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Chapter 1

Introduction

1.1 Background in Number theory

We begin by giving the basic definitions and theorems of number theory, see
[2], which are used in this project.

1.1.1 Divisibility

First, we explain the concepts of divisibility of integers.

Definition 1.1. Let a and b be integers such that a 6= 0. We say that b is
divisible by a if there is an integer x such that b = ax, and we write a | b.

Other language for the divisibility property a | b is that a divides b. The
integer a is called a divisor of b, and that b is called a multiple of a.

Theorem 1.2. Let a, b, c and d be integers. Then

1. a | 0, 1 | a and a | a ;

2. If a | b and b | c, then a | c ;

3. If a | b and c | d, then ac | bd ;

4. If a > 0 and b > 0 and a | b, then a  b ;

5. a | b if and only if 8m 2 Z�{0}, ma | mb ;

6. If a | b and a | c, then 8x, y 2 Z, a | (bx+ cy).

The next theorem is an important theorem about divisibility which will
be used to create conditions regarding divisibility for further using.

1



Theorem 1.3. The division algorithm. Given any integers a and b, with
a 6= 0, there exist unique integer q and r such that

b = qa+ r, 0  r < | a | .

If a - b, then r satisfies the stronger inequalities 0 < r < | a | .
Here q is called the quotient and r is called the remainder obtained by

dividing b by a.

Definition 1.4. Let b and c be integers. The integer a is a common di-
visor of b and c if a | b and a | c. If at least one of b and c is not 0,
the greatest among their common divisor is called the greatest common
divisor, denoted by gcd(b, c).

Definition 1.5. We say that a and b are relatively prime in case gcd(a, b) =
1, and that a1, a2, ..., an are relatively prime in case gcd(a1, a2, ..., an) = 1. We
say that a1, a2, ..., an are relatively prime in pair in case gcd(ai, aj) = 1
for all i = 1, 2, ..., n and j = 1, 2, ..., n with i 6= j.

Theorem 1.6. Let a, b, c 2 Z. If a | bc and gcd(a, b) = 1, then a | c.

1.1.2 Congruences

Next, we will explain the concepts of the congruences.

Definition 1.7. Given integers a, b,m with m > 0. We say that a is con-
gruent to b modulo m, and we write

a ⌘ b (mod m),

if m divides the di↵erence a � b. The number m is called the modulus of
the congruence.

In other words, the congruence is equivalent to the divisibility relation

m | (a� b).

In particular, a ⌘ 0 (mod m) if and only if m | a. Hence a ⌘ b (mod m) if
and only if a� b ⌘ 0 (mod m).

Remark.

1. For all n 2 Z, n is even if and only if n ⌘ 0 (mod 2),

2. For all n 2 Z, n is odd if and only if n ⌘ 1 (mod 2),

2



3. For all a, b,m 2 Z, if a ⌘ b (mod m), then a ⌘ b (mod d) when
d | m, d > 0.

Theorem 1.8. Congruence is an equivalence relation. that is, we have: For
all m 2 Z+

1. reflexivity: 8a 2 Z, a ⌘ a (mod m);

2. symmetry: 8a, b 2 Z, if a ⌘ b (mod m), then b ⌘ a (mod m);

3. transitivity: 8a, b, c 2 Z, if a ⌘ b (mod m) and b ⌘ c (mod m), then
a ⌘ c (mod m).

Theorem 1.9. If a ⌘ b (mod m) and c ⌘ d (mod m), then we have:

1. ax+ cy ⌘ bx+ dy (mod m) for all integer x and y,

2. ac ⌘ bd (mod m),

3. an ⌘ bn (mod m), for every positive integer n.

1.1.3 Quadratic Residue and the Quadratic Raciproc-
ity Law

Definition 1.10. Let a and m be relatively prime integers, with m � 1. a
is called a quadratic residue modulo m if the congruence

x2 ⌘ a (mod m)

has a solution. If it has no solution, then a is called a quadratic non-
residue modulo m.

Examples 1.11. To find the quadratic residues modulo 12 we square the
numbers 1, 2, ..., 11 and reduce mod 12. We obtain

12 ⌘ 52 ⌘ 72 ⌘ 112 ⌘ 1, 22 ⌘ 42 ⌘ 82 ⌘ 102 ⌘ 4, 32 ⌘ 92 ⌘ 9 (mod 12).

Consequently, the quadratic residues modulo 12 are 1, 4, 9, and the non-
residues are 2, 3, 5, 6, 7, 8, 10, 11.

Definition 1.12. Let p be an odd prime and n an integer with n 6⌘ 0 (mod p).

We define Legendre’s symbol
⇣

n
p

⌘
as follows:

✓
n

p

◆
=

(
1 if n is a quadratic residue mod p,

�1 if n is a quadratic nonresidue mod p.

If n ⌘ 0 (mod p), we define
⇣

n
p

⌘
= 0.

3



Examples 1.13. From 42 ⌘ 3 (mod 13), 3 is a quadratic residue mod 13.
Hence

�
3
13

�
= 1.

Examples 1.14. Since the congruence x2 ⌘ 2 (mod 13) has no solution, 2
is a quadratic nonresidue mod 13. Hence

�
2
13

�
= �1.

Corollary 1.15. Let p be an odd prime. Then for all integers m,n we have⇣
m
p

⌘
=

⇣
n
p

⌘
whenever m ⌘ n (mod p).

Theorem 1.16. Euler’s criterion. Let p be an odd prime. Then for all
integer n we have ✓

n

p

◆
⌘ n(p�1/2) (mod p).

Examples 1.17.
�

3
13

�
⌘ 3(13�1)/2 ⌘ 312/2 ⌘ 36 ⌘ 729 ⌘ 1 (mod 13). There-

fore
�

3
13

�
= 1 and so 3 is a quadratic residue mod 13.

Theorem 1.18. Let p be an odd prime and m,n be integers. Then
✓
mn

p

◆
=

✓
m

p

◆✓
n

p

◆
.

Theorem 1.19. For an odd prime p we have

✓
�1

p

◆
= (�1)

p�1
2 =

(
1 if p ⌘ 1 (mod 4),

�1 if p ⌘ 3 (mod 4).

Examples 1.20.
��1
13

�
= 1 because 13 ⌘ 1 (mod 4) and

��1
7

�
= �1 because

7 ⌘ 3 (mod 4).

Theorem 1.21. For every odd prime p we have

✓
2

p

◆
= (�1)(p

2�1)/8 =

(
1 if p ⌘ ±1 (mod 8),

�1 if p ⌘ ±3 (mod 8).

The following theorem provides a useful tool for computing Legendre
symbols.

Theorem 1.22. The Quadratic Reciprocity law. If p and q are distinct
odd prims, then ✓

p

q

◆✓
q

p

◆
= (�1)

p�1
2

q�1
2 .

4



Examples 1.23. From Theorem 1.22, we have
✓

7

13

◆
=

✓
13

7

◆
(�1)(

7�1
2 )( 13�1

2 ) =

✓
13

7

◆
=

✓
6

7

◆

=

✓
2

7

◆✓
3

7

◆
= (�1)(

72�1
8 )

✓
3

7

◆
=

✓
3

7

◆
.

Since ✓
3

7

◆
⌘ 3

7�1
2 ⌘ 27 ⌘ �1 (mod 7),

�
7
13

�
= 1 and so 7 is a quadratic nonresidue mod 13.

