® ¾
¯ ¿

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ (2.2.2)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰv f O ǰǰǰǰǰǰǰ                                                                           (2.2.3) 

ēดยทĊęǰv ǰคČĂǰĂĆตรćđรĘüĒúąǰǰO ǰǰคČĂǰคüćมยćüคúČęนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĒทนคŠćÿมกćรǰ(2.2.3) úงĔนÿมกćรǰ(2.2.2) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 0
2( , ) exp ( )x t i x f tS\ \ O
O

­ ½ �® ¾
¯ ¿

      

                 
           

0( , ) exp 2 xx t i ft\ \ S
O

­ ½§ · �® ¾¨ ¸
© ¹¯ ¿

                                             (2.2.4) 

ēดยทĊęǰ 0\ ǰǰคČĂĒĂมพúĉจĎดǰǰ f ǰǰคČĂคüćมถĊęǰĒúąǰO ǰคČĂคüćมยćüคúČęนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                         ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกÿมกćรǰ(2.2.4) ǰǰǰ 0( , ) exp 2 xx t i ft\ \ S
O

­ ½§ · �® ¾¨ ¸
© ¹¯ ¿

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกทùþฎĊขĂงพúĆงคŤĒúąคüćมยćüคúČęนđดĂบรĂยǰÿćมćรถđขĊยนÿมกćรǰ(2.2.4)  ĕดšđปŨน 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰ
0( , ) exp 2 xp Ex t i t

h h
\ \ S­ ½§ · �® ¾¨ ¸

© ¹¯ ¿
            (2.2.5) 

จćกǰ
2k S
O

 ǰǰǰēดยทĊęǰk ǰคČĂǰđúขคúČęนĀรČĂคŠćคงตĆüขĂงกćรĒผŠǰ(กčúภĆทร, 2561)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จćกคüćมยćüคúČęนđดĂđบรยǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 pk S

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
pk  ǰǰǰǰ  (2.2.6)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰǰǰǰǰ
ǰ                                               
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ēดยทĊęǰǰ
2
h
S

 ǰǰǰคČĂǰคŠćคงตĆüขĂงพúĆงคŤĒบบúดคŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

đรćĂćจกúŠćüĕดšüŠćǰคŠćคงตĆüขĂงพúĆงคŤĒบบúดคŠćǰ(redVcedǰ PlankĴsǰ constant)ǰคČĂǰคüĂนĕทđซชĆนǰ

(Quantization) ēมđมนตĆมđชĉงมčมǰตĆüĂยŠćงđชŠนǰēมđมนตĆมđชĉงมčมขĂงĂĉđúĘกตรĂนทĊęēคจรรĂบนĉüđคúĊยÿขĂง

ĂąตĂมǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ 2 fZ S ǰǰǰēดยทĊęǰZ ǰǰǰคČĂǰĂĆตรćđรĘüđชĉงมčมǰĒúąǰE hf ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ดĆงนĆĚนǰ  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 E

h
SZ  ǰ     (2.2.7)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ    

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
EZ  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĀรČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰE Z ǰǰ                                                (2.2.8)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒทนคŠćǰZ ǰǰǰĒúąǰ k ǰǰǰทĊęĀćĕดšจćกขšćงตšนúงĔนÿมกćรǰ(2.2.5) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) expx t i kx t\ \ Z �     (2.2.9)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰǰǰǰ

ǰ

ǰ                          

 

จćกÿมกćรǰ(2.2.5) จąđĀĘนüŠćฟŦงกŤชĆนคúČęนǰ ( , )x t\ ǰมĊคčณÿมบĆตĉตŠćงǰėǰขċĚนกĆบคŠćēมđมนตĆมǰ ( )p ǰĒúą

พúĆงงćนǰ ( )E ǰซċęงĂยĎŠĔนรĎปขĂงđúขคúČęนǰ ( )k ǰĒúąĂĆตรćđรĘüđชĉงมčมǰ ( )Z ǰǰÿĂดคúšĂงกĆบพĂÿซĎđúตขšĂทĊęǰ1 ขĂง
กúýćÿตรŤคüĂนตĆมǰ(นรć, 2553) 

พĉจćรณćĀćĂนčพĆนธŤยŠĂยđทĊยบǰ t ǰจćกÿมกćรǰ(2.2.9) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) ( ) expx t i i kx t
t
\ Z \ Zw

 � �
w

     (2.2.10) 

คĎณǰ i ǰตúĂดÿมกćรǰ(2.2.10) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) ( )( ) expi x t i i i kx t
t
\ Z \ Zw

 � �
w
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) ( ) expi x t i kx t
t
\ Z \ Zw

 �
w

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกÿมกćรǰ(2.2.8)ǰ จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰ

� �^ `0( , ) expi x t E i kx t
t
\ \ Zw

 �
w

                              (2.2.11) 

                             ( , ) ( , )i x t E x t
t
\ \w

 
w

      (2.2.12)                                                                 

จćกผúรüมขĂงพúĆงงćนĂนčภćคǰ
2

( )
2
pE V x
m

 � ǰǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰ

2

( , ) ( ) ( , )
2
pi x t V x x t

t m
\ \

ª ºw
 �« »w ¬ ¼

                                      (2.2.13) 

                           ( , ) ( , )i x t H x t
t
\ \w

 
w

                                                    (2.2.14)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ  

đรĊยกǰÿมกćรǰ(2.2.13) üŠćǰÿöกćøชđøĂดĉงđงĂøŤทĊęขċĚนกĆïđüúćĔนĀนċęงöĉตĉǰǰ 

 

พĉจćรณćĀćĂนčพĆนธŤยŠĂยĂĆนดĆบÿĂงđทĊยบǰ x ǰǰÿมกćรǰ(2.2.9) จąĕดšüŠć 

                         � �^ `
2 2

02 2( , ) expx t i kx t
x x
\ \ Zw w

 �
w w

 

                        � �^ `
2

2
02 ( , ) ( ) expx t ik i kx t

x
\ \ Zw

 �
w

  

                        � �^ `
2

2
02 ( , ) expx t k i kx t

x
\ \ Zw

 � �
w

 

จćกÿมกćรǰ(2.2.6) จąĕดšüŠć 

                        � �^ `
22

02 ( , ) exppx t i kx t
x
\ \ Zw § · � �¨ ¸w © ¹

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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จćกÿมกćรǰ(2.2.9) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

2 2
2( , ) ( , )p x t x t

x
\ \w

 �
w

                                           (2.2.15) 

ĒทนคŠćǰ(2.2.15) Ĕนÿมกćรǰ(2.2.13) จąĕดšüŠć 

                       
 

2 2

2( , ) ( , ) ( ) ( , )
2

i x t x t V x x t
t m x
\ \ \w w

 � �
w w

                (2.2.16) 

ซċęงÿมกćรǰ(2.2.16) ÿćมćรถขยćยĔĀšđปŨนÿćมมĉตĉǰนĆęนคČĂ 

                         
2

2( , ) ( , ) ( ) ( , )
2

i r t r t V r r t
t m
\ \ \w

 � � �
w

                (2.2.17) 

                         
2

2( , ) ( ) ( , )
2

i r t V r r t
t m
\ \

ª ºw
 � � �« »w ¬ ¼

                        (2.2.18)      

 

                         ( , ) ( , )i r t H r t
t
\ \w

 
w

                                            

đรĊยกǰÿมกćรǰ(2.2.18) üŠćǰÿöกćøชđøĂดĉงđงĂøŤทĊęขċĚนกĆïđüúćĔนÿćööĉตĉ 

ĂนċęงǰÿมกćรชđรĂดĉงđงĂรŤทĊęขċĚนกĆบđüúćÿćมćรถđขĊยนผúđฉúยĕดšĔนรĎป 

              ( , ) ( ) ( )r t r t\ \ M                                                  (2.2.19) 

Ēทนÿมกćรǰ(2.2.19) Ĕนÿมกćรǰ(2.2.18) 

                   
      

2
2( ) ( ) ( ) ( ) ( ) ( ) ( )

2
i r t r t V r r t

t m
\ M \ M \ Mw

 � � �
w

  

                    
     

2
2( ) ( ) ( ) ( ) ( )

2
r i t t V r r

t m
\ M M \

ª ºw
 � � �« »

w « »¬ ¼
 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

นĞćǰ ( ) ( )r t\ M ǰĀćรตúĂดทĆĚงÿมกćรǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

21 1( ) ( ) ( )
( ) 2( )

i t V r r
t t mr

M \
M \

ª ºw
 � � �« »w ¬ ¼

                   (2.2.20)                   
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จćกÿมกćรǰ(2.2.20) จąđĀĘนüŠćđทĂมทćงขüćขĂงÿมกćรđปŨนฟŦงกŤชĆนทĊęขċĚนกĆบตĆüĒปรǰ t ǰĒตŠđทĂมทćงซšćยขĂง

đปŨนฟŦงกŤชĆนทĊęขċĚนกĆบǰ r ǰđพรćąฉąนĆĚนÿมกćรจąđปŨนจรĉงกĘตŠĂđมČęĂฟŦงกŤชĆนทĆĚงÿĂงขšćงขĂงÿมกćรđปŨนฟŦงกŤชĆนคงตĆü

ĀรČĂคŠćคงตĆüǰดĆงนĆĚนจċงÿมมตĉĔĀšคŠćคงตĆüดĆงกúŠćüđปŨนǰV ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

นĆęนคČĂ                                      1 ( )
( )

i t
t t

M V
M

w
 

w
 

                                             ( ) ( ) 0t t
t i

VM Mw
�  

w
                                                 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) exp tt
i
VM ­ ½ ® ¾
¯ ¿

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ     (2.2.21)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จćกÿมกćรǰǰ  ǰE Z ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
EZ  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒÿดงĔĀšđĀĘนüŠćฟŦงกŤชĆนǰ ( )tM ǰđปŨนฟŦงกŤชĆนทĊęđคúČęĂนทĊęดšüยĂĆตรćđรĘüđชĉงมčมǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จċงÿรčปĕดšüŠćǰ EV  ǰ (กčúภĆทร, 2561)ǰ 

ดĆงนĆĚนǰ                                     ( ) exp Ett
i

M ­ ½ ® ¾
¯ ¿

                                                  .                        ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęขċĚนกĆบđüúć  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( , ) ( )exp Etr t r
i

\ \ ­ ½ ® ¾
¯ ¿

ǰ 

ǰǰǰǰǰǰǰ 
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ĔนบทนĊĚđรćĕดšทĞćกćรýċกþćงćนüĉจĆยทĊęđกĊęยüขšĂงนĆęนคČĂǰÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĒúąÿมกćรǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ชđรĂดĉงđงĂรŤทĊęขċĚนกĆบđüúćซċęงđปŨนÿมกćรทĊęÿĞćคĆญĂยŠćงมćกĔนกćรýċกþćĒúąทĞćคüćมđขšćĔจýćÿตรŤคüĂนตĆมǰǰǰǰǰǰǰǰǰ

ĔนกćรýċกþćกćรĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĒúąขċĚนกĆบđüúćĒúąจćกÿมมตĉฐćนทüĉภćค

ขĂงคúČęนĒúąĂนčภćคǰกćรทĊęđรćĕดšผúđฉúยēดยüĉธĊกćรĒยกตĆüĒปรĀรČĂüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰ

(WKB) ทĆĚงĔนĀนċęงมĉตĉĒúąÿćมมĉตĉขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĒúąĕมŠขċĚนกĆบđüúćĂยĎŠĔนรĎปฟŦงกŤชĆนคúČęนǰ
(wave function)ǰทĞćĔĀšđรćÿćมćรถĔชšฟŦงกŤชĆนคúČęนทĞćนćยพùตĉกรรมขĂงคúČęนĀรČĂĂนčภćคบćงชนĉดĕดšđชŠนǰǰกćร
ทĞćนćยÿมบĆตĉขĂงĂąตĂมĕăēดรđจนǰđปŨนตšนǰĔนēครงกćรนĊĚđรćจċงĕดšÿนĔจýċกþćĀćผúđฉúยÿมกćรชđรĂดĉงđงĂรŤทĊę

ĕมŠขċĚนกĆบđüúćĔนĀนċęงมĉตĉขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúĒúąĒบบทรĉปđปŗúขĂงÿĊęđĀúĊęยมผČนผšćĒúąขĂงกĞćĒพงǰ

พćรćēบúĉกǰรüมถċงกรณĊทĆęüĕปขĂงทĆĚงÿĂงĒบบดšüยēดยĔชšüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰ(WKB) đปŨนĀúĆกǰǰ                     ǰ 
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ïททĊęǰ3 

üĉธĊกćøทćงคณĉตýćÿตøŤÿĞćĀøĆïÿöกćøชđøĂดĉงđงĂøŤ 

ǰǰǰǰǰǰǰǰǰǰĔนบทนĊĚจąýċกþćกćรĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćǰēดยĔชšüĉธĊกćรปรąมćณคŠćĒบบ

ดĆบđบĉúยĎđคบĊǰĔนกćรĀćคüćมÿĆมพĆนธŤรąĀüŠćงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂน 

3.1 üĉธĊกćøðøąöćณคŠćĒïïดĆïđïĉú÷ĎđคïĊ 

        üĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰ(WKB approximation) đปŨนüĉธĊกćรĔนกćรĀćคŠćปรąมćณขĂง
ผúđฉúยขĂงÿมกćรđชĉงĂนčพĆนธŤđÿšนตรงǰ(linear differential equation) คĉดคšนēดยนĆกüĉทยćýćÿตรŤทĆĚงÿćม
ทŠćนǰคČĂǰWentzel, Kramers ĒúąǰBrillouin ēดยกćรĔชšüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊđĀมćąÿĞćĀรĆบĔน
รąบบทĊęพúĆงงćนýĆกยŤđปúĊęยนĂยŠćงชšćǰėǰจนđกČĂบจąคงทĊęēดยคĞćตĂบทĊęĕดšจćกüĉธĊกćรนĊĚđปŨนคĞćตĂบĒบบปรąมćณ