Definition 1.24. Let P be an odd integer with prime factorization

P =
rY

i=1

p↵i
i . (1.1)

The Jacobi symbol
⇣

n
p

⌘
is defined for all integers n by the equation

⇣ n

P

⌘
=

rY

i=1

✓
n

pi

◆↵i

,

where
⇣

n
pi

⌘
is the Legendre symbol. We also define

�
n
1

�
= 1 and the possible

values of
�
n
P

�
are 1,�1, or 0.

Remark. If the congruence

x2 ⌘ n (mod P )

has a solution and
�
n
P

�
=

Qr
i=1

⇣
n
pi

⌘↵i

, then
⇣

n
pi

⌘
= 1 for each prime pi, and

hence
�
n
P

�
= 1. But the converse is not true because

�
n
P

�
can be 1 if an even

number of factors �1 appears in (1.1).

Examples 1.25. We have
�
2
9

�
= 1 but the congruence x2 ⌘ 2 (mod 9)has

no solution.

Theorem 1.26. If P and Q are odd positive integers, then

1.
�
m
P

� �
n
P

�
=

�
mn
P

�
,

2.
�
n
P

� ⇣
n
Q

⌘
=

⇣
n

PQ

⌘
,

5



3.
�
m
P

�
=

�
n
P

�
whenever m ⌘ n (mod P ),

4.
⇣

a2n
P

⌘
=

�
n
P

�
whenever gcd(a, P ) = 1.

The following theorem is the general version of the Quadratic Reciprocity
Law.

Theorem 1.27. The Quadratic Reciprocity law for Jacobi symbols.
If P and Q are positive odd integers with gcd(P,Q) = 1, then

✓
P

Q

◆✓
Q

P

◆
= (�1)

P�1
2

Q�1
2 .

1.2 Minkowski Convex Body Theorem in R2

In this section, we introduce the Minkowski Convex Body Theorem that is
mainly used in this project. We start this section by giving the definition of
lattices in Rn, see [7].

Definition 1.28. Given n linearly independent vectors b1, b2, ..., bn 2 Rn, the
n-dimensional lattice genereted by them is defined as

L(b1, b2, ..., bn) = {
nX

i=1

xibi | xi 2 Z}.

We refer to b1, b2, ..., bn as a basis of the lattice. Equivalently, let B be the
n ⇥ n matrix whose rows are b1, b2, ..., bn, then the n-dimensional lattice
genereted by B is

L(B) = L(b1, b2, ..., bn) = {Bx | x 2 Zn}

and we say that the rank of L(B) is n.

Definition 1.29. Let ⇤ = L(B) be a lattice of rank n. We define the de-
terminant of ⇤, denoted det(⇤), by det(⇤):=| det(B) |.

In this project, we deal with lattices in R2 which can be explained as
follows: given 2 linearly independent vectors u, v 2 R2, the 2-dimensional
lattice genereted by them is defined as

L(u, v) = {x1u+ x2v | x1, x2 2 Z}.

We refer to u, v as a basis of the lattice.The determinant det(⇤) in R2 is

det(L(u, v)) =| det(B) | where B =


u
v

�
.

6



Figure 1.1: Lattice in R2 generated by vectors u and v

From the picture, the lattice points are the points at the intersection of two
grid lines of the parallelograms.

Definition 1.30. Let S be a subset of R2. S is said to be convex if

{u+ t(v � u) : t 2 [0, 1]} ⇢ S

for every u, v 2 S.

Examples 1.31. A disk with center (0, 0) and radius c is a convex subset in
R2.

Definition 1.32. We say S is symmetric with respsect to the origin
if (�x1,�x2) 2 S for all (x1, x2) 2 S.

The Minkowski Convex Body Theorem for a 2-dimensional Lattice states
as follows.

Theorem 1.33. Minkowski Convex Body Theorem. Suppose that ⇤ is
a 2-dimensional lattice in R2 with determinant det(⇤) and let S be a convex
subset of R2 that is symmetric with respsect to the origin. Then if

area(S) > 4det(⇤),

S must contain at least one lattice point besides the origin.

Here det(⇤) can be considered as the area of the parallelogram having
u and v as adjacent sides. A convex set S that has been considered in our
entire project is the origin symetric ellipse whose its area is

area(S) = ⇡ab,

7



Figure 1.2: An origin symetric ellipse

where a is the length of semi-major axis and b is the length of semi-minor
axis as shown in Figure 1.2.

By using a lattice ⇤ = L(u, v) and a symetric ellipse S centered at the
origin, the Minkowski Convex Body Theorem can be interpreted as follow :
“If the area of S is 4 times greater that the area of the parallelogram having
u and v as adjecent sides, then there exists a lattice point apart from (0, 0)
that is contained in S.”

1.3 Binary Quadratic Forms

In this section, we discuss a representation of integers by quadratic forms.

Definition 1.34. An integral binary quadratic form is a quadratic poly-
nomial f(x, y) in two variables

f(x, y) = ax2 + bxy + cy2

over Z.

Definition 1.35. We say that a binary quadratic form f(x, y) is primitive
if a, b and c are relatively prime.

Definition 1.36. The discriminant of form f(x, y) = ax2 + bxy + cy2 is
defined as

D = b2 � 4ac.

Definition 1.37. Let f(x, y) be an integral binary quadratic form. An integer
a is said to be represented by f(x,y) if there exist integers m and n such
that f(m,n) = a.

8



One of interesting problems relating to quadratic forms is representation
of primes by integral binary quadratic forms, see e.g. [1], [3], [5], [6], [8] and
[9]. Historically, a representation of primes of the form p = x2 + ny2 for
arbitrary n have been widely studies. For example, Euler gave the rigorous
proofs of the following four statements stated by Fermat, see e.g. [3] :

1. p = x2 + y2 if and only if p = 2 or p ⌘ 1 (mod4);

2. p = x2 + 2y2 if and only if p = 2 or p ⌘ 1, 3 (mod8);

3. p = x2 + 3y2 if and only if p = 3 or p ⌘ 1 (mod3);

4. p = x2 + 4y2 if and only if p ⌘ 1 (mod4).

and he also conjected that there is a prime p satisfying

p = x2 + 6y2 if and only if p ⌘ 1, 7 (mod24).

This conjecture was proved by Kaplan [5] in 2014. The Fermat’s statements
and the result for the case n=7 were also shown in [5] by using the di↵erent
techniques of proofs. In [4], Hammonds proved the statement that there are
primes satisfying

1. p = x2 + y2 if and only if p = 2 or p ⌘ 1 (mod4);

2. p = x2 + 2y2 if and only if p = 2 or p ⌘ 1, 3 (mod8).

He mainly used the Minkowski Convex Body Theorem to proved this state-
ment.

In this project, we find a class of primes represented by some binary
quadratic form over Z. To do so, we give some su�cient conditions for primes
that can be represented by the form

f(x, y) = x2 + ny2,

where n = 3, 5, 6, 7, 10, 13, 14 and the form f(x, y) = 2x2 + 7y2 which are
primitive and have negative discriminant.

9



Chapter 2

Representation of primes by
quadratic forms

This chapter provides a class of primes that can be represented by the
quadratic form x2+ny2 where n = 3, 5, 6, 7, 10, 13, 14 and the form f(x, y) =
2x2 + 7y2.

Lemma 2.1. Let p be a prime. If p ⌘ 1 (mod 3), then �3 is a quadratic
residue modulo p.

Proof. Assume that p ⌘ 1 (mod 3). Then by Theorem 1.18, Theorem 1.19
and Theorem 1.22, we have

✓
�3

p

◆
=

✓
�1

p

◆✓
3

p

◆

= (�1)
p�1
2

✓
3

p

◆

= (�1)
p�1
2

⇣p
3

⌘
(�1)(

p�1
2 )( 3�1

2 )

=

✓
1

3

◆
(from p ⌘ 1 (mod 3))

= 1.

Hence �3 is a quadratic residue modulo p.

The following known result was mentioned in [4] without proof. There-
fore, we show the proof in order to make this project self-contained.

Theorem 2.2. Let p be a prime. If p ⌘ 1 (mod 3), then p is represented by
the form f(x, y) = x2 + 3y2.
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Proof. Assume that p ⌘ 1 (mod 3). By the previous lemma, �3 is a quadratic
residue modulo p. Thus there exists u 2 Z such that

u2 ⌘ �3 (mod p). (2.1)

Let
⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z}

be a lattice in R2 generated by v1 = (1, u) and v2 = (0, p). Thus

det⇤ =

����
1 u
0 p

���� = 1(p)� 0(u) = p.

We observe that if (y, x) 2 ⇤, there exist m,n 2 Z such that mv1 + nv2 =
(y, x), i.e., (m,mu) + (0, np) = (y, x). Then x = mu + np and y = m which
give

x2 + 3y2 = (mu+ np)2 + 3(m)2

= m2u2 + 2munp+ n2p2 + 3m2

= p(2mun+ n2p) +m2(u2 + 3)

⌘ m2(u2 + 3) (mod p)

⌘ 0 (mod p) (by (2.1)).

Let S be the origin symetric ellipse defined by

S = {(y, x) 2 R2 : x2 + 3y2 < 3p}.

Then the semi-major axis length is
p
3p and semi-minor axis length is

p
p.

We note that

area(S) = ⇡(
p
3p)(

p
p) = ⇡(

p
3)p > 4p = 4det(⇤).

By the Minkowski Convex Body Theorem, there exists a lattice point (d, c) 2
S�(0, 0) such that

0 < c2 + 3d2 < 3p and c2 + 3d2 ⌘ 0 (mod p).

Then p | c2 + 3d2, which implies that c2 + 3d2 = p or 2p.
Suppose, by contrary, that c2 + 3d2 = 2p. From p ⌘ 1 (mod 3), then

3 | p� 1. Then there exists k 2 Z such that p = 3k + 1. Thus

6k + 2 = 2p = c2 + 3d2 ⌘ c2 (mod 3).

Hence 2 ⌘ c2 (mod 3). That is 2 is a quadratic residue modulo 3. Thus�
2
3

�
= 1 which contradicts Theorem 1.19. Hence c2 + 3d2 = p,i.e., p is

represented by the form x2 + 3y2.
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Examples 2.3. Since 7 ⌘ 1 (mod 3), then, by the above theorem, 7 can be
represented by the form f(x, y) = x2 + 3y2. In fact, 7 = 22 + 3(1)2.

Lemma 2.4. If a prime p ⌘ 1, 9 (mod 20), then �5 is a quadratic residue
modulo p.

Proof. Assume that p ⌘ 1, 9 (mod 20). Then p�1
2 is even. Moreover, p ⌘

1, 4 (mod 5), which are both square. Therefore
�
p
5

�
= 1. By Theorem 1.18,

Theorem 1.19, Theorem 1.21 and Theorem 1.22, we have
✓
�5

p

◆
=

✓
�1

p

◆✓
5

p

◆

= (�1)
p�1
2

✓
5

p

◆

=
⇣p
5

⌘
(�1)

p�1
2 (�1)

5�1
2

= 1.

Then �5 is a quadratic residue modulo p.

Theorem 2.5. Let p be a prime. If p ⌘ 1, 9 (mod 20), then p is represented
by the form f(x, y) = x2 + 5y2.

Proof. Assume that p ⌘ 1, 9 (mod 20). Then, by Lemma 2.4, �5 is a
quadratic residue modulo p. Thus there exists u 2 Z such that

u2 ⌘ �5 (mod p). (2.2)

Let ⇤ be a lattice in R2 defined by

⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z},

where v1 = (1, u) and v2 = (0, p). Thus det(⇤) =

����
1 u
0 p

���� = 1(p)� 0(u) = p.

Note that if (y, x) 2 ⇤, there exist m,n 2 Z such that mv1 + nv2 = (y, x),
i.e., (m,mu) + (0, np) = (y, x). Then x = mu + np and y = m. By direct
computation as in Theorem 2.2, we have

x2 + 5y2 = (mu+ np)2 + 5(m)2

⌘ m2(u2 + 5) (mod p)

⌘ 0 (mod p) (by (2.2)).
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Let S be the origin symetric ellipse with semi-major axis length
p
3p and

semi-minor axis length
q

3p
5 defined by

S = {(y, x) 2 R2 : x2 + 5y2 < 3p}.

Then we have

area(S) = ⇡(

r
3p

5
)(
p
3p) = ⇡(

3p
5
)p > 4p = 4det(⇤).

By the Minkowski Convex Body Theorem, there exists a lattice point (d, c) 2
S�(0, 0) be such that

0 < c2 + 5d2 < 3p and c2 + 5d2 ⌘ 0 (mod p).

These expressions show that we must consider two cases :

c2 + 5d2 = p or 2p.

Suppose c2+5d2 = 2p. From p ⌘ 1, 9 (mod 20), then 20 | p�1 or 20 | p�9.
Case 20 | p� 1 : Thus there exists k 2 Z be such that p = 20k + 1. Then

40k + 2 = 2p = c2 + 5d2 ⌘ c2 (mod 5).

Hence 2 ⌘ c2 (mod 5). That is 2 is a quadratic residue modulo 5. Thus�
2
5

�
= 1, a contradiction.

Case 20 | p� 9 : Thus there exists k 2 Z be such that p = 20k + 9. Then

40k + 18 = 2p = c2 + 5d2 ⌘ c2 (mod 5).

Hence 3 ⌘ c2 (mod 5). That is 3 is a quadratic residue modulo 5. Thus�
3
5

�
= 1. Since 3

5�1
2 ⌘ 9 ⌘ �1 (mod 5), we obtain a contradiction.

Hence c2 + 5d2 = p, that is, p is represented by the form x2 + 5y2.

Examples 2.6.

1. Since 41 is an odd prime satisfying 41 ⌘ 1 (mod 20), we can conclude
that 41 can be represented by the form f(x, y) = x2 + 5y2. In fact
41 = 62 + 5(1)2.

2. Since 89 is an odd prime satisfying 89 ⌘ 9 (mod 20), we can conclude
that 89 can also be represented by the form f(x, y) = x2 + 5y2. Note
that 89 = 32 + 5(4)2.
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Lemma 2.7. If a prime p ⌘ 1, 7 (mod 24), then �6 is a quadratic residue
modulo p.

Proof. Assume that p ⌘ 1, 7 (mod 24).
Case p ⌘ 1 (mod 24) : Then there exists k 2 Z be such that p = 24k + 1.
By Theorem 1.18, Theorem 1.19, Theorem 1.21 and Theorem 1.22, we have

✓
�6

p

◆
=

✓
�1

p

◆✓
2

p

◆✓
3

p

◆

= (�1)
p�1
2 (�1)

p2�1
8

✓
3

p

◆

= (�1)12k(�1)72k
2+6k

✓
3

p

◆

=
⇣p
3

⌘
(�1)(

p�1
2 )( 3�1

2 )

=
⇣p
3

⌘

= 1 (from p ⌘ 1 (mod 3)).