ĒตŠĔนบćงกรณĊกĘมĊคüćมĒมŠนยĞćมćกǰ(đพชรĂćภć, 2556) 

พĉจćรณćÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนĀนċęงมĉตĉ 

2 2

2

( ) ( ) ( ) ( )
2

d F x V x F x EF x
m dx

� �   

จĆดรĎปÿมกćรĔĀมŠǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ > @
2

2 2

( ) 2 ( ) ( )d F x m E V x F x
dx

 � �                                 (3.1.1) 

đขĊยนผúđฉúยĕดšđปŨน                    

( )

( ) ( )
iB x

F x A x e          (3.1.2) 

ĀćĂนčพĆนธŤĂĆนดĆบÿĂงđทĊยบตĆüĒปรǰ x ǰǰǰĔนǰ (3.1.2) 

( ) ( ) ( )

( ) ( ) ( ) ( )
iB x iB x iB x

d d d dF x A x e A x e e A x
dx dx dx dx

  �   

( ) ( )

( ) ( ) '( ) '( )
iB x iB x

d iF x A x e B x e A x
dx

§ · �¨ ¸
© ¹
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( )

( ) ( ) '( ) '( )
iB x

d iF x A x B x A x e
dx

§ · �¨ ¸
© ¹

  

2

2

( ) ( )

( ) ( ) '( ) '( ) ( ) '( ) '( )
iB x iB x

d i d d iF x A x B x A x e e A x B x A x
dx dx dx

§ · § · � � �¨ ¸ ¨ ¸
© ¹ © ¹

  

� �

2

2

( )

( )

( ) ( ) '( ) '( ) '( )

                 ( ) ( ) ( ) ( ) ( )

iB x

iB x

d i iF x A x B x A x B x e
dx

ie A x B x B x A x A x

§ · �¨ ¸
© ¹

§ ·cc c c cc� � �¨ ¸
© ¹

  

2

2

( )

( )

( ) ( ) ( ) '( ) '( )

                  + ( ) ( ) '( ) '( ) ( )

iB x

iB x

d i iF x B x e A x B x A x
dx

i ie A x B x A x B x A x

§ ·c �¨ ¸
© ¹

§ ·cc cc� �¨ ¸
© ¹

  

2

2

( )'( ) ( ) '( ) '( )
( )

( ) ( ) '( ) '( ) ( )

iB x
i iB x A x B x A x

d F x e
dx i iA x B x A x B x A x

ª º§ ·�¨ ¸« »© ¹« » 
« »§ ·cc cc� � �¨ ¸« »© ¹¬ ¼

2

2

2 ( )
2

1 2( )( '( )) '( ) '( )
( )

( ) ( ) ( )

iB xiA x B x A x B x
d F x e
dx i A x B x A x

ª º� �« »
« » 
« »cc cc� �« »¬ ¼

     (3.1.3) 

ĒทนคŠćǰ(3.1.2) Ēúąǰ(3.1.3) Ĕนǰ(3.1.1)  จąĕดšüŠć 

> @

2

2

( )

2

( )

1 2( )( '( )) '( ) '( ) ( ) ( ) ( )

2                                                    ( ) ( )

iB x

iB x

i iA x B x A x B x A x B x A x e

m E V x A x e

ª ºcc cc� � � �« »
¬ ¼

 � �
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จćกกćรđทŠćกĆนขĂงจĞćนüนđชĉงซšĂนǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ > @2
2 2

1 2
( )( ( )) ( ) ( ) ( )

m
A x B x A x E V x A xc cc� �  � �                     

                          > @2 2( )( ( )) ( ) 2 ( ) ( )A x B x A x m E V x A xc cc� �  � �   

                            > @2 2( )( ( )) 2 ( ) ( ) ( )A x B x m E V x A x A xc cc � �   

                                   > @2 2 ( )( '( )) 2 ( )
( )

A xB x m E V x
A x
cc

 � �   (3.1.4) 

ĒúąǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 1( ) ( ) ( ) ( ) 0A x B x A x B xc c cc�  ǰ 

                                      ( ) ( ) 2 '( ) '( )A x B x A x B xcc  �                   (3.1.5) 

นĞćǰ ( )A x ǰคĎณตúĂดǰ(3.1.5) จąĕดšüŠć 

                                   2( ( )) ( ) 2 ( ) ( ) ( )A x B x A x A x B xcc c c �  

                                 2( ( )) ( ) 2 ( ) ( ) ( ) 0A x B x A x A x B xcc c c�    

                                              2(( ( )) ( )) 0A x B xc c   (3.1.6) 

จćกÿมกćรǰ(3.1.6) ชĆดđจนüŠćǰ 2( ( )) '( )A x B x ǰđปŨนฟŦงกŤชĆนคงตĆüǰ(Constant function)                                

ÿมมตĉĔĀšǰ 2( ( )) '( )A x B x K   ēดยทĊęǰK ǰđปŨนคŠćคงตĆü 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ   ( )
'( )

CA x
B x

 ǰǰēดยทĊęǰC K  (3.1.7) 

จćกÿมกćรǰ(3.1.4) ÿćมćรถทĞćกćรปรąมćณĔĀšǰǰǰ
2

2
( ) ( '( ))
( )

A x B x
A x
cc

ǰǰ 

จąĕดšüŠćǰ                                 > @2( '( )) 2 ( )B x m E V x �   (3.1.8) 
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จćกǰǰ > @( ) 2 ( )p x m E V x � ǰ ǰǰดĆงนĆĚนǰǰ� � > @2( ) 2 ( )p x m E V x � ǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � � � �2 2'( ) ( )B x p x ǰ 

ดĆงนĆĚน                                          ( ) ( )B x p x dx r³       (3.1.9) 

ĒทนคŠćǰ(3.1.7) Ēúąǰ(3.1.9) Ĕนǰ(3.1.2) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
( ) ( )

( )
( ) ( )

i ip x dx p x dxC CF x e e
B x B x

r r
  

c c

³ ³
  (3.1.10) 

จćกǰ(3.1.1) ĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ > @2
2

2( ) ( )mQ x E V x � ǰǰ
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰ                                                          
                 

 

                              
                 

� �22
2

( )
( )

p x
Q x   

                              
                 

� �22
2

( )
( )

B x
Q x

c
  

                                
                 

( )
( )

B x
Q x

c
  

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) ( )B x Q xc  ǰ      (3.1.11) 

ĒทนคŠćǰ(3.1.11) Ĕนǰ(3.1.10) ǰจąĕดšüŠć

( ) ( ) ( )( )
( ) ( )( )

i ip x dx Q x dx i Q x dxC C CF x e e e
Q x Q xB x

r r r|   
c

³ ³ ³                                                                          

ĔĀšǰ
CP  ǰ ēดยทĊęǰC ǰคČĂǰคŠćคงตĆüǰĒúąǰ ǰคČĂǰคŠćคงตĆüขĂงพúĆงคŤĒบบúดคŠć 
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ดĆงนĆĚนǰñúđฉú÷ดšü÷üĉธĊกćøðøąöćณคŠćĒïïดĆïđïĉú÷ĎđคïĊǰ(WKB Approximation)ǰคČĂ 

( )( )
( )

i Q x dxCF x e
Q x

r| ³  

 

3.2 üĉธĊกćøðøąöćณคŠćĒïïดĆïđïĉú÷ĎđคïĊกĆïðŦญĀćกćøขčดĂčēöงคŤ 

พĉจćรณćÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนĀนċęงมĉตĉ 

2 2

2
( ) ( ) ( ) ( )

2
d F x V x F x EF x

m dx
� �   

จĆดรĎปÿมกćรĔĀมŠĕดšđปŨนǰǰǰǰǰǰǰǰǰǰ > @
2

2 2
( ) 2 ( ) ( )d F x m E V x F x

dx
 � �   

บรĉđüณทĊęǰ1ǰǰ: ǰ
2

1
12 2

( ) 2 ( )                   ;    d F x m EF x x a
dx

 � �  

บรĉđüณทĊęǰ2  :   � �
2

2
22 2

( ) 2 ( ) ( )    ;    d F x m V x E F x a x b
dx

 � d d  

บรĉđüณทĊęǰ3  : ǰ  
2

3
32 2

( ) 2 ( )
d F x m EF x

dx
                    ;    x b!  
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ĔนกรณĊทĊęǰE V� ǰจąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤคČĂ 

                       
1( ) exp ( ) exp ( )

x x

a a

F x A i Q x dx B i Q x dx
­ ½ ­ ½
° ° ° ° � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³   

                       
2( ) exp ( ) exp ( )

x x

a a

F x C Q x dx D Q x dx
­ ½ ­ ½
° ° ° ° � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³   

                        
3( ) exp ( )

x

b

F x H i Q x dx
­ ½
° ° ® ¾
° °¯ ¿
³     

ēดยทĊęǰ > @2
2

2( ) ( )mQ x V x E �  

จćกđงČęĂนĕขขĂบđขตทĊęǰ x a ǰǰǰĒúąǰ x b ǰจąĕดšüŠć 

พĉจćรณćทĊęจčดǰ x a ǰǰǰǰจąĕดšüŠć 

                                                   1 2( ) ( )F a F b  

                                                  A B C D�  �    (3.2.1) 

จćกǰǰ 1( ) exp ( ) exp ( )
x x

a a

F x A i Q x dx B i Q x dx
­ ½ ­ ½
° ° ° ° � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³  

1( ) exp ( ) ( ) exp ( ) ( )
x x x x

a a a a

d dF x A i Q x dx i Q x dx B i Q x dx i Q x dx
dx dx

­ ½ ­ ½ § ·
° ° ° ° ¨ ¸c  � � �® ¾ ® ¾ ¨ ¸¨ ¸° ° ° °¯ ¿ ¯ ¿ © ¹
³ ³ ³ ³ ǰ 
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ēดยทùþฎĊบทĀúĆกมĎúขĂงĒคúคĎúĆÿǰ(fundamental theorems of calculus) จąĕดšüŠć 

1( ) exp ( ) ( ( )) exp ( ) ( ( ))
x x

a a

F x A i Q x dx iQ x B i Q x dx iQ x
­ ½ ­ ½
° ° ° °c  �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³ ǰ 

ĒทนคŠćǰ x a ǰǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) ( ) ( )1F a iAQ a iBQ ac  �  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1( ) ( ) ( )F a iA iB Q ac  � ǰ  (3.2.2) 

จćกǰ 2( ) exp ( ) exp ( )
x x

a a

F x C Q x dx D Q x dx
­ ½ ­ ½
° ° ° ° � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³ ǰ 

2( ) exp ( ) ( ) exp ( ) ( )
x x

a a

F x C Q x dx Q x D Q x dx Q x
­ ½ ­ ½
° ° ° °c  � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³   

ĒทนคŠćǰ x a ǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2( ) ( ) ( )F a CQ a DQ ac  � ǰ  (3.2.3) 

đนČęĂงจćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 2( ) ( )F a F ac c  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) ( ) ( ) ( )iA iB Q a C D Q a�  �  

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ iA iB C D�  �    (3.2.4)ǰǰǰ   

ĒทนคŠćǰ x b ǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 3( ) ( )F b F b  

ǰǰǰǰǰǰǰǰǰǰǰǰ

exp ( ) exp ( ) exp ( )
b b b

a a b

C Q x dx D Q x dx H i Q x
­ ½ ­ ½ ­ ½
° ° ° ° ° °� �  ® ¾ ® ¾ ® ¾
° ° ° ° ° °¯ ¿ ¯ ¿ ¯ ¿
³ ³ ³    (3.2.5) 



38 
 

 

ǰÿมมตĉĔĀšǰ ( )
b

a

Q x dxG  ³ ǰǰĒทนคŠćĔนǰǰ(3.2.1)  จąĕดšüŠć 

                                 ^ ` ^ `exp expC D HG G� �     (3.2.6) 

จćกǰǰ 2( ) exp ( ) exp ( )
x x

a a

F x C Q x dx D Q x dx
­ ½ ­ ½
° ° ° ° � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³  

� �2( ) exp ( ) ( ) exp ( ) ( )
x x

a a

F x C Q x dx Q x D Q x dx Q x
­ ½ ­ ½
° ° ° °c  � � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³  

ĒทนคŠćǰ x b ǰจąĕดšüŠćǰ 

� �2( ) exp ( ) ( ) exp ( ) ( )
b b

a a

F b C Q x dx Q b D Q x dx Q b
­ ½ ­ ½
° ° ° °c  � � �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³    (3.2.7) 

^ ` ^ `� �2( ) exp ( ) exp ( )F b C Q b D Q bG Gc  � � �   (3.2.8)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ 3( ) exp ( )
x

b

F x H i Q x dx
­ ½
° ° ® ¾
° °¯ ¿
³ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

3( ) exp ( ) ( ( ))
x

b

F x H i Q x dx iQ x
­ ½
° °c  ® ¾
° °¯ ¿
³  

ĒทนคŠćǰ x b ǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 3( ) ( )F b iHQ bc    (3.2.9) 

đนČęĂงจćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 3( ) ( )F b F bc c ǰ 

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ `exp ( ) exp ( ) ( )C Q b D Q b iHQ bG G� �   

                                       ^ ` ^ `exp expC D iHG G� �    (3.2.10) 

นĞćǰ(3.2.6) + (3.2.10) จąĕดšüŠćǰǰ 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `2 expC H iHG  �  

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `2exp
H iHC

G
�

  

นĞćǰ(3.1.10) �   (3.1.11) จąĕดšüŠćǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `2 expD H iHG�  �  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `2exp
H iHD

G
�

 
�

 

ĒทนคŠćǰC  ĒúąǰD ǰĔนǰ(3.2.1) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ `2exp 2exp
H iH H iHA B

G G
� �

�  �
�

  (3.2.11) 

ĒทนคŠćǰC  ĒúąǰD ǰĔนǰ(3.2.4) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ `2exp 2exp
H iH H iHiA iB

G G
� �

�  �
�

ǰǰ (3.2.12) 