Case p ⌘ 7 (mod 24) : Then there exists k 2 Z be such that p = 24k + 7.
By Theorem 1.18, Theorem 1.19, Theorem 1.21 and Theorem 1.22, we have

✓
�6

p

◆
=

✓
�1

p

◆✓
2

p

◆✓
3

p

◆

= (�1)
p�1
2 (�1)

p2�1
8

✓
3

p

◆

= (�1)12k+3(�1)72k
2+42k+6

✓
3

p

◆

= (�1)

✓
3

p

◆

= (�1)
⇣p
3

⌘
(�1)(

p�1
2 )( 3�1

2 )

=
⇣p
3

⌘

= 1 (from p ⌘ 1 (mod 3)).

Then �6 is a quadratic residue modulo p.

Theorem 2.8. Let p be a prime. If p ⌘ 1, 7 (mod 24), then p is represented
by the form f(x, y) = x2 + 6y2.
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Proof. Assume that p ⌘ 1, 7 (mod 24). Then �6 is a quadratic residue mod-
ulo p. Thus there exists u 2 Z such that

u2 ⌘ �6 (mod p). (2.3)

Let ⇤ be a lattice in R2 defined by

⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z},

where v1 = (1, u) and v2 = (0, p). By the same argument as in previous
theorem, we have det(⇤) = p and if (y, x) 2 ⇤, then x2+6y2 ⌘ 0 (mod p) by
(2.3). By letting

S = {(y, x) 2 R2 : x2 + 6y2 < 4p},
we have

area(S) = ⇡(

r
4p

6
)(
p
4p) = ⇡(

4p
6
)p > 4p = 4det(⇤).

Then there exists a lattice point (d, c) 2 S�(0, 0) such that

0 < c2 + 6d2 < 4p and c2 + 6d2 ⌘ 0 (mod p).

Consequently, we get c2 + 6d2 = p or 2p or 3p.
Suppose that c2 + 6d2 = 2p. From p ⌘ 1, 7 (mod 24), we have

2p ⌘ 2, 14 ⌘ 2 (mod 3)

and so
c2 ⌘ c2 + 6d2 ⌘ 2p ⌘ 2 (mod 3).

Therefore,
�
2
3

�
= 1, which is a contradiction.

Suppose that c2+6d2 = 3p. Then 3 | c2+6d2. Suppose that d is multiple
of 3. Then 3 | c2 and so 9 | c2. Thus 9 | c2 + 6d2, i.e., 9 | 3p. Therefore 3 | p.
This implies that p = 3, which is impossible. Then d is not a multiple of 3.
Thus d2 ⌘ 1 (mod 3). Hence 6d2 ⌘ 6 ⌘ 0 (mod 3). Therefore

0 ⌘ 3p ⌘ c2 + 6d2 ⌘ c2 (mod 3).

Then c2 ⌘ 0 (mod 3) which implies that 3 | c. So there exists l 2 Z be such
that c = 3l. Now we have

c2 + 6d2 = (3l)2 + 6d2 = 3(3l2 + 2d2) = 3p.

Then p ⌘ 2d2 ⌘ 2 (mod 3), which is a contradiction.
Hence c2 + 6d2 = p, that is, p is represented by the form x2 + 6y2.
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Examples 2.9.

1. We have 73 is an odd prime with 73 ⌘ 1 (mod 24). Then 73 is repre-
sented by the form f(x, y) = x2 + 6y2, that is, 73 = 72 + 6(2)2.

2. We have 79 is an odd prime and 79 ⌘ 7 (mod 24). Then 79 is repre-
sented by the form f(x, y) = x2 + 6y2, that is, 79 = 52 + 6(3)2.

Lemma 2.10. If a prime p ⌘ 1, 9, 11, 15, 23, 25 (mod 28), then �7 is a
quadratic residue modulo p.

Proof. Assume that p ⌘ 1, 9, 11, 15, 23, 25 (mod 28).
By Theorem 1.18, Theorem 1.19, Theorem 1.21 and Theorem 1.22, we have

✓
�7

p

◆
=

✓
�1

p

◆✓
7

p

◆

= (�1)
p�1
2

⇣p
7

⌘
(�1)(

p�1
2 )( 7�1

2 )

=
⇣p
7

⌘
. (2.4)

Case p ⌘ 1, 15 (mod 28) : Then p ⌘ 1 (mod 7) and so, by (2.4), we obtain

✓
�7

p

◆
=

✓
1

7

◆
= 1.

Case p ⌘ 9, 23 (mod 28) : Then p ⌘ 2 (mod 7). By (2.4) and Theorem 1.21,
we obtain ✓

�7

p

◆
=

✓
2

7

◆
= 1.

Case p ⌘ 11, 25 (mod 28) : Then p ⌘ 4 mod 7. By (2.4) and 4 is square, we
obtain ✓

�7

p

◆
=

✓
4

7

◆
= 1.

Then �7 is a quadratic residue modulo p.

Theorem 2.11. Let p be a prime. If p ⌘ 1, 9, 11, 15, 23, 25 (mod 28), then
p is represented by the form f(x, y) = x2 + 7y2.

Proof. Assume that p ⌘ 1, 9, 11, 15, 23, 25 (mod 28). By the previous lemma,
�7 is a quadratic residue modulo p. Thus there exists u 2 Z such that

u2 ⌘ �7 (mod p). (2.5)
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Let ⇤ be a lattice in R2 defined by

⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z},

where v1 = (1, u) and v2 = (0, p). By the same argument as in previous
theorem, we have det(⇤) = p and if (y, x) 2 ⇤, x2 + 7y2 ⌘ 0 (mod p) by
(2.5). By letting

S = {(y, x) 2 R2 : x2 + 7y2 < 4p},

we have area(S) = ⇡(
q

4p
7 )(

p
4p) = ⇡( 4p

7
)p > 4p = 4det(⇤).

Then there exists a lattice point (d, c) 2 S�(0, 0) such that

0 < c2 + 7d2 < 4p and c2 + 7d2 ⌘ 0 (mod p).

Consequently, we get c2 + 7d2 = p or 2p or 3p.
Suppose that c2 + 7d2 = 2p. In order to obtain a contradiction we divide

the proof into four case as follows.
Case c is even and d is odd : Thus there exist k, l 2 Z be such that c = 2k
and d = 2l + 1. We have

2p = c2 + 7d2 = (2k)2 + 7(2l + 1)2

= 4k2 + 7(4l2 + 4l + 1)

= 2(2k2 + 14l2 + 14l + 3) + 1.

Thus 2p is odd, a contradiction.
Case c is odd and d is even : Thus there exist k, l 2 Z be such that
c = 2k + 1 and d = 2l. We have

2p = c2 + 7d2 = (2k + 1)2 + 7(2l)2

= (4k2 + 4k + 1) + 7(4l2)

= 2(2k2 + 2k + 14l2) + 1.

Thus 2p is odd, a contradiction.
Case c and d are even : Thus there exist k, l 2 Z be such that c = 2k and
d = 2l. We have

2p = c2 + 7d2 = (2k)2 + 7(2l)2

= (4k2) + 7(4l2)

= 2(2k2 + 14l2)

and so p = 2k2 + 14l2. Thus p is even, a contradiction.
Case c and d are odd : Thus there exist k, l 2 Z be such that c = 2k + 1
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and d = 2l + 1. We have

2p = c2 + 7d2 = (2k + 1)2 + 7(2l + 1)2

= (4k2 + 4k + 1) + 7(4l2 + 4l + 1)

= 2(2k2 + 2k + 4 + 14l2 + 14l).

Therefore, we have

p = 2k2 + 2k + 4 + 14l2 + 14l

= 2(k2 + k + 2 + 7l2 + 7l).

Thus p is even, a contradiction.
Suppose that c2+7d2 = 3p. Then 3 | c2+7d2. Suppose that d is multiple

of 3. Then 3 | c2 and so 9 | c2. Thus 9 | c2 + 7d2, i.e., 9 | 3p. Therefore 3 | p.
This implies that p = 3, which is impossible. Then d is not a multiple of 3.
Thus d2 ⌘ 1 (mod 3). Hence 7d2 ⌘ 7 ⌘ 1 (mod 3). Therefore

0 ⌘ 3p ⌘ c2 + 7d2 ⌘ c2 + 1 (mod 3).

Then c2 ⌘ �1 (mod 3) which implies that �1 is a quddratic residue modulo
3, then

��1
3

�
= 1, but from

✓
�1

3

◆
= (�1)

3�1
2 = �1 6⌘ 1 (mod 3),

which is a contradiction.
Hence c2 + 7d2 = p, that is, p is represented by the form x2 + 7y2.

Examples 2.12.

1. Since 29 is an odd prime with 29 ⌘ 1 (mod 28), we get 29 can be
represented by the form f(x, y) = x2 + 7y2. In fact, 29 = 12 + 7(2)2.

2. Since 37 is an odd prime with 37 ⌘ 9 (mod 28), we get 37 can be
represented by the form f(x, y) = x2 + 7y2. In fact, that is 37 =
32 + 7(2)2.

3. Since 67 is an odd prime with 67 ⌘ 11 (mod 28), we get 67 can be
represented by the form f(x, y) = x2 + 7y2. In fact, that is 67 =
22 + 7(3)2.

4. Since 127 is an odd prime with 127 ⌘ 15 (mod 28), we get 127 can
be represented by the form f(x, y) = x2 + 7y2. In fact, that is 127 =
82 + 7(3)2.
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5. Since 23 is an odd prime with 23 ⌘ 23 (mod 28), we get 23 can be
represented by the form f(x, y) = x2 + 7y2. In fact, that is 23 =
42 + 7(1)2.

6. Since 53 is an odd prime with 53 ⌘ 25 (mod 28), we get 53 can be
represented by the form f(x, y) = x2 + 7y2. In fact, that is 53 =
52 + 7(2)2.

Lemma 2.13. Let p be a prime. If p ⌘ 1, 9, 11, 19 (mod 40), then �10 is a
quadratic residue modulo p.

Proof. Assume that p ⌘ 1, 9, 11, 19 (mod 40). By Theorem 1.18, Theorem
1.19, Theorem 1.21 and Theorem 1.22, we have

✓
�10

p

◆
=

✓
�1

p

◆✓
5

p

◆✓
2

p

◆

= (�1)
p�1
2

⇣p
5

⌘
(�1)(

p�1
2 )( 5�1

2 )

✓
2

p

◆

= (�1)
p�1
2

⇣p
5

⌘✓
2

p

◆
. (2.6)

Case p ⌘ 1 (mod 40) : Then p�1
2 is even. Moreover p ⌘ 1 (mod 5) and

p ⌘ 1 (mod 8). By (2.6), we have
✓
�10

p

◆
=

✓
1

5

◆✓
2

p

◆
= 1.

Case p ⌘ 9 (mod 40) : Then p�1
2 is even. Moreover p ⌘ 4 (mod 5) and

p ⌘ 1 (mod 8). By (2.6), we have
✓
�10

p

◆
=

✓
4

5

◆✓
2

p

◆
= 1.

Case p ⌘ 11 (mod 40) : Then p�1
2 is odd. Moreover, p ⌘ 1 (mod 5) and

p ⌘ 3 (mod 8). By (2.6), we have
✓
�10

p

◆
=

✓
1

5

◆✓
2

p

◆
= �

✓
1

5

◆
(�1) = 1.

Case p ⌘ 19 (mod 40) : Then p�1
2 is odd. Moreover, p ⌘ 4 (mod 5) and

p ⌘ 3 (mod 8). By (2.6), we have
✓
�10

p

◆
= �

✓
5

p

◆✓
2

p

◆
= �

✓
5

p

◆
(�1) = 1.

Then �10 is a quadratic residue modulo p.
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Theorem 2.14. Let p be a prime. If p ⌘ 1, 9, 11, 19 (mod 40), then p is
represented by the form f(x, y) = x2 + 10y2.

Proof. Assume that p ⌘ 1, 9, 11, 19 (mod 20). By the previous lemma, �10
is a quadratic residue modulo p. Thus there exists u 2 Z such that

u2 ⌘ �10 (mod p). (2.7)

Let ⇤ be a lattice in R2 defined by

⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z},

where v1 = (1, u) and v2 = (0, p). By the same argument, we have det(⇤) = p
and if (y, x) 2 ⇤, x2 + 10y2 ⌘ 0 (mod p) by (2.7). Put

S = {(y, x) 2 R2 : x2 + 10y2 < 5p},

We have

area(S) = ⇡(

r
5p

10
)(
p
5p) = ⇡(

5p
10

)p > 4p = 4det(⇤).

Then there exists a lattice point (d, c) 2 S�(0, 0) such that

0 < c2 + 10d2 < 5p and c2 + 10d2 ⌘ 0 (mod p).

Then c2 + 10d2 = p or 2p or 3p or 4p.
Suppose that c2 + 10d2 = 2p.

Case p ⌘ 1 (mod 40) : Then

2 ⌘ 2p ⌘ c2 + 10d2 ⌘ c2 (mod 10).

Then c2 ⌘ 2 (mod 10). It obvious that this congruence has no solution mod
10.
Case p ⌘ 9 (mod 40) : Then

18 ⌘ 2p ⌘ c2 + 10d2 ⌘ c2 (mod 10).

Then c2 ⌘ 8 (mod 10). The congruence also has no solution mod 10.
Case p ⌘ 11 (mod 40) : Then

22 ⌘ 2p ⌘ c2 + 10d2 ⌘ c2 (mod 10).

Then c2 ⌘ 2 (mod 10). The congruence also has no solution mod 10.
Case p ⌘ 19 (mod 40) : Then

38 ⌘ 2p ⌘ c2 + 10d2 ⌘ c2 (mod 10).
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Then c2 ⌘ 8 (mod 10). The congruence also has no solution mod 10.
Suppose that c2 + 10d2 = 3p. Then 3 | c2 + 10d2. Suppose that d is

multiple of 3. Then 3 | c2 and so 9 | c2. Thus 9 | c2 + 10d2, i.e., 9 | 3p.
Therefore 3 | p. This implies that p = 3, which is impossible. Then d is not
multiple of 3 and so d2 ⌘ 1 (mod 3). Hence 10d2 ⌘ 10 ⌘ 1 (mod 3). Thus

0 ⌘ 3p ⌘ c2 + 10d2 ⌘ c2 + 1 (mod 3).

Then c2 ⌘ �1 (mod 3) which implies that �1 is a quadratic residue modulo
3, then

��1
3

�
= 1. But from

✓
�1

3

◆
⌘ (�1)

3�1
2 ⌘ �1 6⌘ 1 (mod 3),

this is a contradiction.
Suppose that c2 + 10d2 = 4p. Then 4 | c2 + 10d2 so there exists k 2 Z

such that 4k = c2 + 10d2. Hence

c2 = 4k � 10d2 = 2(2k � 5d2).

Then 2 | c2 and so 4 | c2. From 4 | c2 + 10d2, then 4 | 10d2 we also get 2 | d.
Thus both c and d are even. Then there exist m,n 2 Z such that c = 2m
and d = 2n. We have

4p = c2 + 10d2 = (2m)2 + 10(2n)2

= 4m2 + 40n2.