คĎณǰ i ǰตúĂดÿมกćรǰ(3.2.11) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ `2exp 2exp
iH H iH HiA iB

G G
� �

�  �
�

 (3.2.13) 

นĞćÿมกćรǰ(3.2.12) �   ÿมกćรǰ(3.2.13)  จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ ` ^ ` ^ `
2

2exp 2exp 2exp 2exp
iH H H iH iH H iH HAi

G G G G
� � � �

 � � �
� �

 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ `2exp 2exp

H HA
G G

 �
�

 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ ` ^ `

1 1
2exp 2exp

A H
G G

§ ·
 �¨ ¸

�© ¹
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ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

^ ` ^ `

1
1 1

2exp 2exp

H
A

G G

 
§ ·

�¨ ¸
�© ¹

ǰ 

ēดยทĊęǰ ( )
b

a

Q x dxG  ³ ǰĒúąǰ > @2
2

2( ) ( )mQ x V x E �  

đพČęĂĔĀšÿĂดคúšĂงกĆบคüćมĀมćยĔนทćงฟŗÿĉกÿŤทĊęüŠćคŠćขĂงคüćมđขšมĒÿงทĊęตกกรąทบยŠĂมตšĂงมĊคŠćมćกกüŠćคŠć

คüćมđขšมĒÿงทĊęÿŠงผŠćนĀรČĂÿąทšĂนจċงÿćมćรถตĆดพจนŤขĂงǰC ǰǰĕดš (กčúภĆทร, 2562) 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `2expH
A

G �  

                                            2exp ( )
b

a

H Q x dx
A

­ ½
° ° �® ¾
° °¯ ¿
³  

                                  
2

4exp 2 ( )
b

a

HT Q x dx
A

­ ½
° °  �® ¾
° °¯ ¿
³  

ทĞćกćรปรąมćณĔĀšǰ           
2

4exp 2 ( ) exp 2 ( )
b b

a a

HT Q x dx Q x dx
A

­ ½ ­ ½
° ° ° °  � | �® ¾ ® ¾
° ° ° °¯ ¿ ¯ ¿
³ ³  

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2

exp 2 ( )
b

a

HT Q x dx
A

­ ½
° ° | �® ¾
° °¯ ¿
³ ǰǰ  (3.2.14)  

ēดยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰ(WKB Approximation)ǰจąĕดšüŠćคŠćǰT ǰทĊęĕดšจćกǰ(3.2.14) đปŨน

คŠćปรąมćณǰđรĊยกคŠćดĆงกúŠćüüŠćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนǰ (Transmission probability) ซċęงมĊคŠć

đปúĊęยนĕปตćมพúĆงýĆกยŤทĊęĔชšǰ 
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ïททĊęǰ4 

คŠćคüćöนŠćจąđðŨนĔนกćøÿŠงñŠćนĒúąกćøÿąทšĂน 

ÿĞćĀøĆïóúĆงงćนýĆก÷ŤĒïïตŠćงǰė ēด÷ÿĎตøüĉธĊกćøðøąöćณคŠćĒïïดĆïđïĉú÷ĎđคïĊ 

 ĔนบทนĊĚจąทĞćกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนǰēดยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบ

ดĆบđบĉúยĎđคบĊทĊęĕดšทĞćกćรýċกþćĔนบทกŠĂนĀนšćนĊĚǰÿĞćĀรĆบพúĆงงćนýĆกยŤทĊęýċกþćđพČęĂĀćคŠćคüćมนŠćจąđปŨนĔนกćร

ÿŠงผŠćนĒúąกćรÿąทšĂนĕดšĒกŠǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćǰ

พúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบǰ

ทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰĒúąǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćúĉกĔนกรณĊทĆęüĕป 

4.1 óúĆงงćนýĆก÷ŤĒïïดĆïđïĉúÿĊęđĀúĊę÷öñČนñšć 

1

1 1 2

2 3

2 3 4

4

0,            
,          

( ) 0,         
,        

0,             

x L
V L x L

V x L x L
V L x L

x L

�­
° d �°° d �®
° d �°
° t¯

 

 

 

õćóทĊęǰ4.1 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšć 
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จćกÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿćมćรถĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂง

พúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšć 

จćกǰǰǰ 2

2exp 2 ( )
b

a

mT V x Edx
­ ½° °| � �® ¾
° °¯ ¿³  

           
2 4

1 22
1 3

2exp 2
L L

L L

m V Edx V Edx
­ ½§ ·° ° � � � �® ¾¨ ¸
° °© ¹¯ ¿³ ³  

           � � � �� �2 1 1 4 3 22

2exp 2 m L L V E L L V E
­ ½° ° � � � � � �® ¾
° °¯ ¿

 

ดĆงนĆĚนǰคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćēดยĔชšÿĎตรขĂงüĉธĊกćร

ปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคČĂ 

ǰǰǰǰǰǰǰǰ � � � �� �2 1 1 4 3 22

2exp 2 mT L L V E L L V E
­ ½° °| � � � � � �® ¾
° °¯ ¿

 

ĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿąทšĂนขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćēดยกฎĂนčรĆกþŤคüćมนŠćจąđปŨนǰ 

ดĆงนĆĚนǰ � � � �� �2 1 1 4 3 22

21 exp 2 mR L L V E L L V E
­ ½° °| � � � � � � �® ¾
° °¯ ¿ 
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4.2 óúĆงงćนýĆก÷ŤĒïïทøĉðđðŗúÿĊęđĀúĊę÷öñČนñšć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

1

1 1 2

2 3

2 3 4

4 5

3 5 6

6

0,            
,          

0,         
( ) ,        

0,          
,        

0,               

x L
V L x L

L x L
V x V L x L

L x L
V L x L

x L

�­
° d �°
° d �
°

 d �®
° d �°
° d �
° t¯

 

 

õćóทĊęǰ4.2 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćǰ 

จćกÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿćมćรถĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂง

พúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšć 

จćกǰǰǰ 2

2exp 2 (
b

a

mT V x Edx
­ ½° °| � �® ¾
° °¯ ¿³  

ǰǰǰǰǰǰǰǰǰǰǰ
2 4 6

1 2 32
1 3 5

2exp 2
L L L

L L L

m V Edx V Edx V Edx
­ ½§ ·° ° � � � � � �® ¾¨ ¸
° °© ¹¯ ¿³ ³ ³  

ǰǰǰǰǰǰǰǰǰǰǰ
� � � �
� �
2 1 1 4 3 2

2
6 5 3

2exp 2
L L V E L L V Em

L L V E

­ ½§ ·� � � � �° °¨ ¸ �® ¾¨ ¸� � �° °© ¹¯ ¿
ǰ 
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ดĆงนĆĚนǰคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนขĂงพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćēดยĔชšÿĎตรขĂงüĉธĊกćร

ปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคČĂ 

         � � � �
� �

2 1 1 4 3 2
2

6 5 3

2exp 2
L L V E L L V EmT

L L V E

­ ½§ ·� � � � �° °¨ ¸| �® ¾¨ ¸� � �° °© ¹¯ ¿
 

ĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿąทšĂนขĂงพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćēดยกฎĂนčรĆกþŤคüćม -ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
นŠćจąđปŨน 

ดĆงนĆĚนǰ
� � � �
� �
2 1 1 4 3 2

2
6 5 3

21 exp 2
L L V E L L V EmR

L L V E

­ ½§ ·� � � � �° °¨ ¸| � �® ¾¨ ¸� � �° °© ¹¯ ¿
 

4.3 óúĆงงćนýĆก÷ŤĒïïÿĊęđĀúĊę÷öñČนñšćĔนกøณĊทĆęüĕð 

1

1 1 2

2 3

2 3 4

4 5

3 5 6

2 1 2

2

0,            
,          

0,         
,        

( ) 0,         
,       

                    
,       

0,              
n n n

n

x L
V L x L

L x L
V L x L

V x L x L
V L x L

V L x L
x L
�

�­
° d �°
° d �
°

d �°° d �®
° d �°
°
° d �°
° t¯
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õćóทĊęǰ4.3 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕป 

จćกÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿćมćรถĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂง

พúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕป 

จćกǰǰ 2

2exp 2 ( )
b

a

mT V x Edx
­ ½° °| � �® ¾
° °¯ ¿³  

         
2 4

1 22
1 3 2 1

2exp 2 ...
L L Ln

n
L L L n

m V Edx V Edx V Edx
�

­ ½§ ·° ° � � � � � � �® ¾¨ ¸
° °© ¹¯ ¿³ ³ ³  

         � � � �
� �
2 1 1 4 3 2

2
6 5 3 2 2 1

2exp 2
... ( n n n

L L V E L L V Em
L L V E L L V E�

­ ½§ ·� � � � �° °¨ ¸ �® ¾¨ ¸� � � � � � �° °© ¹¯ ¿
 

         � �2 2 12
1

2exp 2
n

n n n
i

m L L V E�

 

­ ½§ ·° ° � � �¨ ¸® ¾¨ ¸° °© ¹¯ ¿
¦   ēดยทĊęǰ 1,2,3,...n  ǰ 

ดĆงนĆĚนǰคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนขĂงพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปēดยĔชšÿĎตรขĂงüĉธĊกćร

ปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคČĂ 

ǰǰǰǰǰǰ � �2 2 12
1

2exp 2
n
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จćกÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿćมćรถĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂง

พúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉก 
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ดĆงนĆĚนǰǰǰ 2 3 3(sec sec ) sec seczd z d z d dD D I I I I I I Iª º�  �  �« »¬ ¼³ ³ ³ ³ ǰǰǰǰǰǰ (4.4.2) 
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ดĆงนĆĚนǰคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกēดยĔชšÿĎตรขĂงüĉธĊกćร

ปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคČĂ 
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4.5 óúĆงงćนýĆก÷ŤĒïïทøĉðđðŗúกĞćĒóงóćøćēïúĉก 
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จćกÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿćมćรถĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂง

พúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉก 
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ĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿąทšĂนขĂงพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกēดยกฎĂนčรĆกþŤคüćม -ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
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4.6 óúĆงงćนýĆก÷ŤĒïïกĞćĒóงóćøćēïúĉกĔนกøณĊทĆęüĕð 
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จćกÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿćมćรถĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂง

พúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕป 
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ĔนบททĊęǰ3 ĕดšทĞćกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉú

ÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰ

พúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰĒúąพúĆงงćนýĆกยŤ

ĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕปēดยĔชšÿĎตรขĂงüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊซċęงจąđĀĘนüŠćĔนกćร

คĞćนüณนĆĚนมĊคüćมซĆบซšĂนĒúąยčŠงยćกนšĂยกüŠćกćรĔชšüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊĀรČĂüĉธĊĒมŠนตรงǰ
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ïททĊęǰ5 

ēĀöดกċęงðกตĉ 

           จćกกćรýċกþćพบüŠćÿมกćรชđรĂดĉงđงĂรŤđปŨนÿมกćรคúČęนทĊęÿćมćรถđขĊยนĂยĎŠĔนรĎปพúĆงงćนรüมขĂง

ĂนčภćครąĀüŠćงพúĆงงćนýĆกยŤĒúąพúĆงงćนจúนŤǰซċęงĔนทćงฟŗÿĉกÿŤĒบบดĆĚงđดĉมพúĆงงćนýĆกยŤขĂงĂนčภćคยŠĂมตšĂง

นšĂยกüŠćĀรČĂđทŠćกĆบผúรüมขĂงĂนčภćคĂยŠćงĒนŠนĂนǰกúŠćüคČĂǰĔนฟŗÿĉกÿŤĒบบดĆĚงđดĉมĂนčภćคจąทąúčผŠćนทĆĚงĀมดǰ

ĕมŠปรćกฏĂนčภćคตĆüĔดÿąทšĂนกúĆบมćđúยǰĒตŠปรćกฏกćรณŤขĂงฟŗÿĉกÿŤคüĂนตĆมǰĂนčภćคบćงÿŠüนÿćมćรถ

ÿąทšĂนกúĆบมćĕดšĀรČĂบćงÿŠüนจąทąúčผŠćนĕดšǰđรĊยกปรćกฏกćรณŤทĊęĂนčภćคบćงÿŠüนทąúčผŠćนĕดšüŠćǰปรćกฏกćรณŤ

ขčดĂčēมงคŤǰĔนกćรýċกþćĀรČĂกćรทĞćคüćมđขšćĔจกĆบปรćกฏกćรณŤทćงคüĂนตĆมúšüนđกĊęยüขšĂงกĆบคüćมนŠćจąđปŨน

กćรÿŠงผŠćนĒúąคüćมนŠćจąđปŨนขĂงกćรÿąทšĂนǰซċęงผúúĆพธŤจąđปŨนĕปตćมกฎĂนčรĆกþŤคüćมนŠćจąđปŨน 

1R T�   
ēดยทĊęǰR ǰคČĂคüćมนŠćจąđปŨนĔนกćรÿąทšĂนĒúąǰT ǰคČĂคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćน 

 

øĎðõćóทĊǰ5.1 ĒÿดงคüćมÿĆมพĆนธŤรąĀüŠćงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂน 
[https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-007-

electromagnetic-energy-from-motors-to-lasers-spring-2011/lecture-
notes/MIT6_007S11_lec41.pdf] 
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ĂนċęงǰĔนปŦญĀćกćรกรąđจĉงทćงคüĂนตĆมĔนǰ1 มĉตĉǰพúĆงงćนýĆกยŤจąมĊคŠćคüćมĒตกตŠćงกĆนĕปĔนĒตŠúąรąบบǰēดย
ĔนบćงรąบบพúĆงงćนýĆกยŤมĊรĎปĒบบĕมŠซĆบซšĂนซċęงÿćมćรถคĞćนüณĀćผúđฉúยĒมŠนตรงขĂงคüćมนŠćจąđปŨนขĂง