Therefore p = m2 + 10n2. That is there exist m,n 2 Z be such that p =
m2 + 10n2. Hence p is represented by the form f(x, y) = x2 + 10y2.
For the last case that c2 + 10d2 = p, the theorem obviously holds.

Examples 2.15.

1. Since 41 is an odd prime with 41 ⌘ 1 (mod 40), we get 41 can be
represented by the form f(x, y) = x2 + 10y2. In fact, 41 = 12 + 10(2)2.

2. Similarly, 89 is an odd prime with 89 ⌘ 9 (mod 40). So 89 can be
represented by the form f(x, y) = x2 + 10y2. In fact, 89 = 72 + 10(2)2.

3. 91 is an odd prime with 91 ⌘ 11 (mod 40). So 91 can be represented
by the form f(x, y) = x2 + 10y2. In fact, 91 = 12 + 10(3)2.

4. 59 is an odd prime with 59 ⌘ 19 (mod 40). So 59 can be represented
by the form f(x, y) = x2 + 10y2. In fact, 59 = 72 + 10(1)2.
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Lemma 2.16. Let p be a prime. If p ⌘ 1, 9, 17, 25, 29, 49 (mod 52), then
�13 is a quadratic residue modulo p.

Proof. Assume that p ⌘ 1, 9, 17, 25, 29, 49 (mod 52). Then p ⌘ 1, 9, 4, 25, 16, 49 (mod 13),
respectively. Since they are all squares,

⇣ p

13

⌘
= 1.

Moreover, in any case, p ⌘ 1 (mod 4). Therefore p�1
2 is even. By Theorem

1.18, Theorem 1.19, Theorem 1.21 and Theorem 1.22, we have
✓
�13

p

◆
=

✓
�1

p

◆✓
13

p

◆

= (�1)
p�1
2

⇣ p

13

⌘
(�1)(

p�1
2 )( 13�1

2 )

= 1.

Hence �13 is a quadratic residue modulo p.

Theorem 2.17. Let p be a prime. If p ⌘ 1, 9, 17, 25, 29, 49 (mod 52), then
p is represented by the form f(x, y) = x2 + 13y2.

Proof. Assume that p ⌘ 1, 9, 17, 25, 29, 49 (mod 52). By the previous lemma,
�13 is a quadratic residue modulo p. Thus there exists u 2 Z such that

u2 ⌘ �13 (mod p). (2.8)

Let ⇤ be a lattice in R2 defined by

⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z},

where v1 = (1, u) and v2 = (0, p). Then det(⇤) = p and if (y, x) 2 ⇤,
x2 + 13y2 ⌘ 0 (mod p) by (2.8). Put

S = {(y, x) 2 R2 : x2 + 13y2 < 5p},

We have

area(S) = ⇡(

r
5p

13
)(
p
5p) = ⇡(

5p
13

)p > 4p = 4det(⇤).

Then there exists a lattice point (d, c) 2 S�(0, 0) such that 0 < c2+13d2 < 5p
and c2 + 13d2 ⌘ 0 (mod p). Consequently, we get c2 + 13d2 = p or 2p or 3p
or 4p. The case c2 + 13d2 = p is obvious.
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Suppose that c2 + 13d2 = 2p.
Case p ⌘ 1 (mod 52) : Then

2 ⌘ 2p ⌘ c2 + 13d2 ⌘ c2 (mod 13).

Thus c2 ⌘ 2 (mod 13). It obvious that this congruence has no solution mod
13.
Case p ⌘ 9 (mod 52) : Then

18 = 2p = c2 + 13d2 ⌘ c2 (mod 13).

Thus c2 ⌘ 5 (mod 13). It obvious that this congruence has no solution mod
13.
Case p ⌘ 17 (mod 52) : Then

34 = 2p = c2 + 13d2 ⌘ c2 (mod 13).

Thus c2 ⌘ 8 (mod 13). Similarly, this congruence has no solution mod 13.
Case p ⌘ 25 (mod 52) : Then

50 = 2p = c2 + 13d2 ⌘ c2 (mod 13).

Thus c2 ⌘ 11 (mod 13). Similarly, this congruence has no solution mod 13.
Case p ⌘ 29 (mod 52) : Then

58 = 2p = c2 + 13d2 ⌘ c2 (mod 13).

Thus c2 ⌘ 6 (mod 13). Similarly, this congruence has no solution mod 13.
Case p ⌘ 49 (mod 52) : Then

98 = c2 + 13d2 ⌘ c2 (mod 13).

Thus c2 ⌘ 7 (mod 13). Similarly, this congruence has no solution mod 13.
Suppose that c2 + 13d2 = 3p. Then 3 | c2 + 13d2.

Suppose that d is multiple of 3. Then 3 | c2 and so 9 | c2. Thus 9 | c2 +13d2,
i.e., 9 | 3p. Therefore 3 | p which implies that p = 3, which is impossible.
Then d is not multiple of 3. Then d2 ⌘ 1 (mod 3). Hence 13d2 ⌘ 13 ⌘
1 (mod 3). Thus

0 ⌘ 3p ⌘ c2 + 13d2 ⌘ c2 + 1 (mod 3).

Then c2 ⌘ �1 (mod 3) which implies that �1 is a quadratic residue modulo
3. Then

��1
3

�
= 1. But from

✓
�1

3

◆
⌘ (�1)

3�1
2 ⌘ �1 6⌘ 1 (mod 3),
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this is a contradiction.
Suppose that c2 + 13d2 = 4p, then 4 | c2 + 13d2. Suppose that d is odd,

then there exists n 2 Z be such that d = 2n+ 1. Thus

13d2 = 13(2n+ 1)2 = 13(4n2 + 4n+ 1) ⌘ 1 (mod 4).

Hence
0 ⌘ 4p ⌘ c2 + 13d2 ⌘ c2 + 1 (mod 4).

Then c2 ⌘ �1 (mod 4), i.e., 4 | c2 � 1. Then c is odd. Thus c2 ⌘ 1 (mod 4).
Now we have

0 ⌘ 4p ⌘ c2 + 13d2 ⌘ 1 + 1 ⌘ 2 (mod 4),

which is a contradiction. Then d is even. Thus there exists k 2 Z such that
d = 2k and then 4 | 13d2. From 4 | c2 + 13d2, then 2 | c and so there exists
l 2 Z such that c = 2l. We have

4p = c2 + 13d2 = (2l)2 + 13(2k)2

= 4l2 + 4(13k2).

This means that p = l2 + 13k2. Hence there exist l, k 2 Z such that p =
l2 + 13k2, i.e., p is represented by the form f(x, y) = x2 + 13y2.
Combining four cases, we can conclude that p is represented by the form
f(x, y) = x2 + 13y2.

Examples 2.18.

1. From 53 is an odd prime with 53 ⌘ 1 (mod 52), 53 can be represented
by the form f(x, y) = x2 + 13y2. In fact, 53 = 12 + 13(2)2.

2. From 61 is an odd prime with 61 ⌘ 9 (mod 52), 61 can be represented
by the form f(x, y) = x2 + 13y2. In fact, 61 = 32 + 13(2)2.

3. From 17 is an odd prime with 17 ⌘ 17 (mod 52), 17 can be represented
by the form f(x, y) = x2 + 13y2. In fact, 17 = 22 + 13(1)2.

4. From 181 is an odd prime with 181 ⌘ 25 (mod 52), 181 can be repre-
sented by the form f(x, y) = x2 + 13y2. In fact, 181 = 82 + 13(3)2.

5. From 29 is an odd prime with 29 ⌘ 29 (mod 52), 29 can be represented
by the form f(x, y) = x2 + 13y2. In fact, 29 = 42 + 13(1)2.