กćรÿŠงผŠćนĕดšǰĂยŠćงĕรกĘตćมĔนบćงรąบบพúĆงงćนýĆกยŤมĊรĎปĒบบซĆบซšĂนมćกจนกรąทĆęงĕมŠÿćมćรถĀćผúđฉúย

ĒมŠนตรงขĂงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĕดš 
      ĔนงćนüĉจĆยนĊĚĕดšทĞćกćรýċกþćกรณĊพĉđýþทĊęđรĊยกüŠćǰคüĂซĊนĂรŤมĂúĀรČĂēĀมดกċęงปกตĉǰ(Quasi-normal 
mode)ǰซċęงđกĉดจćกđมČęĂมĊกćรรบกüนüĆตถčĔนรąบบǰđชŠนǰÿนćมĒมŠđĀúĘกǰÿนćมĕฟฟŜćǰđปŨนตšนǰนĂกจćกนĆĚนยĆงมĊ
ตĆüĂยŠćงขĂงกćรรบกüนรąบบทĊęนŠćÿนĔจđชŠนǰกćรĔชšปúćยมĊดđคćąĕปทĊęĒกšüĕüนŤĒúšüđกĉดคúČęนđÿĊยงǰคüćมถĊęขĂง

คúČęนđÿĊยงทĊęđกĉดขċĚนจąทĆบซšĂนกĆบคüćมถĊęธรรมชćตĉขĂงĒกšüĕüนŤēดยđกĉดกćรĀĆกúšćงĀรČĂกćรđÿรĉมกĆนǰซċęงĀćกĕมŠมĊ

กćรđพĉęมคüćมĀนŠüง (Damping force) ĒกšüĕüนŤกĘจąมĊกćรÿĆęนตúĂดĕปđรĊยกรąบบĒบบนĊĚüŠćǰēĀöดðกตĉǰ

(Normal mode)ǰĒตŠĔนกรณĊทĊęมĊคüćมĀนŠüงđกĉดขċĚนคŠćĒĂมปúĉจĎดขĂงกćรĒกüŠงĕปมćจąúดúงĕปจนĀมดทĊę
รąยąĂนĆนตŤǰซċęงđรĊยกรąบบĒบบนĊĚüŠćǰēĀöดกċęงðกตĉǰ(Quasi-normal mode)ǰ(đพชรĂćภć, 2552)ǰ 
ēดยทĊęกćรÿĆęนĀรČĂคüćมกĆงüćนขĂงคüĂซĊนĂรŤมĂúēĀมดÿćมćรถปรąมćณēดยǰ 

ǰǰǰǰǰ 
( ) exp( )cos( )t t t\ Z Zcc c| �  

 
ēดยทĊęǰ ( )t\ ǰคČĂคŠćĒĂมปúĉจĎดขĂงกćรÿĆęน, Zc  คČĂคüćมถĊęǰĒúąǰZcc ǰคČĂĂĆตรćกćรÿúćยǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
đรćÿćมćรถđขĊยนǰคüćöถĊęคüĂซĊนĂøŤöĂú (Quasi-normal frequency) ĔนรĎปขĂงจĞćนüนđชĉงซšĂนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( , ) iZ Z Z Z Zc cc c cc  �    ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) Re(exp{ })t i t\ Z  
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) Re(exp{ ( ) })t i i t\ Z Zc cc �  
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `( ) Re(exp{ }.expt t i t\ Z Zcc � ǰǰǰǰ 
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) Re(exp{ }.(cos sin ))t t t i t\ Z Zcc c � �  
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) exp{ }.cost t t\ Z Zcc c � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                                                    
ทÎµกµ¦ป¦³¤µณÄ®้                  ( ) exp{ }t t\ Zcc| �                                                                                                                                 

Ãด¥ท̧É Z  คº°คªµ¤ถ̧Éคª°ซ̧น°¦์¤°¨Ã®¤ดÂ¨³­ª่นจ¦·งข°ง Z  ®¤µ¥ถ¹งกćรĒกüŠงชĆęüขณąĀนċęงǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

(đพชรĂćภć, 2552) 
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5.1 คüĂซĊนĂøŤöĂúÿĞćĀøĆïóúĆงงćนýĆก÷ŤĒïïดĆïđïĉúÿĊęđĀúĊę÷öñČนñšć 

                                   

1

1 1 2

2 3

2 3 4

4

0,            
,          

( ) 0,         
,        

0,             

x L
V L x L

V x L x L
V L x L

x L

�­
° d d°° d d®
° d d°
° !¯

 

 

 

øĎðõćóทĊęǰ5.2 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšć 

กรณĊǰ iE V! ǰēดยทĊęǰ 1,  2i  ǰจąĕดšüŠćผúđฉúยēดยüĉธĊปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊคČĂ  

ǰǰ
1

dx d( ) i k i k xF x Ae Be� �³ ³  

ǰǰǰǰ
1 1

2
d d( ) i k x i k xF x Ce De� �³ ³  

ǰǰ
3

d d( ) i k x i k xF x Fe Ge� �³ ³  

ǰǰǰ 2 2
4

d d( ) i k x k xF x He Ie� �³ ³ ǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰǰ

5
d( ) i k xF x Je ³ ǰ   
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ēดยทĊęǰ
� � � �1 2

1 22 2 2

2 22 ,  ,  
m E V m E VmEk k k

� �
   ǰǰǰ 

จćกđงČęĂนĕขขĂบđขตǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 1 1 1 1 1ikL ikL ik L ik LAe Be Ce De� ��  �    

                                            B DA CD E
D E

�  �  (5.1.1)  

                        1 1 1 1 1 1
1 1

ikL ikL ik L ik LikAe ikBe ik Ce ik De� ��  �    

                                       1 1
B Dk A k k C kD E
D E

�  �   (5.1.2) 

ēดยทĊęǰ 1ikLeD  ǰĒúąǰ 1 1ik LeE  ǰ 

             
             

1 2 1 2 2 2ik L ik L ikL ikLCe De Fe Ge� ��  �    

                                            D GC FJ G
J G

�  �   (5.1.3) 

                1 2 1 2 2 2
1 1

ik L ik L ikL ikLik Ce ik De ikFe ikGe� ��  �    

                                   1 1
D Gk C k k F kJ G
J G

�  �   (5.1.4) 

ēดยทĊęǰ 1 2ik LeJ  ǰĒúąǰ 2ikLeG � ǰ  

                          3 3 2 3 2 3ikL ikL ik L ik LFe Ge He Ie� ��  �   

                
                         

G IF HK P
K P

�  �   (5.1.5) 

                    3 3 2 3 2 3
2 2

ikL ikL ik L ik LikFe ikGe ik He ik Ie� ��  �   

          
                        

2 2
G Ik F k k H kK P
K P

�  �   (5.1.6) 
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ēดยทĊęǰ 3ikLeK  ǰĒúąǰ 2 3ik LeP  ǰ 

                              2 4 2 4 4ik L ik L ikLHe Ie Je��   

           
                             

IH JO U
O

�    (5.1.7) 

                             2 4 2 4 4
22

ik L ik L ikLik He ik Ie ikJe��    

 
                                    

22
Ik H k k JO U
O

�    (5.1.8)ǰ

ēดยทĊęǰ 2 4ik LeO  ǰĒúąǰ 4ikLeU  ǰ 

นĞćǰ 2k ǰคĎณÿมกćรǰ(5.1.7) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 2 2
Ik H k k JO U
O

�  ǰ (5.1.9) 

นĞćÿมกćรǰ(5.1.8) +  ÿมกćรǰ(5.1.9) จąĕดšüŠć 

                                       2 22 ( )k H k k JO U �   

                                            2

22
k kH J

k
U
O

§ ·�
 ¨ ¸
© ¹

  (5.1.10) 

นĞćÿมกćรǰ(5.1.9) ı ÿมกćรǰ(5.1.8) จąĕดšüŠć 

                                         2 22 ( )Ik k k JU
O
 �   

                                           2

22
k kI J

k
UO

§ ·�
 �¨ ¸

© ¹
  (5.1.11) 

นĞćǰ k ǰคĎณÿมกćรǰ(5.1.5) จąĕดšüŠć 

                                    G Ik F k k H kK P
K P

�  �   (5.1.12) 
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                                    2 2
G Ik F k k H kK P
K P

�  �   (5.1.6)  

นĞćÿมกćรǰ(5.1.12) + ÿมกćรǰ(5.1.6) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 22 ( ) ( ) Ik F k k H k kK P
P

 � � �   

                                2 2 1( )
2 2
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  (5.1.13) 

นĞćÿมกćรǰ(5.1.12) ı ÿมกćรǰ(5.1.6) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �2 22 ( )G Ik k k H k kP
K P
 � � �  

                                    2 2
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k k k kG IH

k k
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                                   � �2 2
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k k
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UPK UKO
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� ª º
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¬ ¼
 (5.1.14) 

นĞćǰ 1k ǰคĎณÿมกćรǰ(5.1.3) จąĕดšüŠć 

                                 1 1 1 1
D Gk C k k F kJ G
J G

�  �   (5.1.15)    

                                 1 1
D Gk C k k F kJ G
J G

�  �   (5.1.4) 
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นĞćÿมกćรǰ(5.1.15) + ÿมกćรǰ(5.1.4) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 1 12 ( ) ( ) Gk C k k F k kJ G
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  (5.1.16) 

นĞćÿมกćรǰ(5.1.15) ı ÿมกćรǰ(5.1.4) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � � � �1 1 12 D Gk k k F k kG
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                                        1 1

1 12 2
k k k kD F G
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JGJ
G
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PUGJ OUGJ
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ª º§ ·ª º
� � � � � �« »¨ ¸« »
¬ ¼© ¹« » « »§ ·ª º« »� � � �¨ ¸« »« »¬ ¼© ¹¬ ¼

  (5.1.17) 

 นĞćǰ k ǰคĎณÿมกćรǰ(5.1.1) จąĕดšüŠćǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ B Dk A k k C kD E
D E

�  �  (5.1.18) 
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                                          1 1
B Dk A k k C kD E
D E

�  �   (5.1.2) 

นĞćÿมกćรǰ(5.1.18) + ÿมกćรǰ(5.1.2) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � � � �1 12 Dk A k k C k kD E
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 (5.1.19) 

ÿมมตĉĔĀš 

ǰǰ
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ดĆงนĆĚนǰ                                     
2

1 2

1 2 3 4

16
( , , , , )

k k kJ
A L L L L kM
   (5.1.20)  

ēดยทĊęǰ 2 1
1 2

2mVk k � ǰ Ēúąǰǰ 2 1
2 2

2mVk k �  

จćกÿมกćรǰ(5.1.20) ǰจąĕดšüŠćǰคüćมนŠćจąđปŨนĒบบÿŠงผŠćนǰ(Transmission probability) คČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

22 2
1 2

1 2 3 4

16
( , , , , )

k k kJT
A L L L L kM

  
ǰ (5.1.21) 

ดĆงนĆĚนǰđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúǰ(The quasi-normal frequencies )ǰขĂงคüćมนŠćจąđปŨนĒบบ

ÿŠงผŠćนǰซċęงกĞćĀนดēดยǰǰ QNFk ǰ ēดยทĊęǰǰ 1 2 3 4 QNF( , , , , ) 0L L L L kM  ǰǰǰ
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

5.2 คüĂซĊนĂøŤöĂúÿĞćĀøĆïóúĆงงćนýĆก÷ŤĒïïทøĉðđðŗúÿĊęđĀúĊę÷öñČนñšć
 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

1

1 1 2

2 3

2 3 4

4 5

3 5 6

6
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,          

0,         
( ) ,        

0,          
,       

0,               

x L
V L x L

L x L
V x V L x L

L x L
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x L

�­
° d d°
° d d
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 d d®
° d d°
° d d
° !¯

 

 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰøĎðõćóทĊęǰ5.3 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšć
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กรณĊǰ nE V! ǰēดยทĊę n 1,2,3  จąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤēดยüĉธĊปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคČĂ
 

                                       1
dx d( ) k i k xF x Le Me� �³ ³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
1 1

2
d d( ) i k x i k xF x Ne Oe� �³ ³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
3

d d( ) i k x i k xF x Ae Be� �³ ³ ǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 2
4

d d( ) i k x k xF x Ce De� �³ ³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 5
d d( ) i k x k xF x Fe Ge� �³ ³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 3 3
6

d d( ) i k x i k xF x He Ie� �³ ³  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 7
d( ) i k xF x Je ³    

ēดยทĊęǰ
� � � �1 2

1 22 2 2

2 22 ,  ,  
m E V m E VmEk k k

� �
   ǰĒúąǰ 3

3 2

2 ( )m E Vk �
 ǰ 

จćกđงČęĂนĕขขĂบđขตǰจąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰ
 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 1 1 1 1 1ikL ikL ik L ik LLe Me Ne Oe� ��  �    

                                    
           

M OL NZ [
Z [

�  �  (5.2.1) 

                              1 1 1 1 1 1
1 1

ikL ikL ik L ik LkLe kMe k Ne k Oe� ��  �   

      
                                    

1 1
M Ok L k k N kZ [
Z [

�  �   (5.2.2) 

ēดยทĊęǰ 1ikLeZ  ǰĒúąǰ 1 1ik Le[   

                              1 2 1 2 2 2ik L ik L ikL ikLNe Oe Ae Be� ��  �  
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O BN AF I
F I

�  �  (5.2.3)
            

              
          1 2 1 2 2 2

1 1
ik L ik L ikL ikLk Ne k Oe kGe kHe� ��  �   

                              
           

1 1
O Bk N k k A kF I
F I

�  �  (5.2.4) 

ēดยทĊęǰ 1 2ik LeF  ǰĒúąǰ 2ikLeI  ǰǰǰǰ
      

                      
           3 3 2 3 2 3ikL ikL ik L ik LAe Be Ce De� ��  �  

                                    
            

B DA CD E
D E

�  �  (5.2.5)  

                              3 3 2 3 2 3
2 2

ikL ikL ik L ik LkAe kBe k Ce k De� ��  �           
       

                                           
2 2

B Dk A k k C kD E
D E

�  �   (5.2.6) 

ēดยทĊęǰ 3ikLeD  Ēúąǰ 2 3ik LeE  ǰǰǰ
 

          
       

            2 4 2 4 4 4ik L ik L ikL ikLCe De Fe Ge� ��  �    

                                   
            

D GC FJ G
J G

�  �  (5.2.7)  

          
            2 4 2 4 4 4

2 2
ik L ik L ikL ikLk Ce k De kFe kGe� ��  �    

                            
            

2 2
D Gk C k k F kJ G
J G

�  �   (5.2.8) 

ēดยทĊęǰ 2 4ik LeJ  ǰĒúąǰ 4ikLeG  ǰǰǰ 

                         5 5 3 5 3 5ikL ikL ik L ik LFe Ge He Ie� ��  �  

                                        G IF HK P
K P

�  �   (5.2.9) 

                    5 5 3 5 3 5
3 3

ikL ikL ik L ik LikFe ikGe ik He ik Ie� ��  �
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3 3

G Ik F k k H kK P
K P

�  �
       

 (5.2.10) 

ēดยทĊęǰ 5ikLeK  ǰĒúąǰ 3 5ik LeP  ǰ 
 

     
                           

3 6 3 6 6ik L ik L ikLHe Ie Je��   

                                               IH JO U
O

�   (5.2.11)  

                       
          

3 6 3 6 6
3 3

ik L ik L ikLik He ik Ie ikJe��    

                                         3 3
Iik H ik ik JO U
O

�    (5.2.12) 

ēดยทĊęǰ 3 6ik LeO  ǰĒúąǰ 6ikLeU   

จćกĂĆตรćÿŠüนกćรÿŠงผŠćนขĂงĒĂมปúĉจĎดขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰĔนÿมกćรǰ(4.1.30) 

                                                   
2

1 2

1 2 3 4

16
( , , , , )

k k kJ
A L L L L kM
  

จąĕดšüŠćĂĆตรćÿŠüนกćรÿŠงผŠćนขĂงĒĂมปúĉจĎดขĂงพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšć 

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ .J J A
L A L
     

ดĆงนĆĚน                          
3

1 2 3

1 2 3 4 5 6

64
( , , , , , , )

k k k kJ
L L L L L L L kM
   (5.2.13) 

ēดยทĊęǰ 2 1
1 2

2mVk k � ǰ Ēúąǰǰ 2 1
2 2

2mVk k � Ēúąǰ 3 3
3 2

2mVk k � ǰǰ  

จćกÿมกćรǰ(4.2.13)ǰจąĕดšüŠćǰคüćมนŠćจąđปŨนĒบบÿŠงผŠćนǰ(Transmission probability) คČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

22 3
1 2 3

1 2 3 4 5 6

64.
( , , , , , , )

k k k kJ AT
A L L L L L L L kM

  
 

ดĆงนĆĚนǰđงČęĂนĕขกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúǰ(The quasi-normal frequencies )ǰขĂงคüćมนŠćจąđปŨนĒบบÿŠงผŠćน 
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ซċęงกĞćĀนดēดยǰǰ QNFk ǰ ēดยทĊęǰǰ 1 2 3 4 5 6 QNF( , , , , , , ) 0L L L L L L kM  ǰǰ 

Ēúąǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

QNF
QNF 2

k
E

m
 ǰǰǰǰ

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
 

 

5.3 คüĂซĊนĂøŤöĂúขĂงóúĆงงćนýĆก÷ŤĒïïÿĊęđĀúĊę÷öñČนñšćĔนกøณĊทĆęüĕð 

1
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3 5 6
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0,              
n n n

n

x L
V L x L
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øĎðõćóทĊęǰ5.4 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕป 
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กรณĊǰ iE V! ǰǰǰēดยทĊę i = 1, 2, 3, ... , n   ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
จąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤēดยüĉธĊปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 21
dx d( ) k i k xF x Ae A e� �³ ³   

                                   1 1
3 42

d d( ) i k x i k xF x A e A e� �³ ³  

                                   5 63
d d( ) i k x i k xF x A e A e� �³ ³  

                                   2 2
4 7 8

d d( )
          

i k x k xF x A e A e� �³ ³   

                                  n ( )F x  2n-1( ) kdxA x e³  

ēดยทĊęǰ
2

2mEk  ǰĒúąǰ 2 i
n 2

2  ;  i=1, 2, 3, ... ,n mVk k � ǰ 

ǰǰǰǰจćกกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนǰ(Transmission probability) จąđĀĘนüŠćคúČęนจąถĎกÿŠงผŠćนจćก

ýĆกยŤǰ 1V ǰĕปยĆงýĆกยŤǰ 2V ǰขĂงพúĆงงćนĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćĒúąĕปยĆงýĆกยŤǰ 3V ǰขĂงพúĆงงćนýĆกยŤĒบบทรĉป

đปŗúÿĊęđĀúĊęยมผČนผšćǰดĆงนĆĚนĔนกรณĊขĂงพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปคúČęนจąถĎกÿŠงผŠćนĕปจนถċง

ýĆกยŤǰ nV ǰ ดĆงนĆĚนĂĆตรćÿŠüนĔนกćรÿŠงผŠćนขĂงĒĂมปúĉจĎดขĂงพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปคČĂ 

                               � � 1 2 32n-1
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ª º
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ดĆงนĆĚนǰคüćมนŠćจąđปŨนĒบบÿŠงผŠćนขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
� �

2
2

1 2 32n-1

1 1 2 3 4 2n

n4 ...
( , , , ,..., , )

nk k k k kAT
A L L L L L kM

  ǰ 

ēดยทĊęǰ
2

2mEk   Ēúąǰ
� �i

i 2

2
  ; i = 1, 2, 3, ... , n

m E V
k

�
 ǰ 
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ดĆงนĆĚนǰđงČęĂนĕขกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúǰ(The quasi-normal frequencies )ǰขĂงคüćมนŠćจąđปŨนĒบบ

ÿŠงผŠćนǰซċęงกĞćĀนดēดยǰǰ QNFk ǰ ēดยทĊę 1 2 3 4 2n( , , , ,..., , ) 0L L L L L kM    

 

5.4 คüĂซĊนĂøŤöĂúÿĞćĀøĆïóúĆงงćนýĆก÷ŤĒïïดĆïđïĉúกĞćĒóงóćøćēïúĉก 
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2 2
1 1 2
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2 2
2 3 4
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2
0,                                
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ab x x L x L

V x L x L

ab x x L x L

x L

�­
°
° � d d
°
° d d®
°
° � d d
°
° !¯

 

  

                ǰǰǰǰǰǰǰǰǰǰøĎðõćóทĊęǰ5.5 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉก 

ĔนกรณĊทĊęǰ 0E ! ǰĒúąǰE V! ǰจąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤēดยüĉธĊดĆบđบĉúยĎđคบĊǰคČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1( ) ikx ikxF x Ae Be� � ǰ 

                                       2
1( ) ( )

( ) ( )
F x x C D

x p x
D

D
 �   

                                       3 ( ) ikx ikxF x Fe Ge� �  



73 
 

 

                                       4
1( ) ( )

( ) ( )
F x x H I

x p x
D

D
 �  

                                       5 ( ) ikxF x Je   

  
ēดยทĊę

    

1( ) exp ( )d
( )

xix p x x
p x

D
­ ½° ° ® ¾
° °¯ ¿
³ Ēúąǰ 2 21( ) 2 ( )
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p x m E ab x k§ · � �¨ ¸

© ¹
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Ēúąǰ
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       � �23
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xi p x ix p x x p x
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D

­ ½ cª º° ° � �® ¾« »
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 � �« »
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Ēúąǰ
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� �23
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จćกđงČęĂนĕขขĂบđขตǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰǰǰǰǰǰǰǰǰǰ

1 1
1 2

ikL ikLAe Be C DE E��  �   (5.4.1)ǰ

ēดยทĊęǰ 1 1( )LE D ǰĒúąǰ 2
1 1

1
( ) ( )L p L

E
D

 ǰǰǰ                                    

                          1 1
3 4

ikL ikLikAe ikBe C DE E��  �   (5.4.2) 

ēดยทĊęǰ 1
3 1 1

1

( )1 ( ) ( )
2 ( )

p L i p L L
p L h

E D
c§ ·

 � �¨ ¸
© ¹

 Ēúą 1
4 1

1 1 1

( )1 1( )
2 ( ) ( ) ( )

p L i p L
p L L p L

E
D

c§ ·
 �¨ ¸
© ¹

ǰ  

            
                     

2 2
5 6

ikL ikLC D Fe GeE E ��  �   (5.4.3)ǰǰ

ēดยทĊęǰ 5 2( )LE D ǰĒúąǰ 6
2 2

1
( ) ( )L p L

E
D

 ǰǰǰ 

                               
2 2

7 8
ikL ikLC D ikFe ikGeE E ��  �  (5.4.4) 

Ãด¥ท¸É 2
7 2 2

2

( )1 ( ) ( )
2 ( )

p L i p L L
p L h

E D
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 � �¨ ¸
© ¹

  Ēúą 2
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E
D
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 �¨ ¸
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                                     3 3
9 10

ikL ikLFe Ge H IE E��  �   (5.4.5) 

ēดยทĊęǰ 9 3( )LE D ǰĒúąǰ 10
3 3

1
( ) ( )L p L

E
D

             
                                

 

                                            

3 3
11 12

ikL ikLikFe ikGe H IE E��  �
 

(5.4.6) 

ēดยทĊęǰ 3
11 3 3

3
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2 ( )

p L i p L L
p L

E D
cª º

 � �« »
¬ ¼

 Ēúąǰ 3
12 3
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E
D

cª º
 �« »
¬ ¼

ǰǰ 

                                             4
13 14

ikLH I JeE E�    (5.4.7) 

ēดยทĊęǰ 13 4( )LE D  Ēúąǰ 14
4 4

1
( ) ( )L p L

E
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 ǰǰ 

                                             4
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ēดยทĊęǰ 4
15 4 4

4

( )1 ( ) ( )
2 ( )

p L i p L L
p L

E D
cª º

 � �« »
¬ ¼

 Ēúąǰ 4
16 4

4 4 4

( )1 1( )
2 ( ) ( ) ( )

p L i p L
p L L p L
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D

cª º
 �« »
¬ ¼

ǰǰǰ 

 
จąĕดšüŠćǰĂĆตรćÿŠüนกćรÿŠงผŠćนขĂงĒĂมปúĉจĎดขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉก 

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
1 2 3 4

1 2 3 4

( , , , , )
( , , , , )
L L L L kJ

A L L L L k
J
M

 ǰ (5.4.9) 

 

จćกÿมกćรǰ(5.4.9) ǰจąĕดšüŠćǰคüćมนŠćจąđปŨนĒบบÿŠงผŠćนǰ(Transmission probability) คČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

22
1 2 3 4

1 2 3 4

( , , , , )
( , , , , )
L L L L kJT

A L L L L k
J
M

  
 

ดĆงนĆĚนǰđงČęĂนĕขกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúǰ(The quasi-normal frequencies )ǰขĂงคüćมนŠćจąđปŨนĒบบÿŠงผŠćน 

ซċęงกĞćĀนดēดยǰǰ QNFk
  
ēดยทĊęǰ 1 2 3 4 QNF( , , , , ) 0L L L L kM   

Ēúąǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

QNF
QNF 2

k
E

m
  

5.5 คŠćคüćöถĊęคüĂซĊนĂøŤöĂúÿĞćĀøĆïóúĆงงćนýĆก÷ŤĒïïทøĉðđðŗúกĞćĒóงóćøćēïúĉก 
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øĎðõćóทĊęǰ5.6 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉก 

ĔนกรณĊทĊęǰ 0E ! ǰĒúąǰE V! ǰจąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤēดยüĉธĊดĆบđบĉúยĎđคบĊǰคČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1( ) ikx ikxF x Ae Be� � ǰ 

                                       2
1( ) ( )

( ) ( )
F x x C D

x p x
D

D
 �   

                                       3 ( ) ikx ikxF x Fe Ge� �  

                                       4
1( ) ( )

( ) ( )
F x x H I

x p x
D

D
 �  

                                       5 ( ) ikx ikxF x Je Ke� �  

                                       6
1( ) ( )

( ) ( )
F x x L M

x p x
D

D
 �  

                                       7 ( ) ikxF x Oe     

จąĕดšüŠćĂĆตรćÿŠüนกćรÿŠงผŠćนขĂงĒĂมปúĉจĎดขĂงพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉก 

นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
1 2 3 4 5 6

1 2 3 4 5 6

( , , , , , , )
( , , , , , , )
L L L L L L kO

A L L L L L L k
J
M

 ǰ 

ดĆงนĆĚนǰคüćมนŠćจąđปŨนĒบบÿŠงผŠćนǰ(Transmission probability) คČĂ 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
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1 2 3 4 5 6

1 2 3 4 5 6

( , , , , , , )
( , , , , , , )
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ดĆงนĆĚนǰđงČęĂนĕขกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúǰ(The quasi-normal frequencies )ǰขĂงคüćมนŠćจąđปŨนĒบบÿŠงผŠćน 

ซċęงกĞćĀนดēดยǰǰ QNFk
  
ēดยทĊęǰ 1 2 3 4 5 6( , , , , , , ) 0L L L L L L kM  ǰ 

 

5.6 คüĂซĊนĂøŤöĂúÿĞćĀøĆïóúĆงงćนýĆก÷ŤĒïïกĞćĒóงóćøćēïúĉกĔนกøณĊทĆęüĕð 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰøĎðõćóทĊęǰ5.7 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕป 
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ĔนกรณĊทĊęǰ 0E ! ǰĒúąǰE V! ǰจąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤēดยüĉธĊดĆบđบĉúยĎđคบĊǰคČĂ 

                                        1 1 2( ) ikx ikxF x A e A e� �   

                                       2 3 4
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x p x
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                                       3 5 6( ) ikx ikxF x A e A e� �  