6. From 101 is an odd prime with 101 ⌘ 49 (mod 52), 101 can be repre-
sented by the form f(x, y) = x2 + 13y2. In fact, 101 = 72 + 13(2)2.
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Lemma 2.19. Let p be a prime. If p ⌘ 1, 9, 15, 23, 25, 39 (mod 56), then
�14 is a quadratic residue modulo p.

Proof. Assume that p ⌘ 1, 9, 15, 23, 25, 39 (mod 56). Then p ⌘ 1, 9, 1, 9, 25, 4 (mod 7),
respectively. Since they are all squares, we have

⇣p
7

⌘
= 1.

By Theorem 1.18, Theorem 1.19, Theorem 1.21 and Theorem 1.22, we have
✓
�14

p

◆
=

✓
�1

p

◆✓
2

p

◆✓
7

p

◆

= (�1)
p�1
2

✓
2

p

◆⇣p
7

⌘
(�1)(

p�1
2 )( 7�1

2 )

=

✓
2

p

◆⇣p
7

⌘
. (2.9)

Case p ⌘ 1 (mod 56) : Then p ⌘ 1 (mod 8) and so
⇣

2
p

⌘
= 1. By (2.9), we

have
✓
�14

p

◆
= 1.

Case p ⌘ 9 (mod 56) : Then p ⌘ 1 (mod 8) and so
⇣

2
p

⌘
= 1. By (2.9), we

have
✓
�14

p

◆
= 1.

Case p ⌘ 15 (mod 56) : Then p ⌘ �1 (mod 8) and so
⇣

2
p

⌘
= 1. By (2.9),

we have
✓
�14

p

◆
= 1.

Case p ⌘ 23 (mod 56) : Then p ⌘ �1 (mod 8) and so
⇣

2
p

⌘
= 1. By (2.9),

we have
✓
�14

p

◆
= 1.
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Case p ⌘ 25 (mod 56) : Then p ⌘ 1 (mod 8) and so
⇣

2
p

⌘
= 1. By (2.9), we

have
✓
�14

p

◆
= 1.

Case p ⌘ 39 (mod 56) : Then p ⌘ �1 (mod 8) and so
⇣

2
p

⌘
= 1. By (2.9),

we have
✓
�14

p

◆
= 1.

Then �14 is a quadratic residue modulo p.

Theorem 2.20. Let p be a prime. If p ⌘ 1, 9, 15, 23, 25, 39 (mod 56), then
p is represented by the form x2 + 14y2 or the form 2x2 + 7y2.

Proof. Assume that p ⌘ 1, 9, 15, 23, 25, 39 (mod 56). By the previous lemma,
�14 is a quadratic residue modulo p. Thus there exists u 2 Z be such that

u2 ⌘ �14 (mod p). (2.10)

Let ⇤ be a lattice in R2 defined by

⇤ = L(v1, v2) = {mv1 + nv2 : m,n 2 Z},

where v1 = (1, u) and v2 = (0, p). Then we have det(⇤) = p and if (y, x) 2 ⇤,
x2 + 14y2 ⌘ 0 (mod p) by (2.10). By letting

S = {(y, x) 2 R2 : x2 + 14y2 < 5p},

We have

area(S) = ⇡(

r
5p

14
)(
p
5p) = ⇡(

5p
14

)p > 4p = 4det(⇤).

Then there exists a lattice point (d, c) 2 S�(0, 0) such that

0 < c2 + 14d2 < 5p and c2 + 14d2 ⌘ 0 (mod p).

Then p | c2 + 14d2, i.e. c2 + 14d2 = p or 2p or 3p or 4p. The first case is
obvious.
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Suppose that c2 + 14d2 = 2p. Then c2 + 14d2 is even. From 14d2 is even,
then c is even. Hence there exists k 2 Z such that c = 2k
Case d is odd : Then there exists l 2 Z such that d = 2l + 1. We have

2p = c2 + 14d2 = (2k)2 + 14(2l + 1)2

= 4k2 + 14(4l2 + 4l + 1)

= 2(2k2 + 28l2 + 28l + 7).

Then

p = 2(k2) + 7(4l2 + 4l + 1)

= 2(k)2 + 7(2l + 1)2.

Case d are even : Thus there exists l 2 Z such that d = 2l. We have

2p = c2 + 14d2 = (2k)2 + 14(2l)2

2p = (4k2) + 14(4l2)

2p = 2(2k2 + 28l2).

Then

p = 2k2 + 28l2

p = 2(k2) + 7(2l)2.

We can conclude that if c2 + 14d2 = 2p, then p is represented by the form
2x2 + 7y2.

Suppose that c2 + 14d2 = 3p.
Case p ⌘ 1, 15 (mod 56) : Then

c2 ⌘ c2 + 14d2 ⌘ 3p ⌘ 3 (mod 14).

Then

c2 ⌘ 3 (mod 14) and so c2 ⌘ 3 (mod 7).

Then 3 is a quadratic residue modulo 7, i.e.
�
3
7

�
= 1. Thus

1 =

✓
3

7

◆
⌘ 3

7�1
2 ⌘ 27 ⌘ 6 (mod 7),

a contradiction.
Case p ⌘ 9, 23 (mod 56) : Then

c2 ⌘ c2 + 14d2 ⌘ 3p ⌘ �1 (mod 14).
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Then c2 ⌘ 6 (mod 7) and so 6 is a quadratic residue modulo 7, i.e.
�
6
7

�
= 1.

Thus

1 =

✓
6

7

◆
=

✓
2

7

◆✓
3

7

◆
= (�1)

72�1
8

✓
7

3

◆
(�1)(

7�1
2 )( 3�1

2 ) = (1)

✓
1

3

◆
(�1) = �1,

a contradiction.
Case p ⌘ 25, 39 (mod 56) : Then

c2 ⌘ c2 + 14d2 ⌘ 3p ⌘ 5 (mod 14).

Then c2 ⌘ 5 (mod 7) and so 5 is a quadratic residue modulo 7. i.e.
�
5
7

�
= 1.

Thus

1 =

✓
5

7

◆
=

✓
7

5

◆
(�1)(

7�1
2 )( 5�1

2 ) =

✓
2

5

◆
(1) = (�1)

52�1
8 = (�1)3 = �1,

a contradiction.
Suppose that c2 +14d2 = 4p, then 4 | c2 +14d2. From c2 +14d2 and 14d2

are even, then c is even, i.e., c2 ⌘ 0 (mod 4). Suppose that d is odd, then
d2 ⌘ 1 (mod 4). We have

4p ⌘ c2 + 14d2 ⌘ 0 + 14(1) ⌘ 2 (mod 4),

which is a contradiction. Hence d is even. From c and d are both even, then
there exist m,n 2 Z such that c = 2m and d = 2n. We have

4p = c2 + 14d2 = (2m)2 + 14(2n)2

= 4(m2 + 14n2).

This means that

p = m2 + 14n2.

Then p is represented by the form x2 + 14y2.

Examples 2.21.

1. From 113 is an odd prime with 113 ⌘ 1 (mod 56), 113 can be repre-
sented by the form x2 + 14y2 or the form 2x2 + 7y2. In fact, 113 =
2(5)2 + 7(3)2.

2. From 233 is an odd prime with 233 ⌘ 9 (mod 56), 233 can be repre-
sented by the form x2 + 14y2 or the form 2x2 + 7y2. In fact, 233 =
(3)2 + 14(4)2.
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3. From 71 is an odd prime with 71 ⌘ 15 (mod 56), 71 can be represented
by the form x2+14y2 or the form 2x2+7y2. In fact, 71 = 2(2)2+7(3)2.