                                       4 7 8
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x p x
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                                       n 2n-1( ) ikxF x A e  

   จćกกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนǰ(Transmission probability) จąđĀĘนüŠćคúČęนจąถĎกÿŠงผŠćน
จćกýĆกยŤทĊęǰ1ǰĕปยĆงพúĆงงćนýĆกยŤทĊęǰ2 ǰขĂงพúĆงงćนĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกĒúąĕปยĆงทĊęǰ3ǰขĂงพúĆงงćน
ýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰดĆงนĆĚนĔนกรณĊขĂงพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕปǰคúČęน

จąถĎกÿŠงผŠćนĕปจนถċงýĆกยŤทĊęǰ n  ดĆงนĆĚนĂĆตรćÿŠüนĔนกćรÿŠงผŠćนขĂงĒĂมปúĉจĎดขĂงพúĆงงćนýĆกยŤĒบบ

ÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปคČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 1 2 3 2n2n-1
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L L L L kA
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¬ ¼

  

ดĆงนĆĚนǰคüćมนŠćจąđปŨนĒบบÿŠงผŠćนขĂงพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕปǰคČĂ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
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ดĆงนĆĚนǰđงČęĂนĕขกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúǰ(The quasi-normal frequencies )ǰขĂงคüćมนŠćจąđปŨนĒบบ

ÿŠงผŠćนǰซċęงกĞćĀนดēดยǰǰ QNFk ǰ ēดยทĊę 1 2 3 2n( , , ,..., , ) 0L L L L kM   
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 ǰǰïททĊęǰ6 

ขšĂÿøčðจćกกćøüĉจĆ÷ĒúąขšĂđÿนĂĒนą 

 ĔนบทนĊĚจąกúŠćüถċงขšĂÿรčปจćกกćรüĉจĆยĔนบททĊęǰ3  บททĊęǰ4  ĒúąบททĊęǰ5 รüมถċงขšĂđÿนĂĒนąĂČęนǰėǰĔน
กćรĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤǰกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนÿĞćĀรĆบพúĆงงćน

ýĆกยŤĒบบตŠćงǰėǰēดยÿĎตรกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰĒúąกćรĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤ

มĂúēĀมดÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบตŠćงǰė 

6.1 ขšĂÿøčð                                      

 จćกบททĊęǰ3 ĕดšทĞćกćรýċกþćกćรĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćēดยüĉธĊกćร

ปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคüćมÿĆมพĆนธŤรąĀüŠćงผúđฉúยēดยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊกĆบปŦญĀć

กćรขčดĂčēมงคŤ ĒúąÿĎตรกćรĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนēดยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉú
ยĎđคบĊซċęงจąมĊคŠćđปúĊęยนĕปตćมพúĆงงćนýĆกยŤทĊęĔชš 

 จćกบททĊęǰ4 กćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนēดยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบ
ดĆบđบĉúยĎđคบĊǰÿĞćĀรĆบกรณĊขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćǰ

พúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤดĆงกúŠćüจąมĊýĆกยŤđปŨนคŠćคงทĊęซċęงĔนกćรคĞćนüณĀćคŠć

คüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนÿćมćรถĔชšüĉธĊผúđฉúยĒมŠนตรงǰĀรČĂüĉธĊกćรปรąมćณคŠćĒบบ

ดĆบđบĉúยĎđคบĊĕดšǰĒตŠĔนทćงกćรคĞćนüณจąพบมĊคüćมยčŠงยćกđปŨนĂยŠćงมćกǰđชŠนđดĊยüกĆบพúĆงงćนýĆกยŤĒบบดĆบđบĉú

กĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊ

ทĆęüĕปซċęงถšćđúČĂกĔชšüĉธĊกćรคĞćนüณคŠćĒบบดĆบđบĉúยĎđคบĊจąพบüŠćมĊคüćมยčŠงยćกมćกǰถċงĒมšüŠćÿĎตรüĉธĊกćรปรąมćณ

คŠćĒบบดĆบđบĉúยĎđคบĊĂćจĕมŠมĊคüćมĒมŠนยĞćđทĊยบđทŠćüĉธĊผúđฉúยĒมŠนตรงĀรČĂüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊ

ĒตŠกĘชŠüยúดคüćมซĆบซšĂนĒúąคüćมผĉดพúćดทĊęĂćจđกĉดขċĚนĕดšจćกกćรคĞćนüณ 

 จćกบททĊęǰ5 ĕดšทĞćกćรýċกþćคüćมĀมćยขĂงēĀมดกċęงปกตĉĒúąĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊ
นĂรŤมĂúēĀมดซċęงมĊคüćมÿĆมพĆนธŤกĆบคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนทĊęĀćĕดšจćกĂĆตรćÿŠüนขĂงĒĂมปúĉจĎดขĂงคúČęนǰ

ēดยđงČęĂนĕขขĂงđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดนĆĚนǰคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนตšĂงมĊคŠćđปŨนĂนĆนตŤǰนĆęนคČĂ
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ฟŦงกŤชĆนขĂงตĆüÿŠüนขĂงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนตšĂงมĊคŠćđปŨนýĎนยŤǰÿĞćĀรĆบกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćร

ÿŠงผŠćนǰĕดšĔชšüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰÿĞćĀรĆบĔนกรณĊขĂงพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšć

กćรĀćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนēดยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊĂćจĕมŠมĊคüćมยčŠงยćกมćกนĆกทĞćĔĀš

ทรćบคüćมนŠćจąđปŨนทĊęđขĊยนĂยĎŠĔนรĎปđýþÿŠüนĕดšĂยŠćงชĆดđจนǰÿĞćĀรĆบĔนกรณĊขĂงพúĆงงćนýĆกยŤĒบบทรĉปđปŗú

ÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกǰ

พúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕปǰĔนđบČĚĂงตšนđรć

ทรćบđพĊยงคüćมนŠćจąđปŨนทĊęđขĊยนĂยĎŠĔนรĎปฟŦงกŤชĆนทĊęขċĚนกĆบตĞćĒĀนŠงđทŠćนĆĚนǰđนČęĂงจćกกćรĀćผúđฉúยมĊคüćม

ซĆบซšĂนđปŨนĂยŠćงมćกǰĒตŠกĘđพĊยงพĂทĊęจąทĞćĔĀšทรćบđงČęĂนĕขกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมด 

6.2 ขšĂđÿนĂĒนą 
- ĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉú

ยĎđคบĊÿĞćĀรĆบพúĆงงćนýĆกยŤทĊęมĊคüćมซĆบซšĂน 

- đปรĊยบđทĊยบผúขĂงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนทĊęĕดšจćกกćรคĞćนüณดšüย

ÿĎตรüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊกĆบüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊĀรČĂüĉธĊผú

đฉúยĒมŠนตรง 
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ĀúĆกกćøĒúąđĀตčñú 
ÿมกćรชđรĂดĉงđงĂรŤมĊคüćมÿĞćคĆญĒúąมĊบทบćทđปŨนĂยŠćงมćกĔนกćรýċกþćทĞćคüćมđขšćĔจĒúąพĆฒนć

กúýćÿตรŤĒบบคüĂนตĆมǰÿมกćรชđรĂดĉงđงĂรŤถĎกคšนพบēดยǰĒĂรŤüĉนǰชđรĂดĉงđงĂรŤǰ(Erwin Schrödinger)ǰนĆก
ฟŗÿĉกÿŤชćüĂĂÿđตรĊยǰĔนปŘǰค.ý. 1925ǰÿมกćรชđรĂดĉงđงĂรŤđปŨนÿมกćรđชĉงĂนčพĆนธŤยŠĂยĂĆนดĆบÿĂงĀรČĂÿมกćร
คúČęนÿćมćรถĔชšĂธĉบćยพùตĉกรรมขĂงคúČęนĕดšǰซċęงÿมกćรđขĊยนĂยĎŠĔนรĎปพúĆงงćนรüมขĂงĂนčภćคǰđกĉดจćกผúรüม

ขĂงพúĆงงćนýĆกยŤǰ(potential- Energy) ĒúąǰพúĆงงćนจúนŤǰ(kinetic Energy) ĒúąÿćมćรถĒบŠงĂĂกđปŨนǰ2 
ปรąđภทǰคČĂ 
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1. ÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúć (Time-independent Schrödinger Equation ) 
 

2 2

2
( ) ( ) ( ) ( )

2
d F x V x F x EF x

m dx
� �   

 
ēดยทĊęǰ ǰคČĂǰคŠćคงตĆüขĂพúĆงคŤĒบบúดคŠć,  ( )F x  คČĂǰฟŦงกŤชĆนคúČęนǰĒúąǰ ( )V x ǰคČĂǰพúĆงงćนýĆกยŤ 

 
2. ÿมกćรชđรĂดĉงđงĂรŤทĊęขċĚนกĆบđüúćǰ(Time-dependent Schrödinger Equation ) 

 
2 2

2( , ) ( , ) ( ) ( , )
2

i x t x t V x x t
t m x
\ \ \w w

 � �
w w

 

 
đนČęĂงจćกÿมกćรชđรĂดĉงđงĂรŤđปŨนÿมกćรคúČęนดĆงทĊęĕดšกúŠćüมćขšćงตšนǰดĆงนĆĚนผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤจċง

đปŨนฟŦงกŤชĆนคúČęนÿćมćรถĔชšทĞćนćยพùตĉกรรมขĂงคúČęนĀรČĂĂนčภćคบćงชนĉดĕดšđชŠนǰกćรทĞćนćยÿมบĆตĉขĂง

ĂąตĂมĕăēดรđจนǰđปŨนตšน 
ǰǰǰǰǰǰǰǰǰĔนēครงงćนนนĊĚจąýċกþćกćรĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćǰēดยĔชšüĉธĊกćรปรąมćณ

คŠćĒบบดĆบđบĉúยĎđคบĊĒúąĀćคŠćคüĂซĊนĂรŤมĂúēĀมดรüมถċงกćรĀćคŠćคüćมถĊęขĂงคüĂซĊนĂรŤมĂúēĀมดÿĞćĀรĆบ

พúĆงงćนýĆกยŤĒบบดĆบđบĉĚúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบ

ÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพง

พćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕป 
 
1.ǰüĉธĊกćøðøąöćณคŠćĒïïดĆïđïĉú÷ĎđคïĊǰ(WKB Approximation) 
     üĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰ(WKB Approximation) đปŨนüĉธĊĔนกćรĀćคŠćปรąมćณขĂงผúđฉúย
ขĂงÿมกćรđชĉงĂนčพĆนธŤđÿšนตรงǰ(Linear differential equation) คĉดคšนēดยǰWentzal, Kramers Ēúąǰ

Brillouin ĔนปŘǰค.ý.  1926 กćรĔชšüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊđĀมćąÿĞćĀรĆบĔนรąบบทĊęพúĆงงćนýĆกยŤ
đปúĊęยนĂยŠćงชšćǰėǰจนđกČĂบจąคงทĊęēดยคĞćตĂบทĊęĕดšจćกüĉธĊกćรนĊĚđปŨนคĞćตĂบĒบบปรąมćณĒตŠĔนบćงกรณĊกĘมĊ

คüćมĒมŠนยĞćมćกǰ(đพชรĂćภć, 2556) 
พĉจćรณćÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนĀนċęงมĉตĉ 

   ǰ 
2 2

2
( ) ( ) ( ) ( )

2
d F x V x F x EF x

m dx
� �   
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đขĊยนÿมกćรĔĀมŠĕดšđปŨนǰǰǰǰǰǰǰǰǰǰ > @
2

2 2
( ) 2 ( ) ( )d F x m E V x F x

dx
 � � ǰ 

ÿćมćรถđขĊยนผúđฉúยĕดšđปŨนǰǰǰǰǰǰǰǰǰ
( )

( ) ( )
iB x

F x A x e ǰǰ 

đมČęĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( )
'( )

CA x
B x

  

ēดยทĊęǰC ǰคČĂคŠćคงตĆü, ( )
( )

CA x
B x

 
c

,  ( ) ( )B x p x dx r³ ǰ 

Ēúąǰ ( ) 2 [ ( )]p x m E V x � ǰǰ  
 

đรćÿćมćรถทĞćกćรปรąมćณĔĀšǰǰǰǰǰǰ
� �2

2
( )( )

( )
B xA x

A x
ccc

 

 

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ > @2( '( )) 2 ( )B x m E V x �  

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) ( )B x p x dx r³ ǰ 

จąĕดšüŠćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนĀนċęงมĉตĉēดยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊคČĂ 

ǰǰǰǰ
( ) ( )( )

( ) ( )

i q x dx i q x dxC CF x e e
q x q x

r r³ ³|  ǰ  

 

ēดยทĊęǰC ǰđปŨนคŠćคงตĆüĒúąǰ
( )

( )
B x

q x
c

 ǰ 

ผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćÿćมćรถĔชšĔนกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿąทšĂนǰ

(Reflection probability) ĒúąคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนǰ(Transmission probability) ēดยพúĆงงćนýĆกยŤ
ทĊęจąýċกþćĔนēครงงćนนĊĚđพČęĂĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤđปŨนพúĆงงćนýĆกยŤทĊęมĊคüćมยćกĒúąซĆบซšĂนĕดšĒกŠǰ

พúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบ

ÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพง

พćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊทĆęüĕป 
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2. ēĀöดกċęงðกตĉ (Quasi-normal mode) 
ǰǰǰǰǰǰǰǰǰǰจćกกćรýċกþćพบüŠćÿมกćรชđรĂดĉงđงĂรŤđปŨนÿมกćรคúČęนทĊęÿćมćรถđขĊยนĂยĎŠĔนรĎปพúĆงงćนรüมขĂง

ĂนčภćครąĀüŠćงพúĆงงćนýĆกยŤĒúąพúĆงงćนจúนŤǰซċęงĔนทćงฟŗÿĉกÿŤĒบบดĆĚงđดĉมพúĆงงćนýĆกยŤขĂงĂนčภćคยŠĂมตšĂง

นšĂยกüŠćĀรČĂđทŠćกĆบผúรüมขĂงĂนčภćคĂยŠćงĒนŠนĂนǰกúŠćüคČĂǰĔนฟŗÿĉกÿŤĒบบดĆĚงđดĉมĂนčภćคจąทąúčผŠćนทĆĚงĀมดǰ

ĕมŠปรćกฏĂนčภćคตĆüĔดÿąทšĂนกúĆบมćđúยǰĒตŠปรćกฏกćรณŤขĂงฟŗÿĉกÿŤคüĂนตĆมǰĂนčภćคบćงÿŠüนÿćมćรถ

ÿąทšĂนกúĆบมćĕดšĀรČĂบćงÿŠüนจąทąúčผŠćนĕดšǰđรĊยกปรćกฏกćรณŤทĊęĂนčภćคบćงÿŠüนทąúčผŠćนĕดšüŠćǰปรćกฏกćรณŤ

ขčดĂčēมงคŤǰĔนกćรýċกþćĀรČĂกćรทĞćคüćมđขšćĔจกĆบปรćกฏกćรณŤทćงคüĂนตĆมúšüนđกĊęยüขšĂงกĆบคüćมนŠćจąđปŨน

กćรÿŠงผŠćนĒúąคüćมนŠćจąđปŨนขĂงกćรÿąทšĂนǰซċęงผúúĆพธŤจąđปŨนĕปตćมกฎĂนčรĆกþŤคüćมนŠćจąđปŨน 

1R T�   
 
ēดยทĊęǰR ǰคČĂคüćมนŠćจąđปŨนĔนกćรÿąทšĂนĒúąǰT ǰคČĂคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćน 
 
 

 
 

øĎðõćóทĊǰ1 ĒÿดงคüćมÿĆมพĆนธŤรąĀüŠćงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂน 
[https://ocw.mit.edu/courses/electrical-engineering-and-computer-science/6-007-

electromagnetic-energy-from-motors-to-lasers-spring-2011/lecture-
notes/MIT6_007S11_lec41.pdf]  

 
ǰǰǰǰ  
 
 
 
 



86 
 

 

 ĔนปŦญĀćกćรกรąđจĉงทćงคüĂนตĆมĔนǰ1 มĉตĉǰพúĆงงćนýĆกยŤจąมĊคŠćคüćมĒตกตŠćงกĆนĕปĔนĒตŠúąรąบบǰēดย
ĔนบćงรąบบพúĆงงćนýĆกยŤมĊรĎปĒบบĕมŠซĆบซšĂนซċęงÿćมćรถคĞćนüณĀćผúđฉúยĒมŠนตรงขĂงคüćมนŠćจąđปŨนขĂง

กćรÿŠงผŠćนĕดšǰĂยŠćงĕรกĘตćมĔนบćงรąบบพúĆงงćนýĆกยŤมĊรĎปĒบบซĆบซšĂนมćกจนกรąทĆęงĕมŠÿćมćรถĀćผúđฉúย

ĒมŠนตรงขĂงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĕดš 
     ĔนงćนüĉจĆยนĊĚĕดšทĞćกćรýċกþćกรณĊพĉđýþทĊęđรĊยกüŠćคüĂซĊนĂรŤมĂúĀรČĂēĀมดกċęงปกตĉǰ(Quasi-normal mode)
ซċęงđกĉดจćกđมČęĂมĊกćรรบกüนüĆตถčĔนรąบบǰđชŠนǰÿนćมĒมŠđĀúĘกǰÿนćมĕฟฟŜćǰđปŨนตšนǰนĂกจćกนĆĚนยĆงมĊตĆüĂยŠćง

ขĂงกćรรบกüนรąบบทĊęนŠćÿนĔจđชŠนǰกćรĔชšปúćยมĊดđคćąĕปทĊęĒกšüĕüนŤĒúšüđกĉดคúČęนđÿĊยงǰคüćมถĊęขĂงคúČęนđÿĊยงทĊę

đกĉดขċĚนจąทĆบซšĂนกĆบคüćมถĊęธรรมชćตĉขĂงĒกšüĕüนŤēดยđกĉดกćรĀĆกúšćงĀรČĂกćรđÿรĉมกĆนǰซċęงĀćกĕมŠมĊกćรđพĉęม

คüćมĀนŠüง (Damping force) ĒกšüĕüนŤกĘจąมĊกćรÿĆęนตúĂดĕปđรĊยกรąบบĒบบนĊĚüŠćǰēĀöดðกตĉ(Normal- 
mode)ǰĒตŠĔนกรณĊทĊęมĊคüćมĀนŠüงđกĉดขċĚนคŠćĒĂมปúĉจĎดขĂงกćรĒกüŠงĕปมćจąúดúงĕปจนĀมดทĊęรąยąĂนĆนตŤǰซċęง
đรĊยกรąบบĒบบนĊĚüŠćǰēĀöดกċęงðกตĉǰ(Quasi-normal mode)ǰ 
 
ĂนċęงǰกćรÿĆęนĀรČĂคüćมกĆงüćนขĂงคüĂซĊนĂรŤมĂúēĀมดÿćมćรถปรąมćณēดย 

ǰǰǰǰǰ ( ) exp( )cos( )t t t\ Z Zcc c| �  
ēดยทĊęǰ ( )t\ ǰคČĂคŠćĒĂมปúĉจĎดขĂงกćรÿĆęน, Zc  คČĂคüćมถĊęǰĒúąǰZcc ǰคČĂĂĆตรćกćรÿúćยǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
đรćÿćมćรถđขĊยนคüćöถĊęคüĂซĊนĂøŤöĂú (Quasi-normal frequency) ĔนรĎปขĂงจĞćนüนđชĉงซšĂนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
นĆęนคČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( , ) iZ Z Z Z Zc cc c cc  �    ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) Re(exp{ })t i t\ Z  
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) Re(exp{ ( ) })t i i t\ Z Zc cc �  
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ^ `( ) Re(exp{ }.expt t i t\ Z Zcc � ǰǰǰǰ 
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) Re(exp{ }.(cos sin ))t t t i t\ Z Zcc c � �  
ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) exp{ }.cost t t\ Z Zcc c � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                                                    
ทĞćกćรปรąมćณĔĀšǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ( ) exp{ }t t\ Zcc| � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
 
ēดยทĊęǰZ ǰคČĂคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดĒúąÿŠüนจรĉงขĂงǰZ ǰĀมćยถċงกćรĒกüŠงชĆęüขณąĀนċęง 
 
üĆตถčðøąÿงคŤ 

ýċกþćÿมกćรชđรĂดĉงđงĂรŤǰĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤǰĒúąĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćน

ĒúąกćรÿąทšĂนขĂงคúČęนĒúąĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบ

ตŠćงǰėǰ 
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ขĂïđขตขĂงēคøงงćน 
ĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤทĊęĕมŠขċĚนกĆบđüúćĔนǰ1 ǰมĉตĉǰĒúąคĞćนüณคŠćคüćมนŠćจąđปŨนĔนกćร

ÿŠงผŠćนĒúąกćรÿąทšĂนขĂงคúČęนĒúąĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดพúĆงงćนýĆกยŤĒบบ

ตŠćงǰė 
 
üĉธĊกćøดĞćđนĉนงćน 
 

Ēผนกćรýċกþćǰ 
1. ýċกþćทĊęมćขĂงกúýćÿตรŤคüĂนตĆม 
2.ǰýċกþćÿมกćรชđรĂดĉงđงĂรŤ 
3. ĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤดšüยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊĒúąĀćคüćมÿĆมพĆนธŤ
รąĀüŠćงคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂน 
4.ǰĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊ
ÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบตŠćงǰėǰđชŠนǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉป

đปŗúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพง

พćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔนกรณĊ

ทĆęüĕป 
5. หµÁงºÉอนÅขของกµรÁก·ดค่µควµมถ̧Éควอซ̧นอร์มอลÃหมดÿĞćĀรĆบพúĆงงćนýĆกยŤĒบบตŠćงǰė 
6. จĆดทĞćÿรčป 
7. จĆดทĞćđĂกÿćรđพČęĂนĞćđÿนĂēครงงćนđปŨนรĎปđúŠม 
8. đตรĊยมÿŠงēครงงćนฉบĆบÿมบĎรณŤ 
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รąยąđüúćทĊęýċกþć 
 

ขĆĚนตĂนกćøýċกþć 
ðŘǰ2562 ðŘǰ2563 

öĉ.÷. ก.ค. ÿ.ค. ก.÷. ต.ค. ó.÷. ธ.ค. ö.ค. ก.ó. öĊ.ค. đö.÷. 
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ĒúąกćรÿąทšĂนดšüยüĉธĊกćร
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5. ĀćคŠćคüĂซĊนĂรŤมĂúēĀมดĒúą

คŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมด 
 

           

6. จĆดทĞćÿรčป            

7. จĆดทĞćđĂกÿćรđพČęĂนĞćđÿนĂēครงงćน

đปŨนรĎปđúŠม 
           

8. đตรĊยมÿŠงđúŠมēครงงćนฉบĆบÿมบĎรณŤ            

 
 
 



89 
 

 

 
ðøąē÷ชนŤทĊęคćดüŠćจąĕดšøĆï 

ปรąēยชนŤตŠĂตĆüนĉÿĉตทĊęทĞćēครงงćน 
- ÿćมćรถĀćผúđฉúยขĂงÿมกćรชđรĂดĉงđงĂรŤดšüยüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊǰคüćมนŠćจą

đปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยÿĎตรüĉธĊกćรปรąมćณคŠćĒบบดĆบđบĉúยĎđคบĊÿĞćĀรĆบพúĆงงćน

ýĆกยŤทĊęมĊคüćมซĆบซšĂนđชŠนǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗú

ÿĊęđĀúĊęยมผČนผšćǰพúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕปǰพúĆงงćนýĆกยŤĒบบดĆบđบĉúกĞćĒพง

พćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบทรĉปđปŗúกĞćĒพงพćรćēบúĉกǰพúĆงงćนýĆกยŤĒบบกĞćĒพงพćรćēบúĉกĔน

กรณĊทĆęüĕป 
 
 
ปรąēยชนŤทĊęĕดšจćกēครงงćนทĊęพĆฒนćขċĚน 
 
- ÿćมćรถนĞćđทคนĉคกćรĀćคŠćคüćมนŠćจąđปŨนĔนกćรÿŠงผŠćนĒúąกćรÿąทšĂนดšüยüĉธĊกćรปรąมćณคŠć

ĒบบดĆบđบĉúยĎđคบĊĒúąĀćđงČęĂนĕขขĂงกćรđกĉดคŠćคüćมถĊęคüĂซĊนĂรŤมĂúēĀมดÿĞćĀรĆบพúĆงงćนýĆกยŤ

ĒบบตŠćงǰė 
 

ĂčðกøณŤĒúąđคøČęĂงöČĂทĊęĔชš 
 

1. คĂมพĉüđตĂรŤ 
2. đครČęĂงพĉมพŤ 
3. ēปรĒกรมđĂกÿćรǰMicrosoft Office Word 
4. ēปรĒกรมนĞćđÿนĂǰMicrosoft Office PowerPoint 
5. ēปรĒกรมǰMathematicaǰ 

 
งïðøąöćณ 

1. คŠćปรĉĚนทŤงćน  200 บćท 
2. คŠćถŠćยđĂกÿćร 200 บćท 
3. กรąดćþǰA4 500 บćท 
4. คŠćĀนĆงÿČĂ   1000 บćท 
5. คŠćǰExternal hard disk   2,190 บćท 
6. คŠćđยĘบรĎปđúŠม   200 บćท 
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õćคñนüก 
 

1. ÿöกćøชđøĂดĉงđงĂøŤทĊęĕöŠขċĚนกĆïđüúć 
พúĆงงćนรüมขĂงĂนčภćคĂยĎŠĔนรĎปขĂงพúĆงงćนจúนŤǰ(Kinetic Energy) ĒúąǰพúĆงงćนýĆกยŤǰ(Potential Energy)ǰ  

E K V �  

 

 

 

øĎðõćóทĊęǰ2 ĒÿดงคüćมÿĆมพĆนธŤรąĀüŠćงพúĆงงćนจúนŤĒúąพúĆงงćนýĆกยŤǰ
(https://commons.wikimedia.org/wiki/File:Potential_and_kinetic_energy.png) 

 

ēดยทĊęǰK ǰคČĂพúĆงงćนงćนจúนŤǰĒúąǰV ǰคČĂพúĆงงćนýĆกยŤǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰ

21 ( )
2

E mv V x �     (1)                         ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ        

ĒúąจćกคüćมÿĆมพĆนธŤขĂงēมđมนตĆมđชĉงđÿšน 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ p mv ǰ                                        (2)                          ǰǰ                                                    

ēดยทĊęǰm ǰคČĂǰมüúขĂงĂนčภćคĒúąǰv ǰคČĂǰคüćมđรĘüขĂงĂนčภćคǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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จćกǰ(1)ǰĒúąǰ(2) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰǰ

2
( )

2
pE V x
m

 � ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2 ( ( ))p m E V x � ǰǰ                 (3)   

 

ÿมมตĉฐćนขĂงǰĀúčยÿŤǰđดĂǰบรĂยǰ(Louis de Broglie) นĆกฟŗÿĉกÿŤชćüฝรĆęงđýÿ ĕดšđÿนĂĕüšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
คúČęนĒมŠđĀúĘกĕฟฟŜćĀรČĂคúČęนĒÿงÿćมćรถปรąพùตĉตĆüĕดšđปŨนทĆĚงĂนčภćคĒúąคúČęนǰภćยĀúĆงÿมมตĉฐćนดĆงกúŠćüĕดš

ถĎกพĉÿĎจนŤĒúąรĆบรĂงüŠćđปŨนจรĉง 

จćกทùþฎĊขĂงĕĂนŤÿĕตนŤǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2E mc ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ      (4)ǰ 