4. From 23 is an odd prime with 23 ⌘ 23 (mod 56), 233 can be represented
by the form x2+14y2 or the form 2x2+7y2. In fact, 23 = (3)2+14(1)2.

5. From 137 is an odd prime with 137 ⌘ 25 (mod 56), 137 can be rep-
resented by the form x2 + 14y2 or the form 2x2 + 7y2. In fact, 137 =
(9)2 + 14(2)2.

6. From 151 is an odd prime with 151 ⌘ 39 (mod 56), 151 can be rep-
resented by the form x2 + 14y2 or the form 2x2 + 7y2. In fact, 151 =
(5)2 + 14(3)2.

Remark. According to the form x2+11y2, we cannot find the su�cient con-
gruent condition for representing primes by this form. From [10], we know
that �11 is a quadratic residue modulo p if p ⌘ 1, 5, 9, 25, 37 (mod 44). But
we can find examples of prime numbers that satisfies the congruences p ⌘
1, 5, 9, 25, 37 (mod 44) but they cannot be represented by the form x2 + 11y2

as follows:

Examples 2.22.

1. 89 ⌘ 1 (mod 44) but 89 can not represented by the form x2 + 11y2

which can be shown as follows: If there exist m,n 2 Z be such that
m2 + 11n2 = 89, then

n = �2,�1, 0, 1 or 2.

In the case that n = 0, we have m2 = 89, a contradiction. In the case
that n = 1 or � 1, we get m2 = 78, a contradiction. And in the case
that n = 2 or � 2, we then have m2 = 45, a contradiction.

2. 5 ⌘ 5 (mod 44). If there exist m,n 2 Z be such that m2 + 11n2 = 5,
then n = 0. Therefore m2 = 5, a contradiction. This implies that 5 can
not represented by the form x2 + 11y2.

3. 97 ⌘ 9 (mod 44) but 97 can not represented by the form x2 + 11y2

which can be shown as follows: If there exist m,n 2 Z be such that
m2 + 11n2 = 97, then

n = �2,�1, 0, 1 or 2.

In the case that n = 0, m2 = 97 yield a contradiction. And in the case
that n = 1 or � 1, m2 = 86 which is a contradiction. And in the case
that n = 2 or � 2, we have m2 = 53, a contradiction.
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4. 113 ⌘ 25 (mod 44) but 113 can not represented by the form x2 + 11y2

which can be shown as follows: If there exist m,n 2 Z be such that
m2 + 11n2 = 113, then

n = �3,�2,�1, 0, 1, 2 or 3.

In the case that n = 0, m2 = 113 yields a contradiction. And in the
case that n = 1 or � 1, m2 = 102 which is a contradiction. And in the
case that n = 2 or � 2, m2 = 69 yields a contradiction. And in the
case that n = 3 or � 3, m2 = 14 which is a contradiction.

5. 37 ⌘ 37 (mod 44) but 37 can not represented by the form x2 + 11y2

which can be shown as follows: If there exist m,n 2 Z be such that
m2 + 11n2 = 37, then

n = �1, 0 or 1.

Similarly, in any case, we obtain a contradiction.
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Background and Rationale  

An integral binary quadratic form is a quadratic polynomial of two variables 
  𝑓ሺ𝑥, 𝑦ሻ ൌ 𝑎𝑥ଶ  𝑏𝑥𝑦  𝑐𝑦ଶ  

over ℤ and the integer 𝐷 ൌ 𝑏ଶ െ 4𝑎𝑐 is called the discriminant of form 𝑓ሺ𝑥, 𝑦ሻ. We say that a 
binary quadratic form 𝑓ሺ𝑥, 𝑦ሻ is primitive if 𝑎, 𝑏 and 𝑐 are relatively prime. An integer 𝑚 is said to 
be represented by 𝑓 if there exist integers 𝑥 and 𝑦 such that 𝑓ሺ𝑥, 𝑦ሻ ൌ 𝑚.  

One of interesting problems relating to quadratic forms is representation of primes by 
binary quadratic forms, see e.g. [1], [3], [5], [6], [8] and [9]. Historically, a representation of primes 
of the form 𝑝 ൌ 𝑥ଶ  𝑛𝑦ଶ for arbitrary 𝑛 have been widely studies. For example, Euler gave the 
rigorous proofs of the following four statements stated by Fermat, see e.g. [3] : 

(1) 𝑝 ൌ 𝑥ଶ  𝑦ଶ if and only if 𝑝 ൌ 2 or 𝑝 ≡ 1ሺ𝑚𝑜𝑑 4ሻ; 

(2) 𝑝 ൌ 𝑥ଶ  2𝑦ଶ if and only if 𝑝 ൌ 2 or 𝑝 ≡ 1, 3ሺ𝑚𝑜𝑑 8ሻ; 

(3) 𝑝 ൌ 𝑥ଶ  3𝑦ଶ if and only if 𝑝 ൌ 3 or 𝑝 ≡ 1ሺ𝑚𝑜𝑑 3ሻ; 

(4) 𝑝 ൌ 𝑥ଶ  4𝑦ଶ if and only if 𝑝 ≡ 1ሺ𝑚𝑜𝑑 4ሻ. 

and he also conjected statement that there are primes satisfying  
         𝑝 ൌ 𝑥ଶ  6𝑦ଶ if and only if 𝑝 ≡ 1, 7ሺ𝑚𝑜𝑑 24ሻ. 
This conjecture was proved by Kaplan [5] in 2014. TheǰFermatĴsǰstatementsǰandǰtheǰresultǰforǰ

the case  𝑛 ൌ 7 were also shown in [5] by using the different techniques of proofs.  
The failure of representability of primes by quadratic forms using the congruence condition was 
also studied. For example, in 1992, Spearman et al [9] proved that there do not exist positive 
integers 𝑠, 𝑎1, … , 𝑎௦, 𝑚 with ሺ𝑎, 𝑚ሻ ൌ 1 ሺ𝑖 ൌ 1, … , 𝑠ሻ such that for primes 𝑝 ് 2,7 
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𝑝 ൌ 𝑥ଶ  14𝑦ଶ if and only if 𝑝 ≡ 𝑎1, … , 𝑎௦ ሺ𝑚𝑜𝑑 mሻ. 
 In this project, we will find a class of primes represented by some binary quadratic form 
with negative discriminant. 
  
Objectives 
 
           Find a class of primes represented by some binary quadratic form with negative 
discriminant. 
 
Scope 
 
            In this project, we restrict our attention to the binary quadratic forms which are 
primitive, irreducible and have negative discriminant.  
 
Project Activities 
 

1. Review basic knowledge on binary quadratic forms  
2. Study reseach papers related to our project 
3. Present a proposal of the project 
4. Find a class of primes represented by some binary quadratic forms with negative 

discriminant 
5. Write the report 
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Duration 
 

Procedue August 2019 – April 2020 
Aug. Sep. Oct. Nov. Dec. Jan. Feb. Mar. Apr. 

1. Review basic 
knowledge on 
binary quadratic 
forms  

         

2. Study reseach 
papers related to 
our project 

         

3. Present a proposal 
of the project 

         

4. Find a class of 
primes represented 
by some binary 
quadratic forms 
with negative 
discriminant 

         

5. Write the report          
 
Benefits 
 

1. Obtain the information searching skills and thinking skills 

2. Obtain a class of primes represented by some binary quadratic forms with negative 
discriminant 
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Equipment 
 

1. Computer 
2. Microsoft word 2013 
3. Latex 
4. Stationery 
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