ēดยทĊęǰm ǰคČĂǰมüúขĂงĂนčภćคǰǰc ǰคČĂǰĂĆตรćđรĘüขĂงĒÿงĔนÿčญญćกćýǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒúąจćกÿĎตรขĂงพúĆงคŤǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰE hf ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ   (5)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ēดยทĊęǰh  ǰคČĂǰมüúขĂงĂนčภćคǰǰ f ǰǰคČĂǰคüćมถĊęขĂงĂนčภćคǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰ(4) Ēúąǰ(5)ǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 2hf mc ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ   (6) ǰ 

 

จćกǰ(2) ĒทนคŠćǰv c ǰ đมČęĂǰc ǰคČĂǰĂĆตรćđรĘüขĂงĒÿงĔนÿčญญćกćýǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

 

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ p mc ǰǰǰ                                   (7)  
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จćกǰ(4) Ēúąǰ(7) จąĕดšüŠćǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
Ep
c

 ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰE pc ǰ                                        (8)ǰǰǰ 

จćกǰ(5) Ēúąǰ(8) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ pc hf ǰǰ                                       (9) 

 

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰv f O ǰ                                      (10) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

 

ĒทนคŠćǰv c ǰĔนǰ(10) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰc f O ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
cf
O

 ǰ                                         (11)  

จćกǰ(9) Ēúąǰ(11) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰ

h
p

O  ǰ         

đรĊยกÿมกćรนĊĚüŠćǰคüćมยćüคúČęนđดĂบรĂยǰ                                               ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰ                                      
  

hp
O

                                             (12)  

จćกǰ(3) Ēúąǰ(12) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰ

2 ( ( ))h m E V x
O
 � ǰ 
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ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰ 2 ( ( ))
h

m E V x
O  

�
ǰ                  (13) 

 

จąĕดšüŠćǰǰ
� � � �2 22 2 2

2 2 2 2 2 2
4 2 ( ) 4 2 ( )(2 ) 4

( ) 4

m E V x m E V xf
v f h

S SZ S S
O O S

� �
    ǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
> @2

2 2
2 ( )m E V x

v
Z �

 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ    (14) 

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 2

2 2
( )d F x

dx v
Z

 �                                  (15) 

จćกÿมกćร (14) Ēúąǰ(15) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
> @2

2 2
2 ( )( ) ( )
m E V xd F x F x

dx
� �

 ǰ 

                                
 

2 2

2
( ) ( ) ( ) ( )

2
d F x EF x V x F x

m dx
�  �   

                                 
2 2

2
( ) ( ) ( ) ( )

2
d F x V x F x EF x

m dx
� �           (16) 

đรĊยกǰÿมกćรǰ(16) üŠćǰÿöกćøชđøĂดĉงđงĂøŤทĊęĕöŠขċĚนกĆïđüúćĔนĀนċęงöĉตĉ 
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2. ÿöกćøชđøĂดĉงđงĂøŤทĊęขċĚนกĆïđüúć 
พĉจćรณćคúČęนĔนรąนćบǰ(Plane wave) ทĊęđคúČęĂนทĊęĕปทćงขüćดšüยĂĆตรćđรĘüทĊęĕปĔนทĉýđดĊยüกĆนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

มĊđฟÿตŠćงกĆนǰ
2
S

ǰ đรđดĊยนǰĒúąมĊคüćมถĊęĒúąĒĂมพúĉจĎดđทŠćกĆนǰÿćมćรถđขĊยนฟŦงกŤชĆนคúČęนĕดšĔนรĎปǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ฟŦงกŤชĆนĕซนŤĕดšดĆงนĊĚǰ(กčúภĆทร, 2561) 

                � � � �0 0
2 2( , ) sin , sin

2
x t x vt x vtS S S

\ \ \
O O

­ ½ª º � � �® ¾« »¬ ¼¯ ¿
 ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚน         � � � �0 0
2 2( , ) cos , sinx t x vt x vtS S\ \ \
O O

­ ½ � �® ¾
¯ ¿

       ǰǰ  (1)ǰǰǰ 

ēดยทĊęǰ 0\ ǰǰคČĂĒĂมพúĉจĎดĒúąǰv ǰ คČĂĂĆตรćđรĘüขĂงคúČęนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ฉąนĆĚนǰđรćÿćมćรถđขĊยนÿมกćร (1) ĔĀšĂยĎŠĔนรĎปขĂงจĞćนüนđชĉงซšĂนĕดš ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚน         � � � �0 0
2 2( , ) cos sinx t x vt i x vtS S

\ \ \
O O

 � � �  

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � � � �0
2 2( , ) cos sinx t x vt i x vtS S\ \
O O

§ · � � �¨ ¸
© ¹

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

นĆęนคČĂǰǰǰǰǰǰǰǰ 0
2( , ) exp ( )x t i x vtS\ \
O

­ ½ �® ¾
¯ ¿

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                       (2)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰv f O ǰǰǰǰǰǰǰ                                                                    (3) 

ēดยทĊęǰv ǰคČĂǰĂĆตรćđรĘüĒúąǰǰO ǰǰคČĂǰคüćมยćüคúČęนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ĒทนคŠćÿมกćรǰ(3) úงĔนÿมกćรǰ(2) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 0
2( , ) exp ( )x t i x f tS

\ \ O
O

­ ½ �® ¾
¯ ¿

      

                 0( , ) exp 2 xx t i ft\ \ S
O

­ ½§ · �® ¾¨ ¸
© ¹¯ ¿

                                        (4) 

ēดยทĊęǰ 0\ ǰǰคČĂĒĂมพúĉจĎดǰ f ǰ คČĂคüćมถĊęǰĒúąǰO ǰคČĂคüćมยćüคúČęนǰǰǰǰǰǰǰǰǰǰǰǰǰǰ                          ǰǰǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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จćกÿมกćรǰ(4) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 0( , ) exp 2 xx t i ft\ \ S
O

­ ½§ · �® ¾¨ ¸
© ¹¯ ¿

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกทùþฎĊขĂงพúĆงคŤĒúąคüćมยćüคúČęนđดĂบรĂยǰđรćÿćมćรถđขĊยนÿมกćรǰ(2.2.4) ĕดšđปŨน 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 0( , ) exp 2 xp Ex t i t
h h

\ \ S
­ ½§ · �® ¾¨ ¸

© ¹¯ ¿
        (5) 

จćกǰǰǰ
2k S
O

 ǰ ēดยทĊęǰk ǰคČĂǰđúขคúČęนĀรČĂคŠćคงตĆüขĂงกćรĒผŠǰ(กčúภĆทร, 2561)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จćกคüćมยćüคúČęนđดĂบรĂยǰจąĕดšüŠćǰǰǰǰǰǰ
2 pk

h
S

 ǰǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
pk  ǰ                                               (6) 

ēดยทĊęǰ
2
h
S

 ǰคČĂǰคŠćคงตĆüขĂงพúĆงคŤĒบบúดคŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

đรćĂćจกúŠćüĕดšüŠćǰคŠćคงตĆüขĂงพúĆงคŤĒบบúดคŠćǰ(redVcedǰPlankĴsǰconstant)ǰคČĂǰคüĂนĕทđซชĆนǰ

(Quantization) ēมđมนตĆมđชĉงมčมǰตĆüĂยŠćงđชŠนǰēมđมนตĆมđชĉงมčมขĂงĂĉđúĘกตรĂนทĊęēคจรรĂบนĉüđคúĊยÿขĂง
ĂąตĂมǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

จćกǰǰǰ 2 fZ S ǰēดยทĊęǰZ ǰคČĂǰĂĆตรćđรĘüđชĉงมčมǰĒúąǰE hf ǰ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ดĆงนĆĚนǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
2 E

h
S

Z  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ         (7)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
E

Z  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĀรČĂǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰE Z ǰǰ                                          (8)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ĒทนคŠćǰZ ǰĒúąǰk ǰทĊęĀćĕดšจćกขšćงตšนúงĔนÿมกćรǰ(5) ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

จąĕดšüŠćǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) expx t i kx t\ \ Z � ǰ ǰ                           (9)ǰ 
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จćกÿมกćรǰ(5) จąđĀĘนüŠćฟŦงกŤชĆนคúČęนǰ ( , )x t\ ǰมĊคčณÿมบĆตĉตŠćงǰėǰขċĚนกĆบคŠćēมđมนตĆมǰ ( )p ǰĒúąพúĆงงćนǰ

( )E ǰซċęงĂยĎŠĔนรĎปขĂงđúขคúČęนǰ ( )k ǰĒúąĂĆตรćđรĘüđชĉงมčมǰ ( )Z ǰ ÿĂดคúšĂงกĆบพĂÿซĎđúตขšĂทĊęǰ1 ขĂง
กúýćÿตรŤคüĂนตĆมซċęงมĊĔจคüćมüŠćǰตĆüĒทนทćงคณĉตýćÿตรŤขĂงĂนčภćคคČĂฟŦงกŤชĆนคúČęนǰēดยทĊęคčณÿมบĆตĉǰǰตŠćงǰėǰ

ขĂงกćรđคúČęĂนทĊęขĂงĂนčภćคđชŠนǰคŠćēมđมนตĆมĒúąคŠćพúĆงงćนนĆĚนǰ(นรć, 2553) 

พĉจćรณćĀćĂนčพĆนธŤยŠĂยđทĊยบǰt ǰจćกÿมกćรǰ(9) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) ( ) expx t i i kx t
t
\ Z \ Z

w
 � �

w
                    (10) 

คĎณǰ i ǰตúĂดÿมกćรǰ(10) จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰ

� �^ `0( , ) ( )( ) expi x t i i i kx t
t
\ Z \ Z

w
 � �

w
  ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ǰǰ

� �^ `0( , ) ( ) expi x t i kx t
t
\ Z \ Z

w
 �

w
ǰ 

จćกÿมกćรǰ(9)ǰ จąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ � �^ `0( , ) expi x t E i kx t
t
\ \ Z

w
 �

w
ǰ                               (11) 

                      
    

( , ) ( , )i x t E x t
t
\ \

w
 

w
                                                (12) 

จćกผúรüมขĂงพúĆงงćนĂนčภćคǰ
2

( )
2
pE V x
m

 � ǰǰจąĕดšüŠć 

ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

ǰǰ

2
( , ) ( ) ( , )

2
pi x t V x x t

t m
\ \

ª ºw
 �« »

w « »¬ ¼
                                 (13) 

                  
  

( , ) ( , )i x t H x t
t
\ \

w
 

w
                                                    (14)ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ 
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đรĊยกǰÿมกćรǰ(14) üŠćǰÿöกćøชđøĂดĉงđงĂøŤทĊęขċĚนกĆïđüúćĔนĀนċęงöĉตĉ 

 

3.óúĆงงćนýĆก÷ŤทĊęĔชš 

     3.1 พúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšć 

1

1 1 2

2 3

2 3 4

4

0,            
,          

( ) 0,         
,        

0,             

x L
V L x L

V x L x L
V L x L

x L

�­
° d d°° d d®
° d d°
° !¯

 

 

 

øĎðõćóทĊęǰ3 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบดĆบđบĉúÿĊęđĀúĊęยมผČนผšć 
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 3.2 พúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšć 

1

1 1 2

2 3

2 3 4

4 5

3 5 6

6

0,            
,          

0,         
( ) ,        

0,          
,       

0,               

x L
V L x L

L x L
V x V L x L

L x L
V L x L

x L

�­
° d d°
° d d
°

 d d®
° d d°
° d d
° !¯

 

 

 

øĎðõćóทĊęǰ4 ĒÿดงภćพพúĆงงćนýĆกยŤĒบบทรĉปđปŗúÿĊęđĀúĊęยมผČนผšć 
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 3.3 พúĆงงćนýĆกยŤĒบบÿĊęđĀúĊęยมผČนผšćĔนกรณĊทĆęüĕป 

1

1 1 2

2 3

2 3 4

4 5

3 5 6

6

1

0,            
,          

0,         
,        

0,          
( )

,       
0,             
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 3.4 พลังงานýักยŤĒบบดับđบิลกĞาĒพงพาราēบลิก 
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  3.5 พลังงานýักยŤĒบบทริปđปŗลกĞาĒพงพาราēบลิก 
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3.6 พลังงานýักยŤĒบบกĞาĒพงพาราēบลิกĔนกรณีทัęüĕป 
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ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰปรąวĆตĉผĎšđขĊยน 

นายđจริญýักดิĝǰยินดีđทýǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

นิÿิตภาคüิชาคณิตýาÿตรŤĒละüิทยาการคĂมพิüđตĂรŤ ǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ
ÿาขาüิชาคณิตýาÿตรŤǰคณะüิทยาýาÿตรŤǰจุāาลงกรณŤมĀาüิทยาลัยǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰǰ

รąดĆบกćรศċกษć                                                                                                                              
-จบการýึกþาระดับประถมýึกþาจากēรงđรียนđทýบาลǰ1 (บšานชุมĒÿง)                                              
-จบการýึกþาระดับมัธยมýึกþาจากēรงđรียนชุมĒÿงชนูทิý 

 
 

 

 

 
ǰ
                                                 

ǰǰǰǰǰ
 

  

ǰǰǰ 

 

  

 

ǰ  

  

 


	ปกภาษาไทย
	หน้าอนุมัติ
	บทคัดย่อภาษาไทย
	บทคัดย่อภาษาอังกฤษ
	กิตติกรรมประกาศ
	สารบัญ
	บทที่ 1 บทนำ
	บทที่ 2 งานวิจัยที่เกี่ยวข้อง
	บทที่ 3 วิธีการทางคณิตศาสตร์สำหรับสมการซเรอดิงเงอร์
	บทที่ 4 ค่าความน่าจะเป็นในการส่งผ่านและการสะท้อน
	บทที่ 5 โหมดกึ่งปกติ
	บทที่ 6 ข้อสรุปจากการวิจัยและข้อเสนอแนะ
	รายการอ้างอิง
	ภาคผนวก
	ประวัติผู้เขียน

